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PREFACE 

Teaching reinforced concrete design, carrying out research relevant to the 
behavior of reinforced concrete members, as well as designing concrete 
structures motivated the preparation of this book. 

This volume is considered part of a series of books that covers the subject of 
Reinforced Concrete Design. The success and the positive feedback that we 
have received from our students and colleagues have provided the inspiration 
for us to proceed with volume three. Due to the numerous changes in the 
provisions of the 2007 edition of the Egyptian Code of Practice ECP 203, the 
publication of this volume became more of a necessity than mere addition. 

The first vol .c covers the fundamentals of reinforced concrete design and the 
design of beams whereas the second volume focuses primarily on the design of 
slabs, columns and frames. This third volume covers the following topics: 

• Arches, Special Types of Frames and Vierendeel. 

• Deep Beams and Corbels. 

• Control of Deflections and Cracking. 

• Design of Shallow and Deep Foundations. 

• Strut-and-Tie Model. 

• Prestressed Concrete. 

Numerous illustrative examples are given, the solution of which has been 
supplied so as to supplement the theoretical background and to familiarize the 
reader with the steps involved in actual design problem solving. To ensure the 
accuracy, all of the examples in this book are solved and verified using EXCEL 
spread sheet programs that were prepared exclusively for this book. 

In writing the book, the authors are conscious of a debt to many sources, to 
friends, colleagues, and co-workers in the field. Finally, this is as good a place 
as any for the authors to express their indebtedness to their honorable professors 
of Egypt, Canada and the U.S.A. Their contributions in introducing the authors 
to the field will always be remembered with the deepest gratitude. 

The book is aimed at two different groups. First, by treating the material in a 
logical and unified form, it is hoped that it can serve as a useful text for 
undergraduate and graduate student courses on reinforced concrete. Secondly, 
as a result of the continuing activity in the design and construction of reinforced 
concrete structures, it will be of value to practicing structural engineers. The 
authors strongly recommend that the Code be utilized as a companion 
publication to this book. 
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1.1 Introduction 

This chapter presents the use and design of reinforced concrete arches and 
trusses as supporting elements of systems that cover halls having relatively 
large spans. It covers also the design and the construction of the saw tooth roofs 
in which the light from the windows is directly reflected by the roof inside the 
hall giving a uniform distribution of natural light. 
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Choosing the most economical structural system depends on many factors such 
as the type of soil, the architectural features of the building, and most 
importantly the span that needs to be covered. Table 1.1 gives the suitable 
structural system according to the span of the hall (short direction). For 
example, simple girders are suitable for relatively short spans (7-10 m) while 
frames are appropriate for medium spans (12-25m). In contrast, arches and 
trusses are suitable to cover large spans. 


Table 1.1 Choosing of structural system according to the span 


Type of structure 

Span 

Simple girders 

6 

o 

i-H 

T 

r-~ 

Frames 

12—>25 m 

Arch with a tie 

20—>40 m 

Trusses 

20—>40 m 

Vierendeel Systems 

30—>40 m 


1.2 Reinforced Concrete Arches 

1.2.1 General 

In simple beams, commonly one cross-section is subjected to the maximum 
design moment, and consequently only one cross-section of the beam is 
working at the maximum stress (see Fig. 1.1a). 

Knowing that the mentioned maximum stresses act at the extreme fibers only 
and that all other fibers are less stressed, one can directly observe that the 
simple beam is not an efficient structural system. It should be mentioned that in 
a simple beam, significant parts of the concrete sections are not participating in 
resisting the applied straining actions and constitute additional weight as shown 
in Fig. 1.1b. If the unnecessary concrete is removed from a simple beam, an 
arch with a tie would result as shown in Fig. 1.1c. 

Arched girders of convenient form are mainly subject to high compressive 
forces and low bending moments and shearing forces. Nearly all sections of the 
arch are approximately subjected to the same average compressive stress which 
means a high efficiency in the use of reinforced concrete as a building material. 
For this reasons, arched roofs give a convenient economic solution for long 
span roof structures without intermediate supports in cases where a flat roof 
surface is not necessary to meet the functional requirements of the structures. 
However, flat roofs or floors can occasionally be supported on arched girders. 
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uniform load 


| A 



a- simple beam subjected to uniform loads 



b- Parts of the simple beam that resist loads 



c- Arch with a tie = simple beam with unnecessary concrete removed 


Fig. 1.1 The concept of R/C arches 
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1.2.2 Design of the Arch with a Tie 

One of the most convenient systems for resisting uniform gravity loads is the 
two-hinged parabolic arch with a tie. This system is externally statically 
determinate and internally once statically indeterminate. 

The equation of the axis of the arch according to Fig. (1.2) is given by: 

V - if (L-x ) .-.01) 

L/ 

where 

f = rise of the arch 
L = span of the arch 


uniform load 



Fig. 1.2 Geometry of the arch with a tie 

Structural analysis of the system can express the value of the horizontal thrust 
H as a ratio(A) from the simple beam bending moment. Assuming that modular 
ratio between the steel used in the tie and concrete used in the arch is 10, one 
can obtain: 

H = A —.d-2) 

8 / 


where 
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1.2.3 Layout of a Hall Covered by Arched Girders 


In large-span big covered halls, reinforced concrete arches with ties are usually 
used as the main supporting elements. In order to get relatively reasonable 
dimensions of the arches, the spacing between arches should be in the range of 
5.0 ms to 7.0 ms. Hangers are provided in order to prevent saging of the ties 
under its own weight. 

Figure 1.3 shows the layout of the supporting elements of a hall that is 25.0 ms 
wide, 36.0 ms long and 5.0 ms clear height. The main supporting element is 
chosen as an arch with a tie spanning in the short direction arranged every 6. 0 
ms. 

The arch rests on reinforced concrete columns. These columns should provide a 
reasonable bearing area to the arch. Out-of-the plane of the arch, these columns 
are connected together with the semelles, the wall beams and the top beams. 

The horizontal roof consists of horizontal continuous beams supporting the roof 
slabs. These beams transmit their loads to the curved girder of the arch through 
a system of short members called posts. These short members serve also to 
reduce the span of the tie and consequently reduce the moments due to its own 
weight (they hang-up the tie). 

It should be mentioned that the girder of the arch is subjected to a compression 
force and is susceptible to buckling. The arched girders are connected in the 
out-of-plane direction through continuous beams located at the level of the tie 
as well as at the level of crown. These beams reduce the buckling length of the 
girder out-of-the plane of the arch. 

The columns supporting the arches are connected in the out-of-plane direction 
using a continuous beam at the top level of the columns and a wall beam at the 
mid-height. In case of a weak soil, semelles are provided at the foundation level 
in order to connect the footings together to reduce the effect of differential 
settlements. Otherwise, they could be provided at the bottom end of the frame 
leg to support the wall above and reduce the buckling length. 
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Plan 

Fig. 1.3a A hall covered with arches (horizontal roof) 
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Sec. A-A 

Fig. 1.3b A Hall covered with arches (continued) 


Slab 

Th=120mm 



Sec. B-B 

Fig. 1.3c A hall covered With arches (continued) 









































































The dimensions of the arch system can be estimated according to Table 1.2. 

Table 1.2 Recommended dimensions for arch with a tie system 


Item 

Dimension 


Span/25 

bg 

250-400 mm 

Uie 

V2 

Arch spacing 

4—>7 m 

/ 

Span /(6 8) 

Roof Angle 

24°-32° 

Column thickness 

h/15 or Span/20 

Secondary beam thickness 

Arch spacing /(8 —> 10) 

Post spacing 

2—>4 m 

Post dimensions 

200 x 200 mm 

Ridge beam thickness 

Post spacing /(8 -> 10) 


Figure 1.4 shows an arch with a tie that is used as the main supporting element 
for the roof of a hall 25.0 ms wide. The roof has variable levels that allows for 
indirect lighting. The horizontal part of the roof consists of horizontal slab 
supported on continuous beams. These beams are supported by the posts. The 
middle part of the roof is a curved slab supported also on continuous beams that 
transmit the loads to the arched girder. 



Photo 1.3 Arched bridge 
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Fig. 1.4 An arched girder supporting a roof with variable levels 
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1.3 Saw-tooth Roof Structures 

In industrial buildings, it is generally recommended not to allow any direct 
sunrays to fall inside the hall. In such cases, the saw-tooth roofs in which the 
light from the windows is directly reflected by the roof inside the hall gives a 
convenient solution. Windows are arranged to face the north. The choice of the 
appropriate system depends on the span and the direction of the north. 

1.3.1 North Direction Normal to the Span 

As mentioned before, windows are arranged to face the north as shown in Fig. 
1.5. The main supporting element should be arranged in the short direction of 
the hall. If the short direction is not more than about 20.0 ms, it is 
recommended to use frames. If, on the other hand, the short direction is more 
than 20.0 ms, it might be more economical to use an arch with a tie as the main 
supporting element. 



Fig. 1.5 North-light window in saw-tooth roof 

1.3.1.1 Frames as the Main Supporting Elements 

Figure 1.6 shows the general layout of a hall 20.0 ms wide and 33.0 ms long in 
which the north is normal to the short direction and is covered so that a uniform 
distribution of natural light is provided. Reinforced concrete frames are utilized 
as the main supporting elements and are arranged parallel to the short direction 
of the hall. 

The convenient slope of the roof slab lies between 20° and 30° with the 
horizontal in order to be able to cast concrete without the use of double 
shuttering. 


The statical system can be summarized as follows: 

• The frames are arranged every 5.5 ms in order to obtain a 
reasonably economic system. 

• The inclined roof consists of a system of one-way slabs that 
are supported on a system of inclined simply supported 
beams. 

• The inclined simply supported beams are supported directly 
on the frames at one side and on the posts at the other side. 

• The posts are supported directly on the frames and are 
connected together in the plane of the frame by the ridge 
beam. These posts can be assumed to resist axial forces only. 


Table 1.3 Recommended dimensions for the frame system 


Item 

Dimension 

tg 

Span/(12 -> 14) 

bg 

300-400 mm 

/ 

Frame Spacing /(2) 

Frame spacing 

4—>7 m 

Roof Angle 

24°-32° 

Column thickness 

(0.8-1.0) tg 

Secondary beam thickness 

Frame spacing /(8 —> 10) 

Post spacing 

2—4 m 

Post dimensions 

200x200 mm 

Ridge beam thickness 

Post spacing /(8 —> 10) 


One should note the difference between Sec. A-A and Sec. B-B. At Sec. B-B 
the inclined simple beams and the roof slabs are at the level of the frame. At 
Sec. B-B, these elements are at the top level of the posts. As shown in Sec. C-C, 
the frames are connected together in the out of plane direction at three levels, 
namely at the girder level, approximately at mid-height of the column (frame 
leg) and at the level of the foundations where semelles are provided to support 
the walls. 

Note: As the rain water is accumulated at the 
lowest point of the slab, it is essential to 
choose the shape of cross-section of the 
girder of the frame in the form of a Y-shape 
so that there is sufficient space for the rain 
water and the necessary slopes for the gutter. 
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Fig. 1.6a Isometric for a frame system in which the north is perpendicular to the span 



Fig. 1.6b North light saw-tooth system (Frames) 
(North direction is normal to the span) 
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Sec. B-B 

Fig. 1.6d North light saw tooth system (frames) (cont.) 












Ridge beam 
200x300 



18 


Fig. 1.6e North light saw tooth system (frames) (cont.) 
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Fig. 1.7a Isometric for an arch system with north-light saw-tooth 
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Sec. A-A 

Fig. 1.7c North-light saw-tooth system (Arches) (cont.) 


350x1200 I Secondary beam 

200x550 
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Sec. B-B 

Fig. 1.7d North-light saw-tooth system (Arches) (cont.) 






































1.3.2 North Direction is Parallel to the Span 

The concept of having the main supporting elements arranged in the short 
direction of the hall is still valid in case the north direction is parallel to the 
span. Also, the windows have to be arranged to face the north direction. If the 
short direction is not more than about 20.0 ms, it is recommended to use 
frames. If, on the other hand, the short direction is more than 20.0 ms, it will be 
more economic to use trusses. 

1.3.2.1 Frames as the Main Supporting Elements 

Figure 1.8 shows the general layout of a hall 22.0 ms wide and 27.0 ms long in 
which the north is parallel to the short direction and is covered so that a uniform 
distribution of natural light is provided. Reinforced concrete frames are utilized 
as the main supporting elements and are arranged parallel to the short direction 
of the hall. 

The statical system can be summarized as follows: 

• The frames are arranged every 5.4 ms in order to obtain a 
reasonably economic system. 

• A system of horizontal continuous beams (called the Y- 
beams) is supported on the frames. 

• The inclined roof consists of a system of one-way slabs that 
are supported on a system of inclined simply supported 
beams. 

• The inclined simply supported beams are supported on the 
posts at one side and directly on the Y-beam at the other 
side. 

' • The posts are supported directly on the Y-beams and are 

connected in the plane of the Y-beams by the ridge beam. 

These posts can be assumed to resist axial forces only. 


Table 1.4 gives guide lines for choosing the dimensions of the system. 

Table 1.4 Recommended dimensions for the frame system 


Item 

Suggested dimensions 


Span/(12—>14) 

Frame spacing 

4—>7 m 

Y-beam spacing 

4—>6 m 

Roof height (f) 

Y-beam spacing/2 

Roof Angle 

24°-32° 

Column thickness @top 

(0.80 —> 1.0) t g 

Column thickness @bottom 

(0.4 0.60) t g 

Secondary beam thickness 

Y-beam spacing /(8—>10) 

Y-beam thickness 

Frame spacing/(6—>8) 

Post spacing 

2—>4 m 

Post dimensions 

200x200 mm 

Ridge beam thickness 

Post spacing /(8—>10) 



Photo 1.5 Stadium during construction 


24 


25 






26 


Fig. 1.8a Isometric for a frame system in which the north is parallel to the span 


5x5.4=27.0 m 
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Section A-A 

Fig. 1.8c North-light saw-tooth system (Frames) (cont.) 



Section B-B 

Fig. 1.8d North-light saw-tooth system (Frames) (cont.) 































1.3.2.2 Trusses as the Main Supporting Elements 


Trasses in reinforced concrete are seldom used and their shape is generally 
chosen similar to those constructed in steel. 

One of the disadvantages of reinforced concrete trasses is that formwork of 
concrete and the detailing of reinforcement are complicated. However, in 
special cases of saw-tooth roofs in which the north is parallel to the span of the 
hall, the truss may give a convenient solution. 

Figure 1.9 shows the general layout of a hall 20.0 ms wide and 25.0 ms long in 
which the north is parallel to the short direction and is covered so that a uniform 
distribution of natural light is provided. Reinforced concrete trusses are utilized 
as the main supporting elements and are arranged parallel to the short direction 
of the hall. 

The statical system can be summarized as follows: 

• The trasses are arranged every 5.0 ms in order to obtain a 
reasonably economic system. 

• A system of horizontal continuous beams (called the Y- 
beams) are supported on the trasses every 5.0 ms. 

• The inclined roof consists of a system of one-way slabs. At 
the location of the trusses, the slabs are supported on the 
diagonal members. Between trusses, inclined beams are 
provided to support the slabs. The inclined beams are simply 
supported at posts from one side and directly at the Y-beam 
from the other side. 

• The posts are supported directly on the Y-beams and are 
connected in the plane of the Y-beams by the ridge beam. 

These posts can be assumed to resist axial forces only. 
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Fig. 1.10a North-light saw-tooth system (Truss) 
(Noth direction is parallel to the span) 
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Sec. B-B 

Fig. 1.10c North-light saw-tooth system (Truss) (cont.) 
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Sec. C-C 

Fig. l.lOd North-light saw-tooth system (truss) (cont.) 


Approximate Analysis of R/C Trusses 

Unlike steel trusses, reinforced concrete trusses are subjected to direct loading 
from the surrounding slabs. Moreover due to the rigidity of the members 
connecting bending moments are induced. Truss members are mainly subjected 
to normal force, and therefore bent bars are not. used in trusses and the 
reinforcement is distributed symmetrically 

The internal forces in the members of a truss are: 

1- The axial forces due to the concentrated loads at the joints. 

2- The bending moments and shearing forces due to the direct loads 
on the members of the truss on which the slabs are supported, 
and 

3- The bending moments and shearing forces due to the fact that in 
reinforced concrete trusses, the joints are partially rigid. 

The internal forces can be obtained using the computer programs. It 
should be noted that the effect of the partial rigidity of the joints has to 
be evaluated. 


The approximate dimensions of the truss can be obtained from Fig. 1.10. 
span 


ti=h=t 3 = 


36 

t i =(0.8-0.9) r, 




1.4 Vierendeel Girders 

Vierendeel girders are similar to trusses except that they do not have diagonals 
as shown in Fig. 1.11. Moreover the connecting joints are rigid such that they 
develop moment. 

Vierendeel girders are often used in transfer floors of high-rise buildings to 
support planted columns giving a wide space in the floor below as shown in 
Fig. 1.12. They also can be used in saw-tooth roofs when indirect sunlight is 
required as shown in Fig. 1.13a and Fig 1.13b. 

A Vierendeel girder consists of a top chord, a bottom chord and vertical 
members. The system is externally statically determinate, while it is internally 
indeterminate. Internally, it is 3n times statically indeterminate, where n is the 
number of panels. 

The exact analysis of a Vierendeel girder is quite complicated. In the past, 
approximate solutions were used to calculate the force in the different members. 
Nowadays, computer programs are used to compute the straining actions. In 
Such a case, the members are modeled as 2D frame elements, while the joints 
are modeled as rigid joints that permit moment transfer among members. 


(p (p (3)(p<5)CpCpCpC9) <3p <3p 


10x3.5=35.0 m 



I > V—, V—if— 1 —' 1 

:□□□□ DO CD o: 




Span = L 


Fig. 1.11 Vierendeel Girders 
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Section A-A 


Fig.1.12 Vierendeel girder 
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Summary 

Figure 1.14 gives guidelines for choosing the appropriate structural system 
when indirect light is needed according to the span and the direction of the 
north. 

1.5 Expansion and Settlement Joints 

In the construction of reinforced concrete structures, two types of joints may be 
considered namely, expansion joints and settlement joints 

1.5.1 Expansion Joints 

Expansion joints are provided to reduce the effect of temperature. Thermal 
effects induce additional straining actions that lead to additional reinforcement 
in the structural members. For example, continuous beams running over several 
spans are affected by the stresses induced due to temperature. The ECP 203 
specifies the use of these joints when the dimensions of the building exceed 30- 
35 m in hot regions and 40-45 in warm regions. 

Expansion joints are achieved by a complete vertical separation in the super¬ 
structure at the location of the joint. This is usually achieved by placing foam 
s eets with a thickness of 20 mm. No need, however, for separating the 
oundations at the location of the expansion joint as shown in Fig. 1.15. 
Expansion joints are made in such a way to prevent water and moisture from 
penetrating the building by providing insulation material. The insulation 
material is provided at roof level as shown in Fig. 1.16a as well as at the 
different floors levels as shown in Fig. 1.16b. 

It should be mentioned that the requirements of the ECP 203 can be waived if 

the designer carry out an analysis that takes into account the temperature 
effects. 


40 



41 


































42 


a-Detail of Expansion Joints at the roof 


Bituminous 


_ 

Sand 

m 


material 

Copper plate 


K£gg83Bi$SSSSI 






1 

■ 




1 


Column 



Column 

Insulation 

- 

material 









b-Two columns and the same footing 


Fig. 1.16 Expansion joints details 


















1.5.2 Settlement Joints 


This type of joints is related to height rather than length. If the loads of two 
adjacent columns differ significantly, the differential settlement becomes large 
and could affect the foundation. This is can occur in case of low rise building 
adjacent to high rise building as shown in Fig. 1.14. The footings in this case 
should be completely separated (20 mm apart) to allow the settlement of each 
column to take place independently. 
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1.6 End gables 

End gable consists of a group of columns supporting continuous beams instead 
of the typical frames used as the main system of the hall as shown in Fig. 1.15a. 
The spacing between the columns is chosen in such a way that the area of the 
enclosed walls should not be more than 25-30 m 2 . This is to facilitate the 
construction of the brick wall, to reduce its buckling length, and to increase its 
capacity for resisting wind loads. 

If a future extension of the hall is expected, another system is provided at the 
end as shown in Fig. 1.15b. In such a case, a frame is used at the end of the 
hall. End gable consists of a group of columns that are connected to the frame 
by dowels to reduce their buckling length and to allow for possible future 
demolishing the wall. The length of the dowels should not be less than the 
development length of the steel bars (Ld) as shown in Fig. 1.15c. Moreover, 
compressible material should be provided to allow for the deflection of the 
secondary beam 
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Example 1.1: Structural system for workshop 

?«.‘»sS3S5 
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Solution 

A-Wrokshop 

Since the span of the hall is relatively large, and indirect lighting is required, 
RC frames are utilized as the main structural element. The spacing between the 
frames is chosen as 5.0m. 


Suggested dimensions Chosen dimensions 


Span/(12—>14) 


= 16/12 = 1.3m 


Frame spacing 


Frame height (f) 


4—>7 m 


Frame spacing/2 



Column thickness I 0.80 t„ 


: 0.80x1.3= 1.04 = 1.1 m 


Secondary beam 


Post spacing 


Post dimensions 


frame spacing/(8—>10) = 5mxl000/10 =500mm 


2—>4 m 


200x200 mm 


200 x 200 mm 


Ridge beam thickness I Post spacing /(8—> 10) = 2000 / 8 = 250 mm 


B-Storage Area 

A simple girder spanning 8.0 ms is chosen for the storage area. The spacing 
between these girders is taken the same as that between the frames (5.0m). 
Secondary beams are provided to get reasonable slab dimensions (5.0 x4.0 ms). 

n . , , , Span 8x1000 

Girder depth = ——- = -= 800 mm 

10 10 

The layout of the workshop is given in the following set of figures. 
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Fig. Ex.l.lb Structural system (Sec A-A) 




















Ridge beam 

Slab (100mm ) Beam 200x250 s 

: 2oox500\ 



Fig. Ex.l.lc Structural system (Sec B-B) 


Example 1.2: Structural system for car maintenance workshop 

The figure given below shows a car maintenance workshop that consists of a 
main hall that spans 18.0 ms attached to an office area of 9.0 ms span. It is 
required to propose an appropriate structural system for such a structure. 
Columns are only allowed at the outside perimeter as well as on line ab. 



Section elevation 





























Solution 

A-Main Hall 

Since the span of the main hall is relatively large, RC frames are used as the 
main structural elements. Posts supported on the girder of the frames are 
utilized to support the skylight roof. 

The spacing between the frames is chosen as 5.0m. 


Item 

Suggested dimensions 

Chosen dimensions 

t„ 

o 

Span/(12—>14) 

= 18/14 = 1.28 m = 1.3m 

Frame spacing 

4—>7 m 

5 m 

Frame height (f) 

Frame spacing/2 

2.5 m 

Column thickness 

<4° 

o 

00 

o 

= 0.80x1.3=1.04 = 1.1 m 

Secondary beam 

Beam Span/(8—>10) 

=5mxl000/10 =500 mm 

Post dimensions 

200x200 mm 

200x200 mm 


B-Office area 

An inclined simple girder spanning 9.0 ms is chosen as the main supporting 
element for the office area. The spacing between these girders is taken the same 
as that between the frames (5.0m). Secondary beams are provided to get 
reasonable slab dimensions (5.0 x3.0 ms). 

, , . Span 9x1000 

Girder depth =-=-- = 900 mm 

10 10 

The layout of the car workshop is given in the following set of figures. 
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6x5.0=30.0 m 
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Slab (Th.=100mm) 
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Fig. Ex.l.2b Structural 
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Solution 
Hall (1) 

Since the span of the hall is relatively large, and north light is not required, a 
frame system with secondary horizontal beams is chosen. The spacing between 
the frames is chosen as 5.0m, while the spacing between the secondary beams is 
taken as 3.0 m. 


Item 

Suggested dimensions 

Chosen dimensions 

h 

Span/(12—>14) 

= 18/14 = 1.28 m = 1.30m 

Frame spacing 

4—>7 m 

5.0 m 

Column thickness 

0.80 t g 

= 0.80x1.3= 1.04 = 1.1m 

Secondary beam 

Beam Span/(8—>10) 

=5mxl000/10 =500 mm 



Item 

Suggested dimensions 

Chosen dimensions 

l g 

Span/(12—>14) 

= 15/14 = 1.07 m = 1.1m 

Frame spacing 

4—>7 m 

5.0 m 

Column thickness 

o 

00 

o 

= 0.80x1.1=0.88 = 0.90 m 

Secondary beam 

Beam Span/(8—>10) 

=5mxl000/10 =500 mm 


Since columns are not allowed inside the halls, some of the frames of Hall (1) 
have to be supported on another frame that spans 15m. Such a frame is 
separated from the frame that constitutes a part of the main system of Hall (2) 
by an expansion joint. The expansion joint is needed since the length of the hall 
is more than 40.0m. 

The layout of the medical facility is given in the following set of figures. 
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Example 1.4: Structural system for a textile factory 

The figure given below shows a textile factory that consists of two large halls in 
which indirect lighting is needed. Hall (1) spans 20 m and Hall (2) spans 19.2m. 
Columns are only allowed on the outside perimeter. Clear height of the halls is 
5.5m. It is required to suggest an appropriate structural system for the factory. 

I 43.2 m I 



1 19.2 m 1 

24 m 1 

Plan 























Solution 
Hall (1) 

Since the span of the hall is relatively large, and north light is required, a frame 
system with Y-beams is chosen. The spacing between the frames is chosen as 
4.8m, while the spacing between the secondary beams is taken as 2.4 m to get a 
system of one-way slabs (2.4x5.0 ms). The spacing of the Y-beams is chosen 
equal to 5.0 ms. 


Item 

Suggested dimensions 

Chosen dimensions 

h 

Span/(12—>14) 

= 20/14 = 1.43 m = 1.5m 

Frame spacing 

4—>7 m 

4.8 m ~ 1 

Y-beam spacing 

4—>6 m 

5m 

frame height (f) 

Y-beam spacing/2 

=5/2=2.5 m 

Column thickness 

0.80 t g 

= 0.80x1.5=1.2 

Secondary beam 

Beam span/(8—>10) 

=5m x 1000/10 =500 mm 

Y-beam 

Span/(6—>8) 

= 4.8/6 = 0.80 m \ 

Post spacing 

2—>4 m 

2.4 m 

Post dimensions 

200x200 mm 

200x200 mm 

Ridge beam thickness 

Post spacing /(8—>10) 

= 2400 / 8 = 300 mm 


62 


Hall(2) 

Since the north light is perpendicular to the span, a frame system with 
secondary beams is chosen. The spacing between frames is taken as 4.0m 


Item 

Suggested 

dimensions 

Chosen dimensions 

l s 

Span/(12—>14) 

= 19.2/14 = 1.37 m =1.4 m 

Frame spacing 

4—>7 m 

4.0 m 

Frame height (f) 

Frame spacing / 2 

=4.0/2=2.0 m 

Column thickness 

o 

00 

© 

= 0.80x1.4= 1.12 = 1.2 m 

Secondary beam 

Beam span/(8—>10) 

=4mxl000/10 =400 mm 

Post spacing 

2—>4 m 

2.4 m 

Post dimensions 

200x200 mm 

200x200 mm 

Ridge beam thickness 

Post spacing /(8—>10) 

= 2400/8 = 300mm 


Since columns are not allowed inside the halls, some of the frames of Hall (1) 
have to be supported on another frame that spans 15m. Such a frame is 
separated from the frame that constitutes a part of the main system of Hall (2). 
by an expansion joint. The expansion joint is needed since the length of the hall 
is more than 40.0m- 


The layout of the factory is given in the following set of figures. 
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Slab (100mm) 



Fig. Ex.l.4b Structural system (sections A-A) 




















































































































































Ridge beam 

Slab (100mm) Sec, beam 200x300 

-\ 200x500 \ 



Example 1.5: Structural system of a factory 

The figure given below shows a factory to be constructed in 10 th of Ramadan 
city. The factory consists of two floors. In the ground floor level, columns are 
only allowed along the outside perimeter as well as on line ah. However, the 
first floor level must be free from inside columns and must have indirect 
lighting. 

It is required to propose an appropriate structural system for the factory and to 
show the details of such a system in plan and sections. 


N 





Ground floor plan 


First floor 

6 m 

Ground floor 


5 m 






A: Structural System the First Floor 

Since horizontal floor is required, a continuous frame system with secondary 
beams is chosen. The spacing between frames is taken as 6.0m 


Item 

Suggested 

dimensions 

Chosen dimensions 

to 

o 

Span/(12—>14) 

= 16/14 = 1.14 m =1.2 m 

b s 

250—>400 mm 

0.35 mm 

Frame spacing 

4—>7 m 

6.0 m 

Side Column thickness 

Same as roof column 

1.5 m 

Middle column thickness 

0.8 t g 

1.0m 

Secondary beam 

Beam span/(10—>12) 

=6mxl000/12 = 550 mm 


B: Roof 

Since the roof has a relatively large span and north lighting is required, an arch 
with a tie is chosen as the main structural system. 


Item 

Suggested dimensions 

Chosen dimensions 

^arch 

Span/25 

= 32/25 = 1.28 m = 1.3m 

ttie 

tarcl/2 

= 1.3/2 = 0.65m 

Arch spacing 

4—>7 m 

6.0 m 

Arch height (f) 

Span /(5 —> 8) 

=32/8=4.0 m 

Column thickness 

span/20 

= 32/20 = 1.5 m 

Secondary beam 

Beam span/(8—>10) 

= 6mxl000/10 =600 mm 

Post spacing 

2—>4 m 

3 m 

Post dimensions 

200x200 mm 

200x200 mm 

The layout of the factory is given in the following set of figures. 
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Arch girder 

350x1300 Secondary beam 

200x600 ' 



Example 1.6: Arch with a Tie 

It is required to design a saw-tooth structural system for the factory shown in 

the figure below. The material properties are/„,=30 N/mm 2 and/y=360 N/mm 2 . 

Live load =1.0 kN/m 2 

Flooring load = 1.0 kN/m 2 

Wind load = 0.7 kN/m 2 

Clear height = 7.5 m 

Y wa n=12 kN/m 3 

Span =26.0 m 



N 





Section 


'2 


73 
































Solution 


The span of the factory is relatively large (>20 m) such that the choice of a 
frame system leads to an uneconomical solution. Since the span of the factory 
is normal to the north direction, an arch with a tie is chosen as the main 
structural system. 

Assume the following dimensions: 


Slab thickness t s 

= 120 mm 


Ridge beam 

= (200 mm x 300 mm) 

Secondary beam 

= (200 mm x 550 mm) 

Post dimension 

= (200 mm x 200 mm) 

Span of the arch 

= 26 m 


t g = span/25 

» 1.0 m 

Girder (350 

ttie =0.5 tg 

= 0.5 m 

Tie (350 

Spacing between arches 

= 6.5 m 


Secondary beams spacing 

= 2.60 m 


The rise of the arch equals (f) = = 

6 — 8 

26 0 = (3.25- 
6-8 


The thickness of the column equals 


— = — = 0.56m 
15 15 

span _ 26 


l 20 20 

Choose the column cross section (350 mm xl300 mm) 


= 1.3 m 
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3.8 m , . 3.5 m 


, Sec, beam 
Th=d gOmrn X ( 200x55 °) 


B Ridge Beam _Arch 

~f (200x300mm)\ (350x1000) 


Post 1 
(200x200) 


(350x1300) 


4 Tie Beam 
B (350x500) 


end beam / 
(250x500) 


Wall beam / I 
(250x600) , 


R/C footing 
v.P/C tooting 


Sec. A-A 


Post 

200x200 


Girder 

350x1000 


H Sec. beam 
/JL. 200x550 



Semelle/ _JJ. 


Sec. B-B 

Fig. Ex.l.6b: North-light saw-tooth system (Arches) 
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f 30 

A = cox^-xbxd = 0.019x——xlOOOxlOO = 158.4 mm 2 
f y 360 

. 0 . 6 , , 0.6 

min ~~T~b d -xlOOOxlOO = 1 66mm 2 <A,....<o.k 


Choose 5<I>8/m' (251 mm 2 ) 

Step 2: Design of the Secondary Beam (200x550 mm) 

The ultimate self-weight of the beam equals to: 

=l-4xy xbx(t-t ) = 1.4x25x-^^-x- ^°~ 12() = 3.01 kN/rn 

1000 1000 

The spacing between the secondary beams is 2.6m, thus the total beam load is: 
w u + spacing Xw su =3.01 + 2.6x7.2 = 21.73 kN /m' 

The sloped length V equals to: 

L' = ^L 2 + f 2 = a/6.5 2 +3.5 2 =7.38 m 


| 200 | 



M u =130.34 kN.m 



Cross-section of the secondary beam (acts as a rectangular section) 
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The beam is simply supported on the post (compression member) on one side 
and on the hanger (tension member) on the other side. 


w, xLxL' 21.73x6.5x7.38 


=130.34 kN.m 


The reaction of the secondary beam is 


w„ x l! 21.73x7.38 


= 80.21 kN 


Since the secondary beam is an inverted beam, the section at mid span acts as 
rectangular section as previously shown. 

d =t-cover = 550-50 = 500 mm 

R = M * _= - 130 - 34x l^— = 0.087 

f cu xbxd 2 30x200x500 2 

From the chart, the reinforcement index co= 0.112 
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f 30 

A s = cox^f-xbxd = 0.112x-x200x500 = 933 mm 2 

Jy 360 

0 • 22 5^//™", , 0.225 ^0 . 

z b d -———x200x500 = 342 mm 2 

Jy 360 

1.3x4 =1.3 x 933 = 1213 mm 2 

Choose 4<l>18 (1017 mm 2 ) 

Step 3: Design of ridge beam (200 x 300 mm) 

The ridge beam is a continuous beam supported on the posts. 

The ultimate self-weight of the beam equals to: 

w u,„ M =1.4 xy c xbxt = 1.4 x 25 x 0.20 x 0.30 = 2.1 IcN tm' 

No slab load is transferred to the ridge beam. The cantilever part is considered 
as shown in figure below. 


A„„, = smaller of 




w u = w u ,o.„ + w u x cantilever length = 2.1 + 7.2 x 0.40 = 4.98 kN / m 
,, w x if 4.98x2.6 2 


R r =w u xL = 4.98x2.6 = 12.95 kN 
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To use the R-co curve, calculate R 

R = - *Ll — = .. — = 0.009 

f cu xbxd 2 30x200x250 2 

Since R is below the chart to is taken as 1.2 R = 0.0108 

f 30 

A, =cox J -^-xbxd = 0.0108x - x200x250 = 45 mm 2 


°' 225 £ .fr d = 0,225 ^ 3(> x200x 250 = 171 mm 2 
= smaller of f y 360 

1.3/1, =1.3x45 = 58.5 mm 2 <- 


but not less than —— xbxd = x200x250 = 15mm 2 

100 100 


Thus, As >n un=75 mm 2 


Use 2d>12 (226.2 mm 2 ) 


















Step 4: Design of post (200x200 mm) 

Posts in the arch with a tie system are subjected to tension or compression 
according to their locations as shown in the figure below 




Tension post (200x200) 
(hanger) 


Tie (350x500) Kg* 



Ridge beam 


200x300 


Compression post 
200x200 


Secondary beam 
200x550 


Step 4.1: Design of the compression post 

The height of the post h p = the height of the rise - arch thickness/2 - tie 
thickness /2 as shown in figure. 


Arch (350x1000) 


Post (200x200) 


tie (350x500) 




•^—^ = 3.5- —-— = 2.75 m 


The ultimate self-weight of the post (200 x 200 mm) equals 
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P OM =1 .4xy c xbxt xh p = 1.4 x 25 x 0.20 x 0.20 x 2.75 = 3.85 kN 

The load acting on the post results from the reactions of the ridge beam and the 
secondary beam 

P u = P„ w + P b (secandry beam) + P r (ridge beam) = 3.85 + 80.21 + 12.95 = 97 kN 


Since the factory has no special system for resisting the lateral forces, it is 
considered unbraced. The effective length factor k can be obtained from Table 
6-10 in the code. The top and the bottom part of the column are considered 
case 1. Thus fc=1.2. 


H c = kxh p =1.2x2.75 = 3.30 m 


The slenderness ratio A, is given as A ■ 


H. 3.3 


= 16.50 


Since A greater than 10, the post is considered long and additional moment is 
developed. 


A 2 xt 16.5 2 x200 


= 27.2 mm 


(note S mg = S) 


e mi „ = max of 

mtn J 


0.05 xt = 0.05 X 200 = 10 mm 
20 mm 


= 20 mm < 8 


Thus the lateral deflection due to buckling is larger than the code minimum 
eccentricity. The post is subjected to axial force of P„=97 kN and the additional 
moment equals 


M aM ='P u xS = 97x —— = 2.64 kN.m 

add u 10{)0 

M m = M u + M aM = 0 + 2.64 = 2.64 kN.m 


P u 97x1000 

f cu xbxt 30x200x200 


= 0.08 


.y- 2 = 2 - 64xlQS 2 -=o.on 

feu xbxt 2 30x200x200 2 

Assuming that the distance from the concrete to the c.g. of the reinforcement is 
20 mm. Thus the factor £ equals 

„ t -Ixcover 200-2x20 

C = -= —■-— U.oU 

t 200 
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Using interaction diagram with uniform steel fy =360 N/mm 2 , and £=0.8 
The point is below the chart use p m in 

Since the column is long the minimum reinforcement ratio p™,, equals 

=0.25 + 0,052 A = 0.25 + 0.052 x 16.5 = 1.1 % 

1.1 , 

A tmin xbxt- -x200 x 200 = 443 mm 

a, min • nun 100 

Choose (4<D12,452 mm 2 ) 

Step 4.2: Design of the tension post (Hanger) 

The reaction on the tension post (T) 

= o.w. + Reaction from secondary beam + Tie weight 

Tie weight = 1.4x y c xb x.t x post spacing 

Tie weight = 1.4 x 25 x 0.35 x 0.50 x 2.6 = 15.925 kN 


2.6 


2.6 



T = 3.85 + 80.21 + 15.925 = 99.98 kN 
T 


A. =- 


99.98x1000 2 

= 319 mm 


4/1.15 360/1.15 

Choose (4<I>12,452 mm 2 ) 

Step 5: Design of the arch and the tie 
Step 5.1: Calculations of the loads 
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The total loads on the arch are the summation of the uniform and the 
concentrated loads. 

A: Uniform loads 

1. own weight of the arch 

= 1.4 x Y c xbxt = 1.4x25x0.35x1.0 = 12.25 kN I m 

2. own weight of the tie 

= 1.4xy c xfoxr = 1.4x25x0.35x0.5 = 6.125 kN/m 

w ow = w arch + w tie =12.25 + 6.125 = 18.375 kN/m 

B: Concentrated loads 

1. reaction from the post = 97 kN 

2. reaction from the secondary beam =Pb=80.21 kN 

P u = P posl + P b = 97 + 80.21 = 177.21 kN 


Secondary beam 
load to the post 



Secondary beam 
P b 80 21 load to the tie 


To simplify the calculations of the bending moment, the concentrated loads on 
the arch can be replaced by a uniform load as follows: 


_ 9x177.21 _ 


61.345UV7 m 


The total uniform load on the frame equals 
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w u = W 0 . w + w «, = 18-375 + 61.345 = 79.72 kN/m' 

The concentrated loads on the sides can be estimated by 0.6 P u =106.33 kN 


106.33 177.21 177.21 177.21 177.21 177.21 177.21 177.21 177.21 177.21 106.33 



Loads on the arch 



Equivalent load system and reactions 


Rar ch = 1142.7 kN 


The reaction from the arch to the columns equals 

R mch = 0.6 • P u + = 106.33 + 79,72X - 26 - = 1142.7 kN 

2 2 

The total bending on the arch equals the simple beam bending moment w u L 2 /8. 

.. w u xL 2 79.71x26 2 

M = —-— =---- = 6736 kNm 


The determination of the internal force in the arch can be performed using a 
structural analysis program. As an approximation, the internal forces can be 
obtained as follows: 


1. 95% of the simple bending moment is resisted by compression in the 

arch and tension in the tie because of the elastic deformation of the 
system. 


C =T =- 


0.95 xM, m 


0.95x6736 6399.5 


= 1828.4klV 



2. 5% of the simple bending acts on the arch alone 

M u =0.05 xM simple =0.05x6736 = 336.8 kN.m 

Step 5.2: Design of the tie (350x500) 

The tie resists only tension forces=l 828.4 kN 


T _ 1828.4x1000 
Al ~ /,/1.15~ 360/1.15 


= 5840 mm 2 


Choose 12*1)25 (5890 mm 2 ) -*• distributed uniformly 


Step 5.3: Design of main girder (350x1000) 


P U =C=1828.4 kN 


M u =336.8 kN.m 

The section is subjected to a normal compression force and a bending moment. 
The design interaction diagram is used for the determination of the 
reinforcement. ' 
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P u _ 1828.4x1000 
f cu xbxt 30x350x1000 

M u 336.8x10* 


= 0.174 


- = 0.032 


f cu xbxt 2 30x350xl000 2 

Assuming the concrete cover is 80 mm. Thus the factor £ equals 

^ t-2xcover 1000-2x80 

i = -=•-= 0.84 

t 1000 

Use an interaction diagram with f y =360 N/mm 2 , and £=0.8 (conservative). 

The intersection point is below the chart, use Pmjn (0.006) for compression 
member. 

A s — juxbxt — 0.006x350x1000 = 2100 mm 2 forbothsides 
Choose (84>20, 2512 mm 2 ) 

Use 4<I>20 at top of the arch and 4d>20 at the bottom 

Step 6: Design of Columns 
Step 6.1: Loads 

The column is subjected to an axial load in addition to wind loads on the walls. 

A. Wind loads 

Assuming the extension of the column to the foundation is 1.0 m, the height of 
the column equals to: 

h —clear height +extentionof the column to the foundation — 1 .5 + 1.0 = 8.5 m 



The intensity of the wind load on the walls is given as 0.7 kN/m 2 . Thus, the 
pressure on the walls equals to: 


w i ~c w xq w xspacing = 0.8x0.7x6.5 = 3.64 kN/m' (windwardside) 

w 2 -c,xq w xspacing = 0.5x0.7x6.5 = 2.275 kN/m' (leewardside) 

The columns are linked together with the arch-with-a-tie system. Such a system 
can be simulated by an equivalent link member subjected to either tension or 
compression. 



The system is once statically indeterminate. The unknown is the force in the 
link member. Using the principle of superposition, one can obtain the 
deflection at the end of each column as follows: 
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wx/i 4 + Txh 3 
8£/ " 3 El 

w,x/i 4 Tx/i 3 w 2 xh 4 Txh 3 

- -—-+- A, = —- 

8 £7 3 £/ 8 El 3 El 


Neglecting the axial deformation in the equivalent link member, the deflection 
of the first column Ai must be equal to the lateral deflection of the second 
column A 2 . 

A ( = A 2 

v^x/1 4 i Txh 2 _ w 2 xh 4 Txh 3 
8 El + 3 El 8 El 3 El 

Simplifying the terms gives the axial force in the link member (T). 

r =—(w,-w.) =-^^(2.275-3.64) = -2.175 kN (compression) 

16 16 

M = W \^ h l + Txh = 3 ' 64X8 ' 52 - + (-2.175)x8.5 = 113.0 kN.m 
2 2 

M 2 = W ? X -— -Txh= 2 - 275x8 ' 52 _(- 2 .175)x8.5 = 100.67 JUVjn 
2 2 


B. Vertical Loads 

The vertical loads on the column is the summation of the following: 

1. Self-weight = 1.4x/ c xbxtxh = 1.4x25x0.35x1.3x8.5 = 135.36 kN 

2. Weight of the wall beams: two wall beams are provided as shown in the 
following figure. 

= 2xl.4x y c xbxt xspacing = 2x1.4x25x0.25x0.6x6.5 = 68.25 kN 

3. Wall load =l.4xy w xbxLx(h-2xt wall beam ) 


= 1.4x 12 x 0.25 x 6.5 x (8.5 - 2 x 0.6) = 199.29 kN 
4. Arch load =Rarch 

„ . „ w u xL „„ 79.72x26 , 

Rare = 0-6 • P u + - 106.33 + - - - - = 1 142.7 kN 

P = 135.36 + 68.25 +199.29 +1142.7 = 1545.59 kN 
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wall beam 

column 

250x600 
wall beam 

250x600 

/ 

column 
/ -:— 



Step 6.2: Calculation of the reinforcement 

The column is considered unbraced in its plane and braced in the out-of-plane 
direction. The unsupported length in X-direction is 8.5 m and the unsupported 
length in Y-direction is 3.8 m. The calculation of the additional moment can be 
summarized in the following table and in the figure given below. 












Item 

X-Direction 

Y-Direction 

bracing condition 

unbraced 

braced 

Ultimate load P u (kN) 

1545.59 

1545.59 

Short column if 

X<10 

A.<15 

Ho(m) 

8.5 

3.8 

t(m) 

1.3 

0.35 

k (bracing factor) 

1.6 (Table 6-10) 

0.90 (Table 6-9) 

H e 

13.6 

3.42 

X~HJt 

10.46 

9.77 

Status 

long(A>10) 

short (A,<15) 

S -A 2 xt/2000 

0.071 

0 

M add =P u -S 

109.95 

0 

M u (wind) 

113.0 

0 

M to t =: M. u + Model 

222.95 

0 


It is clear from the previous table that the X-direction is more critical than Y- 
direction. Using an interaction diagram with uniform distribution of reinforcing 
steel and with/y= 360 N/mm 2 and ^ = 0.8, one gets: 


P u _ 1545.59x1000 _ o n3 
f cu X-bxt 30x350x1300 

M, ot _ 222.95x10 s _ QQ12 

f cu xbxt 2 30x350xl300 2 



JL __i-- 

0.35 - x 

T^rir 5 


The intersection point is below the chart. Use iVm- 


Since the column is long, the minimum reinforcement ratio Pmi n is given by: 

A™, = 0.25 + 0.052 A = 0.25 + 0.052 x 10.46 - 0.8 % 

■A*min = MnnnXbxt =^-x350xl300 = 3640 mm 2 

s, min r nun 100 

Choose (16 <3>18,4071 mm 2 ) —* distributed uniformly 
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Step 9: Geometric coordinates of the arch 

The formula for the construction of the arch is given by: 


v — 4 * lif = 4 ' 3-5 '-' ^ 26 = 0.0207 • (26X - x 2 ) 

L 2 26 2 


X 

2.6 

5.2 

7.8 

10.4 

13 

y 

1.26 

2.24 

2.94 

3.36 

3.5 
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Reinforcement Details of the Arch Sec. C-C 



Reinforcement details of ridge beam 




































































Example 1.7: Frame with the north direction is normal to span 

The figure below shows the general layout of a workshop that is covered by a 
structural system that permits indirect lighting. It is required to carry out a 
complete design of the roof for such a system. 

The material properties are f cu =35 N/mm 2 ,/ y =360 N/mm 2 and/ yjI =240 N/mni 2 



20 m 


Plan 


8 

<n 


Section 


Solution 

Step 1: Propose the concrete Dimensions • \ 

Since the north direction is perpendicular to the span and the span equals to 
20.0 ms, a system of frames is chosen. 

Assume the following dimensions: 

ts 

Ridge beam 
Secondary beam 
Post 
span 
bg 

tg = span/(12-I4) 

icoi,top~(0.8 tg- tg) 

fcol,bot=(0.4 tg- 0.6tg) 

Spacing between frames 
Secondary beams spacing 
f= frame spacing/2 

Step 2: Design of solid slabs 

Assume the flooring weight is 1 kN/m 2 and that the live load is equal to 0.5 
kN/m 2 . 

The total dead load of the slab g s is given by: 

8 S ~*s X V +flooring-0.1x25 + 1.0 =3.5 kN lm 2 
The slab ultimate load w u is given by: 
w su =1.4xg s + 1.6x p s = 1.4X3.5 + 1.6X.5 = 5.7 kN/m 2 
Taking a strip of 1.0m width —>• w su -5.1 kN/m' 


= 100 mm 

= (200 mm x 300 mm) 

= (200 mm x 500 mm).. 

= (200 mm x 200 mm) 

= 20 m 
= 0.35 m 
= 1.4 m 
= 1.2 m 
= 0.8 m 

= 5.0 m A. : 

A • ‘ 

=2-50 m ,, 

= 2.5 m ^ 
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3.56 kN.m 

The roof slab is a system of one-way slabs that are continuous in the short 
direction, thus the maximum negative bending at the support equals to: 

„ w m xL 2 5.7x2.5 2 

M = -Si -=-= 3.56 kN.m 

“ 10 10 

Assuming a 20 mm cover —> d = 100 - 20 = 80 mm. 

Using R-co curve, the value of R is given by: 

R =- T = 3 - 56xl ° 6 = 0.016 

f cu xbxd 2 35xl000x80 2 

From the chart with R=0.016, the reinforcement index co= 0.0186 
f 35 

A = cox^xb xd =0.0186x——xl000x80 = 144.8 mm 2 /m' 
f y 360 


- xbxd =-^-xl000x80 = 133.3 mm 2 /m' 

fy 360 


Choose 5<h8/m' (250 mm 2 ) 


100 


Step 3: Design of the secondary beam (200 mm x 500 mm) 

The beam cross-section is 200 mm x 500 mm (from step 1). 

The ultimate self-weight of the beam equals to: 

w U0W =1.4 xy c xbxt = 1.4x25x0.20x0.50 = 3.5 kN / m' 

The spacing between the secondary beams is 2.5m, thus the total beam load is 
w u = w uo w + spacing x w m = 3.5 + 5.7 X 2.5 = 17.75 kN /m 



R b =49.61 
on frame 


The inclined length L' is equal to 

L' = V2.5 2 +5 2 = 5.59 m 

„ wxLxL' 17.75x5.0x5.59 

M =— -=- =62.02 kN.m 

“ 8 8 

The reaction of the secondary beam is 
„ wxL' 17.75x5.59 




: 49.61 kN 
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The section at mid-span is a T-section and the width B is given by: 

fl6 t s +b [16x100 + 200 = 1800 mm 


B = the smaller of -+ j —+b 


- + 200 = 1318 mm 


[CL —»CL [2500 mm 

B= 1318 mm.Using Gl-J curve and assume that c < t s 

ci =i ,EI=« 

V/.XB V 35x1318 

The point is outside the curve, thus c/d) min = 0.125 and j = 0.825 

a = 0.8xc = 0.8x0.125x450 = 45 mm 
Since a < t s (100 mm), the assumption is valid. 

a M u 62.02xl0 6 ... 2 

* f y xJ xd 360x0.825x450 WW 

' ^£^,0 ^ V35 x200x450 = 333OTm2 
4 mm = smaller of f 360 


[ 1.3 A s = 1.3 x 464 = 603 mm 2 

Choose 3d>16 (600 mm 2 ) 

Step 4: Design of ridge beam (200 x 300 mm) 

The ultimate self-weight of the beam equals 

w u,o» =l- 4 xr c xbxt = 1.4x25x0.20x0.30 = 2.1 kN/m' 

No slab load is transferred to the ridge beam. The weight of the cantilever part 

is calculated as shown in the following figure. 

w u - w u,o. w + w u x cantilever length = 2.1 + 5.7 x 0.25 = 3.525 kN/rn' 




200 (—— 
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Step 5: Design of the post (200x200 mm) 

The factored self-weight of the post (200 x 200 mm) equals to: 

P ow = 1.4 xb xtxh =1.4x 25x 0.20x 0.20x 2.5 = 3.5 kN 

The post supports loads from the ridge beam and from the secondary beam. 

P u =P ow + P b (secandry beam) + P r (ridge beam) 

P u =3.5 + 49.61 + 8.8125 = 61.92 kN 



H e 2.28 

4-= = 11.4 > 10—> longmember 

b 0.2 


A 2 xt 11.4 2 x0.2 


2000 


2000 


: 0.013 m < 0.02 m 


= s 


M om =P u *8 = 61.92x0.02= 1.23kN m 

= ^ 2XlQQ0 -.0 044 — g * . = L23X1 ° 6 = Q 004 

f C u x b xt 35x200x200 ’ f cu xbxt 2 35x200x200 2 

The point is below the interaction diagram, use A smin . 

M = 0.25 + 0.052 X/i = 0.84% 

Ar,mj„ = 0.0084xA c = 0.008 x 200x200 = 337 mm 1 
Use 4<1> 12 (452 mm 2 ) 
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Step 6: Design of the frame (350 mm x 1400 mm) 

Step 6.1: Dimensioning 

The thickness of the column at the top is taken as (0.8-1 t g ) and at the bottom as 
(0.4-0.6 t g ). The thickness of the column at the top is-taken as 1200 mm and at 
the bottom as 700 mm. The height of the column of the frame h is measured 
from the top of the footing (or semelle) to the center-line of the frame girder. 

t 1.4 

h = clear height + — + h f =5 + —+ 1.0 = 6.70 m 

The frame column has a variable moment of inertia. To simplify the 
calculations, an average column width at 2/3/i is used. 

t avg = t x + j(t 2 - r,) = 700 +1(1200 - 700) = 1033.33 mm 



\ 
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Step 6.2: Calculation of loads 

The self-weight of the frame equals 


1 4x95 

xt, +h 2 xt 2 ) = _-_-(200x300 + 350xl400) = 19.25 klV /m 

The loads on the frame results from the reactions of the secondary beam and 
the post every 2.5m causing concentrated loads on these locations. 

P» = P P as, + P *« = 61.925 + 49.61 = 111.54W 


posts 





2.5 

2.5 


reaction 



To simplify the calculations of the bending moment, the concentrated loads on 
the frame can be replaced into uniform load as follows: 


YP U 7x111.54 , 

w =— — =-= 39.04 kNIm 

eq L 20 

The total uniform load on the frame equals to: 

= w eM + w eq = 19.25 + 39.04 = 58.29 kN/m' 

The concentrated loads on the sides can be estimated by 0.6 P K =66.92 kN 

0.6P U Pu P u P u P u P u P u P u 0.6P u 



Actual loading system 


66.92 66.92 



L=20 


Equivalent loading system 
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Step 6.3: Calculation of straining actions 

The frame is two-hinged and is once statically indeterminate. The horizontal 
reaction at the base for uniformly loaded frame is given by 


H=H h - 


W u x£ 

4 xhxN 


where K = ~x— and N = 2K + 3 

h L 

The moment of inertia for the column is calculated using t avg 

r bxt i s 0.350 xl.033 3 __ 4 

/„ =-=-= 0.0322m 

c 12 12 


bxt 3 0.35 xl.4 3 


= 0.08 m 4 


I b h 0.08 6.7 „„„ 

K =—x— =- x— = 0.833 

l c L 0.0322 20 

N = 2 K + 3 = 2 x 0.833 + 3 - 4.666 


w„=58.29 kN/m' 


cm 

_!_;• 

1 ’ 1 ' 1 ' ’ ’ 

ib 

lo 

Ha= W “ Xh 

4 xhxN 

H b 
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H =H b =^-= 58 - 29 ^ 2 -^ 186.44^ 

" b 4 xhxN 4x6.7x4.666 

The vertical reaction can be easily obtained as follows: 

Y =^-^ + 0.6xP = 58-29 X 20 + 66.92 = 649.8 1 W 

a 2 “ 2 

The moment at top of the column Mcoi 

= Ha x h avg = 186.44 x 6.7=1249.15 kN 
The maximum moment at mid span of the frame can be obtained as follows: 




w„ xL 


58 7Qx70 2 

M mid = 30 - zv ..-i^—1249.15 = 1665.3 kN.m 
8 

The bending moment, shear force, and normal force diagrams for the frame are 
presented in the next page. 

Step 6.4: Design of frame sections 

The critical sections are shown in the figure below. 
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Step 6.4.1: Design of section 1 (350 mm x 1400 mm) 

Section 1 is a rectangular section that is subjected to the following factored 
actions: 

M„=1665.3 kN.m 

P u =l 86.44 kN (compression) 

According to the ECP 203; if {PJfcu b t) is less than 0.04, the normal force can 
be neglected. 


186.44x1000 


= 0.0108 < 0.04.neglect the normal force 


f cu xbxt 35x350x1400 

The design will be carried out as if the section is subjected to bending only. 
Frames are usually heavily reinforced and the reinforcing bars are arranged in 
two rows. Therefore, the effective depth is given by: 

d =t - 100 mm = 1400 -100 = 1300 mm 

To use the R-to, calculate R 

R - _- 1665 3xlQ - 6 --^ 0.0804 

f cu xbxd 2 35x350x1300 

4 From the chart with R=0.0S04, the reinforcement index a)= 0.1028 

*. ’• 

A = cox^-xb xd =0.1028x~x350xl300 = 4546 mm 2 
s f 360 

J y 

0-225 yjf^_ b d _ gjgl^ x350x 1300 = 1682 mm 2 
^smin = smaller of ■ f y 360 

1.3 A =1.3x4546 = 5910 mm 1 


A s > A s . 


Use 10<E>25 (4908 mm 2 ) 
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Step 6.4.2: Design of section 2 (350 mm x 1400 mm) 

Section 2 is a rectangular section that is subjected to the following factored 
actions: 

M u = 1249.15 kN.m P u =l 86.44 kN (compression) 

According to the ECP 203; if (PJf cu b t) is less than 0.04, the normal force can 
be neglected. 


P u _ 186.44x1000 
f cu xbxt 35x350x1400 


: 0.0108 < 0.04 .neglect normal force 


The design is carried out as if the section is subjected to bending only. 
To use the R-co, calculate R 


M u _ 1249.15X10 6 
f cu xbxd 2 35x350xl300 2 


= 0.0603 


From the chart with R = 0.0603, the reinforcement index ( 0 = 0.075 
f 35 

4 = a)X-f-xbxd = 0.015x— -x350xl300 = 3310 mm 2 


, 11 t —b d =-^~x350x\300 = l390 mm 2 J<A, ok 

A imto = smaller of-l f y 360 

1.3 A =1.3x3310 = 4303 mm 2 


Use 7<525 (3436 mm 2 ) 


Step 6.4.3: Design of section 3 (350 mm x 1200 mm) 

Buckling in the out-of-plane direction 

The frame is considered unbraced because the lack of any bracing system. 

As shown in Fig. EX. 1.7b, H<,=2.75. The effective length factor k can be 
obtained from ECP 203 with case (1) at the top and at the bottom. Thus, k=1.2. 

H e =kxH 0 =1.2x2.75 = 3.30 m 
. _ H e 3.30 

_ ~ - 9.4 < 10 (case of unbraced columns) 

Thus no additional moments are induced in the out-of-plane direction. 


112 


Buckling in the in-plane direction 

The frame is considered unbraced because the lack of any bracing system. The 
effective length factor k can be obtained from the ECP 203. The top part of the 
column is considered case (1) and the bottom part is considered case (3) 
(hinged base). Thus, k=1.6. 

The height of the column is measured from the bottom of the beam to the base 
(h*). However, it is customary to use the length used in the analysis h. 


H e =kxh = 1.6x6.7 = 10.72 m 

The slenderness ratio X is calculated using the average column thickness not 
the actual one, thus X equals 


X = Sj. = —— = 10.31 
r 1033 

avg 

Since X is greater than 10, the column , is considered long and additional 
moment is developed. 


X 2 xt flVy _ 1Q.37 2 xl.033 
2000 “ 2000 


= 0.0556 m 




e «in = 0.05 xt avg = 0.05x1.033 = 0.052 m<5 

Thus the lateral deflection due to buckling is larger than the code minimum 
eccentricity. The column is subjected to axial force of P u =649.8 kN. The 
additional moment equals 


M aM =P u x5 = 649.8x0.0556 = 36.13 kNm 
M tol =M U +M add =1249.15 + 36.13 = 1285.28 kNm 

Due to the fact that column sections are subjected to large normal force, it is 
recommended to use compression steel between 40%-60% of the tension steel 
to ensure ductile behavior. The section is designed with the interaction diagram 
(a=0.6). 


649 .8X1000— = 0Q442 
f ru xbxt 35x350x1200 

J cu 


M u _ 1285-28X10 6 _ QQ73 
f cu xbxt 2 35x350xl200 2 
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Assuming that the distance from the concrete to the c.g. of the reinforcement is 
80 mm. Thus the factor £ equals 

„ t-2xcover 1200-2x80 0 , 

r — -=-= U.60 

b t 1200 

Using interaction diagram with f y =360 N/mm 2 , cc=0.6 and ^=0.8 (conservative) 

p = 2.1 

p = pxf cu xlO -4 = 2.1x35xl0~ 4 = 0.00735 

A, = pxb xt = 0.00735x350x1200 = 3087 mm 2 (7025, 3436 mm 2 ) 


A' - a- A s =0.6x3087 = 1852 mm 2 
A slolal = a; + A, = 3436 +1963 = 4939 mm 2 


(4025,1963 mm 2 ) 


Since the column is long the minimum reinforcement ratio is given by: 

Amin = 0-25 + 0.052 A = 0.25 + 0.052x10.37 = 0.789 , use ^=0.008 
A imin = 0.008 xbxt — 0.008X350x 1200 = 3360 mm 2 < A slol . ok 

Step 6.4.4: Design of section 4 (350x700) 

This section is subjected to a compression force (P u =649.8 kN) and can be 
reinforced with the minimum area of steel. 

•4smm = 0.008 xbxt = 0.008x350x700 = 1960 mm 2 

P u = 0.35 x f cu x A c + 0.67 x f y x A sc 

P =—?— (0.35x35x(350x700) + 0.67x360xl960) = 3474WV >(649.8). ok 

“ 1000 V 

Use 9$25,4415 mm 2 >A sm i„ 



700 mm 


Step 7: Design for shear 

The critical section for shear is at d/2 from the face of the column. Thus the 
design force Q u equals to: 

Q u =Y-P, -w f^- + -1 = 649.81-66.92-58.29xf— + H) = 510.02 fc/V 

” * ' 2 2 l -2 2 J 


Q u 510.02x1000 2 

q, =-?=£- = -= 1.12 N/mm 

“ bxd 350x1300 


0.6 P„=66.92 


Critical section 
for shear 


,.=58.29 kN/m' 


t 2 =1.20- 



h^-d/2 


footing 



Tr=649.81 

The presence of the compression force increases the shear capacity of the 
beam, however, this force is relatively small that its effect can be neglected 
( conservative ) 


a = 0.24., = 0.24, — = 1.15 N/mm 2 

V 1.5 V 1.5 
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Since q u < q cu , provide minimum amount of stirrups. 


Assume that stirrups spacing is 200 mm 
0 4 0 4 

A , - =—xbxs =— —x350x200 = 117 mm 2 
’ f y 240 

A s t,niin is the area of two branches. For one branch, A st =58 mm 2 (<j)10=78.5 
mm 2 ) 

Choose 4> 10 @ 200 mm (5(J)10/m') 













































Example 1.8: Frame with north direction parallel to the span 

The figure given below shows the general layout of a factory covered by a 
structural system that permits indirect lighting. The main structural system of 
the workshop is reinforced concrete frames. It is required to carry out a 
complete design of the roof of such a system together with the frame. 

The material properties are f cu ~30 N/mm 2 ,^,=400 N/mift 2 andj^ J( =280 N/mm 2 


N 



20 m 



Plan 


a 

>o 


Section 


















Solution 


Step 1: Propose the concrete dimensions 

Since the north is parallel to the span, a system of frames with Y-beams is 
chosen. 

Assume the following dimensions 

t S 

= 100 mm 

Ridge beam 

= (200 mm x550 mm) 

Secondary beam 

= (200 mm x 500 mm) 

Y-beam 

= (200/300 mm x 800 mm) 

Post 

= (200 mm x 200 mm) 

bg 

= 350 mm 

Span 

= 20 m 

t g = span/(12—>14) 

= 1.6 m 

tcol,tOp = (0.8 tg—>tg) 

= 1.4 m 

fcol,bot = (0.4 tg > 0.6tg) 

= 0.8 m 

Spacing between frames 

= 5.0 m 

Spacing between Y-beams 

= 5.0 m 

Secondary beams spacing 

=2.50 m 

f = frame spacing/2 

= 2.5 m 

Step 2: Design of the solid slabs 

Assuming that the flooring load is 1.0 kN/m 2 , the total dead load of the slab g s 
is given by 

g s = t s x25 + flooring = 0.1 x 25 + 1.0 =3.5 kN/m 2 

Assuming that the live load is equal to 0.5 kN/m 2 , the ultimate load w su is given 
by 

w* ^lAxgj +1.6X/7J = 1.4x3.5 + 1.6x.5 = 5.7 kN/m 2 
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5x5.0=25.0 m 
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Ridge beam 
/ 200x550 


Sec. beam 
' 200x500 


Slab (100mm) 


200x20(T 


Y-beam / 
200/(300x800) 


\ Frame 
350x1600 

Wall beam 
250x500 



R/C Footing 
P/C Footing^ 


Section B-B 

Fig. Ex 1.8b Structural system (sections) 
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■S m 2.7m , W4- 2.8m P-5™ 2.7m 


The roof is a system of one-way slabs that are continuous in the short direction. 
Thus, the maximum moment can be obtained as shown in the following figure. 


w=5.7 kN/m' 



2.5 m 2.5 m 2.5 m 


3.56 kN.m 



Assuming 20 mm cover, the effective depth d = 100 - 20 = 80 mm 

Taking a strip of 1.0 m width and using R-ct) curve, the value of R is given by: 

R = - Eh — 3.56x10 QQ185 

f cu xbxd 2 30xl000x80 2 

From the chart with R=0.0185, the reinforcement index co= 0.022 
f 30 

A, =cox J -^-xbxd = 0.022x - xl000x80 = 132 mm 2 lm 

f, 400 

A . =— xl000x80 = 120mm 2 lm <A,...o.k 
J ’ m,n 100 

Choose 5<b8/m'(250 mm 2 ) 

Step 3: Design of the secondary beam (200 mm x 500 mm) 

Assume that the beam -ection is 200 mm x 500 mm (from step 1). 

The factored self-weight of the beam equals 

w uox =l.4x25xbxt =1.4x25x0.20x0.50 = 3.5 kN lm' 
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The spacing between secondary beams is 2.5m, thus the total beam load is 
given by: 

w u = w U0W + spacing X w su = 3.5 + 5.7 x 2.5 = 17.75 kN/m' 

The inclined length V is equal to 

L' = V2.5 2 +5 2 - 5.59 m 

w u xLxL' 17.75x5.0x5.59 £nnn .„ 

M = —! u - -=-= 62.02 kN.m 

“ 8 8 

The reaction of the secondary beam is 


R„ 


wxL' 17.75x5.59 


= 49.61 kN 


2 2 

The section at midspan is a T-section and the effective width B is taken as: 
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[16 t, +b 


(16x100 + 200 = 1800 mm 


B = the smaller of —> j —+b 


- + 200 = 1318 mm 


CL —> CL 2500 mm 


B=1318 mm 


Using C-J curve, and assuming a < t s 

a=j/=„.36 
V/„XB 1 30x1318 

The point is located outside the curve, thus c/d) m j n =0.125 and j=0.825 

a = 0.8xc = 0.8x0.125x450 = 45 mm 

Since a < t s (700 mm), the assumption is valid. 

M 62.01xl0 6 2 

A = - - -= --—--= 417.6 mm 

s fxJxd 400x0.825x450 

j y 


0.225 ^ _ 0,225 ^30 

4 mm = smaller of f 400 


x200x 450 = 277 mm 7 


1.3A„ = 1.3x417 = 542 mm 


Choose 34>16 (600 mrn ) 


Step 4: Design of the ridge beam (200 mm x 550 mm) 

The cross-section of the ridge beam is (200x550 mm). It is a continuous beam 
that is supported on posts. 

The ultimate self-weight of the beam equals 

w uow =1-4x25 xbxt =1.4 x 25 x 0.20 x 0.55 = 3.85 kN lm' 

No slab load is transferred to the ridge beam. The weight of the cantilever part 
is calculated as shown in the figure below. 


Ridge beam 
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Thus, A Sitn j n =150 mm 2 , Use 2012 (226.2 mm 2 ) 


Step 5: Design of the post (200 mm x 200 mm) 

The factored self weight of the post (200 mm x 200 mm) equals to: 
p =1.4x25 xbxtxh =1.4x25x0.2x0.2x2.5 = 3.5 kN 
The post supports loads from the ridge beam and from, the secondary beam. 
P u = P uw + P b (secandrybeam ) + P r (ridge beam) 

P u =3.5 + 49.61 + 13.1875 = 66.3 kN 
Ridge beam 


Post 


Y-beam 


h=f -t ridge - Top part of Y-beam = 2.5 - 0.55 - 0.3 = 1.65 m 
The building is considered unbraced thus H e =1.2x1.65 = 1.98m 

A = = 9.9 < 10 —> short member 

b 0.2 

The axial capacity for the post equals 

P u = 0.35 x f cu x A c + 0.67 x /, x A JC 

Subsisting for P„ and computing the required area of steel 

66.3 x 1000 = 0.35 x 30 x 200 x 200 + 0.67 x 400 x A JC 

As = negative (use for the post) 

A mta “0.008xA c =0.008x200x200 = 320 mm 2 



Use 4<D12 (452 mm 2 ) 

















Step 6: Design of the Y-beam (200/300 mm x 800 mm) 

Step 6.1: Loads and straining actions 

The cross-section of the Y-beam is shown below. The effective cross-section of 
the beam can be taken as (300 mm x 500 mm) or (200 mm x 800 mm). The last 
choice is more economical because it permits larger depth. 

Lateral torsional buckling of the compression flange might occur because the 
upper part of the beam is not connected to the slab (part A). To avoid that, the 
ECP 203 requires that the unsupported length between the inflection points be 
less than 


40 b =40x200 = 8000 mm 


L c , max = the smaller of -> ■ 


200x6 2 200X200 2 


= 10666 mm 


Since the span of the beam is 5000 mm, it is accepted to use b=200 mm. 


Part A that is not late rally 
supported by slab. 


Secondary beam 


fcl 


Y-beam 


The factored self-weight equals to 
W *, 0 .w = 1.4xy e x(6, xt, +b 2 xt 2 ) 
w UOiV = 1.4x25(0.2x0.80 + 0.10x0.50) = 7.35 kN lm' 
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The loads on the Y-beam result from the secondary beam and fro the post 
every 2.5 m, causing concentrated loads at these locations 

P u =66.3 + 49.61 = 115.91 kN 


Post 




The Y-beam is a continuous beam having more than three equal spans. The 
reactions and the bending moments can be determined using a computer 
program or a simplified analysis. Using the simplified analysis, the bending 
moments can be computed as the superposition of the bending moments due to 
the concentrated loads and those due the uniform loads. Theses values can be 
obtained in text books of structural analysis. 

The value of the bending moment at the support due to the concentrated load is 
(P u x L /6.22), while that at mid-span is (P u x L 75.89). On the other hand the 
values of the bending moments due to uniform loads at the support and at mid¬ 
span are wL 2 /10 and wL 2 /12, respectively. 


M =-— 

m i(-ve) 


wxL 2 PxL 7.35x5 2 115.91x5 


= 111.55 kN.m 
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wxL 2 PxL 7.35x5 2 115.91x5 

M = — 2 -h— 2 -=-+-= 113.71 x/V.m 

a(+v ‘> 12 5.89 12 5.89 


The maximum reaction at any interior support due to the concentrated loads 
and due to the uniform loads are equal to (2.15 P u x L) and (1.1 w u x L), 
respectively. 

R =l.lxw„xL + 2.15xP = 1.1x7.35x5 + 2.15x115.91 = 289.64 kN 


0.6 P u P u -115.91 115.91 115.91 115.91 kN 

| _|_( \ _ \ w u =7.35 kN/m' 


^= 113.71 


M. ve =l 11.55 kN.m 

12 


Ry= 289.64 kN 


Ir y =289.64 



Step 6.2: Calculation of the reinforcement (Sec-1) 

Since the upper part of the Y-beam is not attached to slab, all sections are 
designed as Rectangular sections with maximum moment of 113.71 kN.m 

To use the R-co, calculate R 

R = M "-^ = 11 ?-7L x igl T = 0.0337 

f cu xbxd 2 30x200x750 2 

From the chart with R = 0.0337, the reinforcement index co= 0.0403 
A. = ct)x^-xbxd = 0 . 0403 x—x 200x750 = 454 mm 2 
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°~ 225 ^ b d = °' 225 — -x200x750 = 462 mm 2 
/, 400 

1.3 A, =1.3x454 = 590 mm 2 

Use 4d>14 (615 mm 2 ) 

Since the bending moment at section 2 is very close to that of section 1, the 
same reinforcement is used. 


4 mi„ = smaller of 


Step 6.2: Design for shear 


The shear on the Y-beam can be calculated as follows: 


wL P M 7.35x5 115.91 111.55 


Q =_^ + _iL + _^ 

2 2 L 


- +-+- 

2 2 5 


= 98.65 kN 


The critical section is at d/2 from the frame girder 
0 35 0 75 

Q u = 98.65 - 7.35 x (— + —) = 94.6 kN 
2 2 

Q u 94.6x1000 2 

q u = — — = -—— = 0.63N /mm 

bxd 200x750 


q cu = 0.24 = 1-07 N / mm 2 


Since q u < q cu , provide minimum stirrups. Assume a spacing of 200 mm. 
0.4 0.4 

A i( mi n = ^—bxs ~ ——x 200x200 = 57 mm 2 (for two branches) 

f y 280 

Area for one branch =28.5 mm 2 (<|> 8mm = 50 mm 2 ) 

Use 5(i>8/m' 
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Step 7: Design of the frame (350 mm x 1600 mm) 

Step 7.1: Dimensioning 

From step 1, the dimensions of the frame girder are 350 mm x 1600 mm. 

The thickness of the column at the top is taken as (0.8-1 t g ) and at the bottom as 
(0.4-0.6 t g ). Thus, the thickness of the column at the top is taken equal to 1400 
mm and at the bottom is taken equal to 800 mm. The own weight of the frame 
equals to: 

w u = 1.4x y c xb xt g = 1.4x25x0.350x1.60 = 19.60 kN lm' 

The frame carries its own weight and the reaction of the Y-beam. The 
concentrated loads are equal to the reactions of the Y-beam (289.64 kN). At the 
edges the reaction can be estimated as 0.6 Ry =173.78 kN. The height of the 
frame leg h is measured from the footing to the centerline of the girder. 

t 16 

h = clear height+ — +h f = 5 + - 1 - + 1.0 = 6.80m 
“ 2 2 

The frame column has a variable moment of inertia. To simplify the 
calculations, an average column thickness measured at 2/3 h is used. 

*«,, = ■*i + \ “ ■ * i) = 0-8 + \ (1 -4 - 0.8) = 1.2 m 

3 3 



i 


I 


. 
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Step 7.2: Calculation of the straining actions 

The frame is two-hinged and is once statically indeterminate. The horizontal 
reaction at the base can be estimated by: 


w.xL 


4 xhxN 
3 xP 


2xhxLxN 


uniformload 

x(axb ) concentrated load 


H a =H b 
where 

h h 

K = -x- 

h L 

N = 2K + 3 

The moment of inertia for the column is calculated using t avg 


bxtl. 0.350x1.2* 


h - 


12 12 

bxt z 0.35X1.6 3 
12 


= 0.0504nz 4 


12 


-0.119 


„ I b h 0.119 6.8 A OA , 

K = —x— = -x-= 0.806 

I c L 0.0504 20 

N = 2 K + 3 = 2x0.806 + 3 = 4.61 


0.6 P„ 0.6 P„ 

=173.7 P u =289.6 289.6 289.6 =173.7 


w„=19.6 

M 1 1 1 1 

\ \ 1 

Ib 


Ic 

Ha= VV “ X --- 
4 xhxN 

H b 


A 


A 




ai=5 I 


b,=15 


Ha = V- 3 X —-x (a,. Xb, )| 

^2 xhxLxN 

A" Hb A 


L=20 


L=20 
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Using the principle of superposition, the total horizontal reaction of the frame 
due to the uniform load and the three concentrated loads equals to: 

w u xL 2 3 xP 

+ 2 xkxLxN X(a ' Xb '+ a ‘ Xb ' +a > Xb ’ ) 


19.6 x20 2 


3x289.64 


H • = 4x6.8x4.61 V x6.8x20x4.61 X<5XlS +10 * 10 + > 5 * 5 > = 235.67 W 
The vertical reaction can be obtained easily due to symmetry as follows: 

r. =.^ + 0,6xP. + 2|i = lif2° + 0.6x 28 9.64 + l^^ = 8 04.24 W 

The moment at top of the column M coi = H a x h =1602.6 kN.m 

The maximum moment at mid-span of the girder can be calculated as the 
superposition of the moments due to the uniform load and those due to the 
concentrated loads. 

w xl} P u xL 

M mid =^J— + ~- + P u xa-M col 
,, 19.6 x20 2 289.64x20 

M ,„u =■ --■ + •-—-- + 289.64x5-1602.6 = 2273.81 kN.m 

8 4 

The bending moment, the shear force, and the normal force diagrams for the 
frame are given in figure below. 
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173.78 289.64 289.64 289.64 173.78 
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Step 7.3: Design of the frame sections 

Step 7.3.1: Design of section 1 (350 mm x 1600 mm) 


Section 1 is a rectangular section that is subjected to 
M„=2273.81 kN.m & P,,=235.67 kN 

If {Pu/fcu b t ) is less than 0.04, the normal force can be neglected. 


Pu 

fcu*bxt 


235.67x1000 

30x350x1600 


= 0.014 <0.04 


.neglect the normal force 


The design will be carried out as if the section is subjected to bending only. 
Since frames are usually heavily reinforced, the bars are usually arranged in at 
least two rows. -> d = t-100 = 1600 -100 = 1500 mm 


M u 2273.81X10 6 _ 

K =---= —--— o CiQf, 

f cu xbxd 2 30x350xl500 2 

From the chart with R = 0.096, the reinforcement index m- 0.126 
f 30 

A s = cox-f-xbxd = 0.U6x -x350xl500 = 4961 mm 2 

fy 400 


4 min =the smaller of \ f 


350X1500 ^6.7 


1<3A =1.3 x 4961 = 6449 mm 2 


Use 94>28 (5541 mm 2 ) 

The stirrup hangers are taken as 15% of A*, which gives 831 mm 2 (3020). 

The shrinkage bars should not be less than 8% from A s with a maximum 
distance between bars of 300 mm. This gives 443 mm 2 (8012) 

Step 7.3.2: Design of section 2 (350 mm x 1600 mm) 

Section 2 is a rectangular that is subjected to 

M u = 1602.57 kN.m & P u =235.67 kN 

If (P u /f cu b t) is less than 0.04, the normal force can be neglected. 
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P u _ 235.67x1000 
f cu xbxt ~ 30x350x1600 


= 0.014 < 0.04 .neglect the normal force 


The design will be carried out as if the section is subjected to bending only. 

* = =. 1 6Q2 - 57X1 ° 6 2 =0.067 

fcu xbxd 2 30x350xl500 2 

From the chart with R=0.067, the reinforcement index £*=0.085 
f 30 

A = CDX^a-xbxd = 0.085x-x350x 1500 = 3346 mm 2 

fy 400 

0,225 ^ b d = Q ' 225 ^ X350X1500 = 1617 mm 2 
4 mi„ ^the smaller of f y 400 

1.3A = 1.3 x 3346 = 4350 mm 2 


Use 8<625 (3926 mm 2 ), see reinforcement details 


Step 7.3.3: Design of section 3 (350 mm x 1400 mm) 

Buckling in the out-of-plane direction 

The frame is considered unbraced in the out-of-plane direction because of the 
lack of any bracing system. 

From Fig. Ex. 1.8b, it can be determined H 0 = 2.8. The effective length factor k 
is obtained with case (1) at top and bottom. Thus, k=1.2. 

H e -kxH a -1.2x2.8 = 3.36 m 
H 3 36 

A = —- = — 1 — = 9.6 < 10 (case of unbraced columns) 
b 0.35 

Thus, no additional moments are induced in the out-of-plane direction. 

Buckling in the in-plane direction 

The frame is considered unbraced because the lack of any bracing system. The 
top part of the column is considered case (1) and the bottom part is considered 
case (3) (hinged base). Thus k=1.6. 

The height of the column is measured from the bottom of the beam to the base 
Qi*). However, it is customary to use the length used in the analysis h. 


137 







H e =kxh = 1.6x6.8 = 10.88 m 

The slenderness ratio X is calculated using an average column thickness not the 
actual one, thus X equals 


H. 10.88 


t 1.2 

avg 


: 9.0667 


Since X is less than 10, the column is considered short and no additional 
moment is developed. 

M=1602.57 kN.m & P u =804.24 kN 

Due to the fact that column sections are subjected to large normal force, it is 
recommended to use compression steel between 40%-60% of the tension steel 
to ensure ductile behavior. Use the interaction diagram (oc=0.6). 


P u _ 804.24X1000 _ Q05/)7 
f cu xbxt 30x350x1400 

M u _ 1602,57x10* 0Q?7 

f C u xbxt 2 30x350x1400 2 

Assuming that the distance from the concrete to the c.g. of the reinforcement is 
80 mm. Thus the factor £ equals 

t -2xcover _ 1400-2x80 _q 
- - — 

Using a interaction diagram with fy= 400 N/ixun 2 , a=0.6, and t=0.9 —> 
p = 1.9 

p = pxf cu x 10" 4 =1.9x30xl0" 4 = 0.0057 

A s = pxbxt = 0.0057x350x1400 = 2793 mm 2 (8025, 3926 mm 2 ) 

A' s =a- A, = 0.6x 2793 = 1676 mm 2 (4025, 1963 mm 2 ) 

A s lolal = A; + A,. - 3926 + 1963 - 5889 mm 2 

Since the column is short, the minimum reinforcement ratio is 0.008. 

A Stti „ = 0.008 x6xr = 0.008x350x1400 = 3920 mm 2 < A s tot . ok 
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Step 7.3.4: Design of section 4 (350 mm x 800 mm) 

This section is subjected to a pure compression force (P,,=804.24 kN) and can 
be reinforced with the minimum area of steel. 

A imin = 0.008 xbxt = 0.008x350x800 = 2240 mm 2 
P u = 0-35 xf cu xA c + 0.67 x f y x A sc 

P “ = j^( 0 - 35x30x ( 350x800 ) + a67x400x2240 ) = 3540ik// >(804.24 )...o.k 
From the frame reinforcement details A s =8d>25, 3927 mm 2 > A jm ,„ 



800 mm 


Step 8: Design for shear 


The critical section for shear is at d/2 from the face of the column. Thus the 
design force Q u equals to: 

Q u =Y a -0.6P U -w f^ + ^-l = 804.24-173.78-19.6f^ + -yl = 602.04/:iV 


Q u 602.04x1000 , , „... 2 

q u = = -= 1.147 N/mm 2 

bxd 350x1500 


The presence of the compression force increases the shear capacity of the 
girder, however, this fpree is relatively small and can be neglected 
{conservative). 
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Critical sect ion 
for shear 



q cu = 0.24- = 0.24J— = 1.07 N/mm 


Since q u > q cu , shear reinforcement is required. 


q su = q u - =1.147 = 0.61 N/mm 2 

2 2 


(Neglect the effect of P u ) 


Try <J) 10/m' (A st =2x78.5=157 mm 2 ) (10 mm diameter is chosen because of the 
heavy reinforcement of the frame) 

4, x /,/1.15 


0.61 = 


bxs 

157x280/1.15 


350xj 

s = 179 mm , Use 6<|)10/m (s =166 mm) 

0.4 0.4 

4t,mm ~—xbxs — —-x350xl66 = 83/nm 2 <A J( (157 mm 2 ) . o.k 

f 280 
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1.7 Arched Slab Systems 

1.7.1 Introduction 

Arched slabs are commonly used to cover relatively large spans. The spans can 
range from 12.0 ms to 25.0 ms. The forces developed in the arched slabs are 
mainly compression combined with small amount of bending moments. 
Therefore, such a structural system is a very efficient reinforced concrete 
structure. The advantages of using arched slabs can be summarized as follows: 

• Permits covering large areas free of columns. 

• Leads to shortening the construction period. 

• Allows economical use of the construction materials because concrete 
mainly subject to compression. 

1.7.2 Structural system of the Arched Slab 

The arched slab is usually analyzed as a three-hinged arch with a tie. The 
intermediate hinge is assumed to form at the crown of the slab. This is usually 
achieved by reducing the thickness of the slab at the point of the crown. The 
thickness of the slab is then increased at the supports to resist the increased 
compression forces and concentration of stresses at the intersection with the 
connecting beams. The tie is provided to carry all the thrust forces (outward 
forces) resulting from the arch action. The slab is basically a one-way slab 
resting on the vertical beams as shown in Fig. 1.19. 



Photo 1.9 An arched slab system 



The arched slab system is composed of the following elements: 

• Curved slab 

• Horizontal ties 

• Vertical beams 

• Horizontal beams 

• Columns 

• Wall beams 
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Horizontal beam 
















































The vertical beam provides a support to the vertical component of the reaction 
as shown in Fig. 1.22. It is analyzed as continuous beam supported on columns. 
On the other hand, the horizontal beam provides a support to the horizontal 
component of the reaction. It is analyzed as continuous beam supported on the 
ties. If the tie is not provided, the horizontal beam will be directly supported on 
columns. In such a case, the columns will be subjected to large concentrated 
forces at the top resulting in large bending moments. 



Fig. 1.22 Vertical and horizontal beams of arched-slab system 
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1.7.3 Structural Analysis of Arched Slabs 

Two types of arched slabs are commonly used; a) parabolic arched slab and b) 
circular arched slab. Parabolic arched slabs are more efficient systems because 
the centerline of the arch coincides with the line of pressure, resulting in zero 
bending moment. 

Two sections are usually considered when designing the arched slab, namely; 
the section at the quarter point and the section at the support. The section at the 
quarter point is subjected to both compression and bending moment, while the 
section at the support is subjected to normal force (compression) only. 

1.7.3.1 Circular Arched Slabs 

Referring to Fig. 1.23, the equation of the axis of the circular arch is given by; 

r 2 = x 2 + y 2 .(1-8) 



where 

r is the radius of the arch, and x and y are coordinates of any point on the arch. 

The radius of the arch may obtained using the rise of the arch / and the span L 
by observing the triangle mno as follows 

r 2 = (LI 2f +(r-f) 2 .(1-10) 


(LI2f +f 2 

r — - 

2 / 



Fig. 1.23 Geometry of a circular arched slab 


( 1 . 11 ) 
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Section at the quarter point 

The quarter point is subjected to a bending moment and a compression force. 
The quarter point of the arch is obtained by bisecting the angle 0 to point Oj as 
shown in Fig. 1.24. It is a well known geometric fact that the tangent slope (a) 
at point Oi must equal 0/2, thus 

a = 0/2 ...( 1 . 12 ) 


Fig. 1.24 Analysis of a circular arch at the quarter point Oi 

The critical load combination is the dead load covering the whole span and the 
live load covering half of the span. Figure 1.25 shows the bending moment for 
different load cases. 

The values of both vertical and horizontal reactions due to dead and live loads 
are given in Table 1.5. 


Table 1.5 Values of the reactions in circular arched slabs 
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WOL 



a: Moments due to dead load 


Wll 



b: Moments due to live load covering half of the slab 



c: Moments due to combineddead and live loads 


Fig. 1.25 Bending moments in circular arched slabs 
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For flat arches the normal force at the quarter point can be approximated by: 

P u =^~ ...(113) 

cos a 

However, the exact value of the compressive P u and shearing force Q u can be 
obtained from simple structural analysis at point Oi as follows: 

P u = H cos a + Qsma .(1.14) 

Q u = Qcosa-H sin a .. (1.15) 

Where H and Q are the horizontal and vertical forces, respectively, at the 
quarter point as shown in Fig. 1.26. 

Referring to Fig. 1.24 and from triangle omn, one can get the following relation: 



Fig. 1.26 Force analysis at the quarter point 


Table 1.6 lists the values of the exact normal force P u at the quarter point using 
Eq. 1.14. The bending moment at the quarter point of a circular arch varies 
according to ratio of the rise (f) to the span (L). The bending moments can be 
obtained using the conventional structural analysis of the arch, or using Table 
1.6. The values in Table 1.6 were obtained using the following steps (refer also 
to Fig. 1.24). 
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x =rsin 


(1-17) 


y = vr 2 -x 2 


T, =y-{r~f). 
=L /2-x ... 


.(1.18) 

.(1.19) 

.( 1 . 20 ) 


Carrying out the structural analysis, the moment at the quarter point Oi may be 
obtained. For example, the negative moment at the quarter point due to live 
loads on half of the span equals to: 


— P'zll ‘ x c Hll y-\ 


( 1 . 21 ) 


Where 

Pill ll xT /8 
Hll =™ll x£ 2 /( 16 /) 

Table 1.6 Values of the bending moments and the normal forces at the 
quarter point of a circular arch. 


f/L 

M(_ve)DL 

ki 

M(- ve )LL 

k 2 

M( +ve )LL 

k 3 

P u (exact) 
k4 

0.10 

-0.00094 

-0.01609 

0.01515 

1.0205 

0.15 

-0.00214 

-0.01666 

0.01453 

1.0474 

0.20 

-0.00384 

-0.01745 

0.01361 

1.0872 

0.25 

-0.00607 

-0.01844 

0.01237 

1.1416 

0.30 

-0.00885 

-0.01962 

0.01077 

1.2123 

0.35 

-0.01221 

-0.02097 

0.00876 

1.3007 

0.40 

-0.01615 

-0.02247 

0.00632 

mmm 

0.45 

-0.02071 

-0.02412 

0.00341 

1.5355 

0.50 

-0.02589 

-0.02589 

0.00000 

1.6834 


The values of the different forces can be obtained using the following set of 
equations: 
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M^ DL =k,xw DL xL 2 


( 1 . 22 ) 


M <-v,)u. = k 2 xw LL xL 2 ...(1.23) 

^(+ve)ZA = k 3 X Wll X L .(1-24) 

P a =k 4 xH .(1.25) 


Section at the Support 

The section at the support is subjected to a normal force only. To obtain the 
maximum forces (p U max), the whole span should be covered with both dead and 
live loads as shown in Fig 1.27. 



1.7.3.2 Parabolic Arched Slabs 

The equation of the axis of the parabolic arch according to Fig. (1.28) is given 
by: 

y=^-x(L-x) .:.(1.30) 

jL 


where 

f = the rise of the arch 
L = the span of the arch 



Fig. 1.28 Bending moments in parabolic arched slabs 


Section at the quarter point 

The height of the quarter point for a parabolic arch equals % f The maximum 
compression force due to a uniform dead load covering the whole span and a 
live load covering half of the span can be approximately given by: 

(1.31) 

The exact value of the compression force can be obtained from simple 
structural analysis as shown in Fig. 1.29 and is given by: 

P U =H cos a+Q sin a .(1-32) 

Where H and Q are the horizontal and vertical forces at the quarter point. 
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Fig. 1.29 Force analysis at the quarter point 


The bending moment at the quarter point due to a uniform load covering the 
whole span equals to zero. Therefore, the maximum bending moment at the 
quarter point is obtained by placing the live load on half of the span. The value 
of the bending moment equals to: 


m., 

“ 64 


(1.33) 


The values of both the vertical and the horizontal reactions due to dead and live 
loads are given in Table 1.7 (Refer to Fig. 1.28). 


Table 1.7 values of the reactions in parabolic arches 


Item 

Dead load covering the 

span 

Live load covering half 

the span 

Ri 

w DL XL/2 

3 w LL xL/8 

r 2 

w DL xL/2 

w ll xL/S 

H 

w dl xL 2 /(8/) 

w ll xL 2 /(16/) 

Moment (M) 

0 

±w LL XjL 2 /64 
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Section at the Support 

The section at the support is subjected to a normal force only. To obtain the 
maximum forces ( Pumax ), the whole span should be covered with both dead and 
live loads as shown in Fig. 1.30. 


K =1-4 w DL +1.6 
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Example 1.9: Design of a Circular arched slab 

A machinery room spans 20 ms is shown in Fig. EX 1.9. It is required to carry 
out a complete design of the roof that is covered by a circular arched slab. The 
clear height of the room is 6.4 ms and the height of the crown is 4.0 ms. The 
material properties are: f cu =30 N/mm 2 , f y =400 N/mm 2 , and f yst =240 N/mm 2 
The weight of plastering and finishing materials may be assumed 0.60 kN/m 2 . 
The live load may be assumed 0.90 kN/m 2 . 

Solution 


Step 1: Propose the concrete dimensions 

The arched circular slab is the chosen as the main system with the following 

dimensions: 


Arched slab 

t s (midspan) 

= 100 mm 

t s (quarter point) 

= 125 mm 

t s (edge) 

= 150 mm 

Vertical beam 

= (350 mm x 750 mm) 

Horizontal beam 

= (250 mm x 900 mm) 

Tie 

= (250 mm x 250 mm) 

Hanger 

= (250 mm x 250 mm) 

Columns 

= (250 mm x 700 m) 

The spacing between the ties 

= 6.0 m 
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Fig. EX. 1.9a A Hall covered with an arched slab 


Column 
250 x 700 














Hanger 250 x 250 




Step 2: Calculations of loads 

In order to calculate the forces acting of the arched slab system it is necessary to 
determine the radius of the arc. Referring to Eq. 1.11 and triangle mno in the 
figure below, one can get: 


(LI2) 2 +f 2 

2 / 


10 2 + 4 2 
2x4 


= 14.5 m 


From triangle mno the angle 0 equals 

6 = sin” 1 — = sin”' - 43.6° 
r 14.50 

41 6 

The length of the arc L'= r 6 = 14.5 x—-x2® = 22.07 m 

180 



o 


L 


The self weight of the arched slab may be calculated using the thickness at the 
quarter point (125 mm). 

ow . - y c xt mg = 25x0.125 = 3.125 kN !m 2 




16 b 
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The factored dead load is given by: 

w udl = 1 - 4 ( ojv . + plaster weight) = 1.4x(3.125 + 0.6) =5.21 kN / m 2 
The dead load calculated for the horizontal projection is given by: 

r ' 99 cyi 

w UDL =w UDL *~- = 5.21x-^ = 5.75 kN/m 2 ( H.P .) 

Noting that the live loads on curved surfaces are always given on the horizontal 
projection, the slab factored live load (w ull> is given by: 

W ULL =1-6xw tt =1.6x0.9 = 1.44 kN /m 2 

The total factored load w u = w UDL +w ULL =5.75 + 1.44 = 7.2 kN / m 2 

Step 3: Design the arched slab critical sections 

There are two critical sections; the first section is at the quarter point and the 
second one is at the support. The point at mid-span is assumed to act as a hinge 
due to its reduced thickness. Taking lm width of the slab, the acting loads are 
shown in the following figure. 

Step 3.1: Section at the quarter point (t s =125 mm) 

Step 3.1.1: Straining actions 

To obtain the maximum moment at the quarter point, only half of the arch is 
covered by the live load. 


w’ull-1-44 kN/m' 

1 1 t , t , m o i ex p 

wudl=5.75 kN/m' 

11 i ii i i i i i i i i i i i i i i i i i rm 
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The horizontal distance from the center of the arch is given by: 


. f6\ . ( 43.6') 

U J { 2 J 

x c =LI 2-x =10-5.385 = 4.615 m 

The height of the arc (y/) at the quarter point equals to: 

y — yjr 2, —x 2 = Vl4.5 2 - 5.38 2 = 13.46 m 
y } =y-( r -f) = 13.64 - (10.5) = 2.96 m 

The moment at Oj equals to: 

M u = R 1 x c-( w udl') Xx2 c / 2-H xy , 

M u = 61.1x4.615 - (5.75)x4.615 2 12- 80.88x2.96 = -18.6 6kN m 

The maximum moment at 0 2 equals to: 

M u = R i x c ~(wuDt ull ) x c 12 —H xy, 

M u = 68.3x4.615-7.2x4.615 2 /2-80.88x2.96 = -0.87 kNm 


18.66 kN.m 



It is clear that the maximum moment occurs at point Oj. The corresponding 
normal and shear forces may be obtained using the following equations: 

P U =H cos a + Qsina 

Q' = Qcosa-H sin a 

Where H and Q are the horizontal and vertical forces, respectively, at that 
section. 
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H= 80.88 kN, and 

<2 = 61.1-5.75 x 4.615 = 34.6 kN 


2 2 

P u =80.88 cos 21.8+ 34.6sin 21.8 = 87.94 kN 
<2' = 34.6cos21.8-80.88 sin 21.8 = 2.08 kN 


Q=34.6 



Alternatively, the bending moment and the normal force may be obtained using 
Table 1.6 as follows: 

— = — = 0.2 

L 20 


From the table with f/L= 0.2, one can determine that, 
ki=-0.00384, k 2 =-0.01745, k 3 =0.01361, k4=1.0872 
M ^e)DL = k A Xw uDL xI ^ = -0.00384 x 5.75 x 20 2 = -8.84 kN m 
M^ e)LL = k 2 xw ULL XL 2 = -0.01745x1.44 x 20 2 = -10.05 m 
M (+ve)LL = k 3 XW ULL = 0.0136x 1.44x20 2 = +7.83 kN m 

M ^ e) = -8.84 + (-10.05) = -18.8 kN m 
M (+v£) = -8.84 + (7.83) = -1.01 kN m 
P u =k 4 xH =1.0872x 80.93 = 87.99 kN 
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Step 3.1.2: Calculate the reinforcement 

The section at the quarter point is subjected to combined compression force and 
bending moment. The thickness of the arch at this location is 125 mm. 


P u _ 87.99 xlO 3 

fcub t ~ 30x1000 xl25 


= 0.023 < 0.04 


Thus the normal force can be neglected, and designed for moment only. 
d =t 1 — cover = 125 - 20 = 105 mm 


R M “ 18.8 XlO 6 

1 f cu bd 2 30x1000 xl05 2 “°- 057 


f 30 

A, = co~~ b xd = 0.07 —x 1000x 105 = 551 mm 2 
fy 400 


A ,min = ~b d = ^1000x105-157.5 mm 2 
fy 400 

Choose 5 <J> 12/m' (A* = 565 mm 2 ) (Top reinforcement) 


(0 = 0.07 


Thus, the main top reinforcement is taken 5 <t> 12/m'. As some parts of the slab 
are subjected to positive bending moment the main bottom reinforcement is 
also taken 5 <5 12/m'. 

The secondary reinforcement is chosen as at least 0.2 A s . Choose 5$8/m'. 

The reinforcement is arranged staggered for easy pouring of the concrete. 

5<f> 8 /m' 

5 12/m' 


5<& 12/m' 


Reinforcement details for the slab 
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Step 3.2: Section at the support (t=150 mm) 

Step 3.2.1: Straining actions 

To obtain the maximum reaction at the support, the full arch is covered by the 
live and dead loads as shown in figure. 


w u -wudl+ wull- 7-2 kN/m 



Equivalent load system and reactions 


R = 7.2x— = 12kN 
max 2 

H y.4- 72x10-7.2x10x5 

max 

H nua =90 kN 

a = 6- 43.6" -»■ (refer to step 3.1.1) 

The corresponding normal force and shear at this section may obtained by: 
P u = H cos a + Q sin a 
Q' -Qcosa-H sin a 

Where H and Q are the horizontal and vertical forces at the support. 

H= 90 kN. 

P =90 cos 43.6 + 72sin43.6 = 114.8 kN 

u,max 

Q' = 72cos43.6-90 sin 43.6 = -9.9 kN 
















Step 3.2.2: Calculate the reinforcement 

The section is subjected to pure compression (P u = 114.6 kN) and (M u =0). 
Assuming the total minimum area of steel of 0.6% 

„ 0.6 

A ° ~ 100 X1 °°° Xl50 = 900 mm 2 (top and bottom) 

A/eachface = 4 50 mm 2 

Using the same reinforcement determined from the section at the quarter span 
A s ,t 0 p=A s , bot = 5 <& 12/m'=565 m 2 > (450 mm 2 ) 

A-toiai ~2x565 = 1130 mm 2 

p u =0.35/^ A c + 0.67 Xf y xA s 
P u =0.35x30x150x1000 + 0.67x400x1130 = 1877 kN 

Since the applied compression force is less than the section capacity, the section 
is considered adequate. 
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The factored weight of the vertical and horizontal beams equals: 
o iv. = 1.4 x 25 x (0.35 x 0.75 + 0.25 x 0.55) /10 6 = 14 kN / m ' 

The total factored load on the vertical beam equals: 
w u =R aax +ow = 72 + 14 = 86 kN Im ' 

In which Rmax is the vertical reaction obtained from the analysis of a strip of 1.0 
m width of the arched slab. 



Bending 

moment 


Critical 

sections 
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Step 4.2: flexural design 
Sec. 1: 






w S‘ 
~12 

M „ 


■ 258 kN.m 
258 x10 s 


f cu bd 2 30x350 x700* 


:0.05 


—> co = 0.0613 


A. = (o J - 3L -b xd =0.0613 — x350x700 = 1126 mm 2 


f. 


400 


Choose 6 16 (A^ = 1206 mm 2 ). The secondary reinforcement is chosen as at 

least 0.1-0.2 A. Choose 2 0 12. 


Sec. 2 


M„ 


«i = 


w S‘ 

~To 

M„ 


= 309.6 kN.m 
309.6 x10 s 


f r bd 2 30x350 x700" 

j cu 


= 0.06 


0) = 0.0746 


A =co^-bxd =0.0746 — x350x700 = 1370 mm 2 
s f, 400 

Choose 5 O 20 (A f = 1570 mm 2 ) 

The secondary reinforcement is chosen as 0.1-0.2 A s . Choose 2 0 16. 


Step 4.3: Design for Shear 

The critical section for shear is at d/2 from the face of the middle support. 

The width of the column is 250 mm. The critical section is at section (1) as 
shown in figure with code coefficient of k q =0.6 

0.45 0.60 0.50 0.5 0.50 v 
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Qu w. L-w u ^- + 

Q u _ 268.7 xlOO( 
6xd 350x700 


9. 


! °' 6x86 * 6 '°—t!H^ + ?i =268 ' 75w 


= 1.096 77 lmm‘ 


qcu = 0-24 v ft =a 24 vrf =L07 ^ /mm " 

Since q u > q cu , shear reinforcement is needed. 


9™ =9, — 


9* -1096 


1.07 


= 0.56 N / /n/« : 


„ _q su xbxs 

Assuming a spacing of 100 mm, the shear reinforcement area is given by: 
. 0.56x350x100 ■ , 

' l - - 'iW.I, ~ =93W 

Thus, the area of one branch = A. = - 1 '': = 46 95 2 

2 2 

Use <> 8=50 mm 2 (A J( =100 mm 2 ) -> 

n /i c 

A 


Use 08 @ 1 00 mm 


0.4, 0.4 

a.min ~ y b Xs — x350xl00 = 58.3 mm 2 <A^ .ok 


Step 5: Design the horizontal beam (250 mm x 900 mm) 

The horizontal beam is analyzed as a continuous beam supported on the ties. It 
carries a uniformly distributed load equals to the horizontal thrust. This uniform 
load equals the horizontal reaction of a 1.0 m strip of the arched slab. 

Step 5.1: flexural design 
Sec. 1 


= 


w S 2 90 x 6 2 


12 


12 


= 270 kN.m 
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M.. 


270x10° 


f cu bd 30x250 x850 


■ = 0.05 


co = 0.061 


A =a)^ s -b xd =0.061 -^-x250x 850 = 972 mm 2 
1 f 400 

J y 

Choose 5 <6 16 (A s = 1005 mm 2 ) 

The secondary reinforcement is chosen as 0.1-0.2 A s _ Choose 2 <I> 12. 


Loads 

Factor 

Bending 

Critical 


k 

moment 

sections 




















Sec. 2: 


= 


w S 2 90 x6 2 


= 324 kN.m 


oa = 0.074 


„ _ K 324xlQ 6 

f cu b d 2 30x 250 x850 2 ' 

Z’ on 

4 =co-f-bxd= 0.074-x250x 850 = 1180 mm 2 


Choose 5 O 18 (A s = 1272 mm 2 ) 

Step 5.2: Design for shear 

The critical section for shear is at the face of the middle support because the 
support is in tension (the tie). The critical section is at section (1) as shown in 
figure with code coefficient of k q =0.6. 


Shear 


Qu=k q w u L-w u - 
vz 


*=312.751^ 
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0 =k„w„L -w„ 

Sou q u u 


:0.6x90x6.0-90x 


= 312.75 kN 


Q u 312.75x1000 : 

= - -= 1.47 IV / mm 


bxd 250x850 


q m =0.24^-=0.24^—=1.07 N / mm 1 
Since q u > q cu , shear reinforcement is needed. 


< 7 *, = 1 - 47 - 


- = 0.935 N I mm' 


Assuming a spacing of 125 mm, the shear reinforcement area is given by: 

q xbxs 0.935x250x125 2 

A = lii!---= 140 mm 

* f y fr. 240/1.15 

Thus, the area of one branch =—- = -y = 70 mm 2 

Use § 10=78 mm 2 (A s ,=157 mm 2 ) Use ^10@125mm ->■ 8^10/ m' 

A - =— bxs = — x250xl25 = 39 mm 2 <A sl .ok 

/ 240 

Step 6: Design of the tension tie (250 mm x 250 mm) 

The tie is the main supporting element for the horizontal beam. The ECP 203 
states the reaction for a continuous beam equals (1.1 w u S) as shown in the 
figure below. 

T =1.1 xH nm xS =1.1x90x6 = 594 kN 


T 594x1000 
’/ /l. 15 ~ 400/1.15 


= 1707 mm 2 Choose 8 0 18 (A s = 2035 mm 2 ) 


The self-weight of the tie results in a small value of the bending moment that 
can be neglected due to fact that under its self weight the tie acts a continuous 
beam supported by the hangers. 
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Step 7: Design of the hanger (250 mm x 250 mm) 

The weight of the hanger equals to: 

ow H =y c xbxtxh h = 25x0.25x0.25x4.0 = 6.25 kN 

The weight of the tie equals to: 

ow T = y c xbxtxL, =25x0.25x0.25x2.5 = 3.9 kN 

The ultimate total weight (tension T H ) 

T h =1.4x (6.25+ 3.9) = 14.2 kN 
. _ T 14.2x1000 , 

Choose 4 4> 10/m 


S 

o 

►s? 


1 / 

1 


Hanger 


L,=2.50 m 
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Step 8: Design of the column (250 mm x 700 mm ) 

Step 8.1: Calculate applied loads 

The columns are subjected to axial compression forces and bending moments 
resulting from the wind loads. The critical load combination is given by: 

U =0.8 (1.4xD +1.6xL + 1.6W ) 

Effect of Wind loads 

From the figure, the height of the column H 0 s given by: 

H a =6.4+ 1.0 = 7.4 m 

The wind pressure is assumed as 0.7 kN/m 2 . The pressure on the walls equals 
w w =z Cw xq w xspacing =0.8x0.7x6.0 = 3.36 kN / m' (wind-ward side) 












In order to determine the bending moments in the columns due to wind load, an 
exact analysis could be carried out. In such an analysis, the arched slab is 
assumed to act as a rigid link member connecting the columns as shown in the 
figure. The shown system is analyzed under the effect of the wind load and the 
bending moments in the columns are obtained. 

As a conservative approximation, the bending moment in the column could be 
obtained by considering the case of a cantilever column subjected to uniform 
wind load. 


Rigid link mem ber 
Representing the arched 
slab system 


92 kN.m 


The moment of a cantilever member subjected to uniform load is given by: 


w, xh 2 3.36x7 A 2 


■ 92 kN.m 


The ultimate load case is given by: 

M u =0.8 (1.4 xM dl +1.6 xM LL + 1.6 M wind ) 
Since Mql and Mu are equal to zero 
M u =1.28 M wiad =117.8 kN m 
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Effect of vertical loads 

The vertical loads on the column are the summation of the following 

1. Self-weight = 1.4x y c xb xr xh = 1.4x25x0.25x0.7x7.4 = 45.3 kN 

2. Weight of wall beam 

= 1.4 xy c xbxtx spacing =1.4x25x0.25x0.6x6.0 = 31.5 kN 

3. Wall load = 1.4x y w xb xS x (h — t waUbvm ~t venicd beam ) 

Assuming y w -18 kN/m 3 (neglecting the difference between the semelle 
and wall) 

= 1,4x 18 x 0.25 x 6.0x (7.4 - 0.6 - 0.75) = 228.7 kN 

4. Arch load = Reaction from the vertical beam 

Ranh =11 Xvv u (vertical beam )xS - 1.1x86x6 = 567.6 kN 

P u =45.3 + 31.5 + 228.7 + 567.6 = 873.1 kN 



Statical system and loads on the vertical beam 


However the ultimate vertical load should by reduced as stated by the code as 
follows: 

P u =0.8 (1.4x P DL +l.6xP u +1.6 P wiml ) 

P u - 0.8x873.1 = 698.4 kN 
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Step 8.2: Calculation of the reinforcement 

The column is considered unbraced in both directions because there is no lateral 
resisting system. The unsupported length in the X-direction is 7.4 ms and the 
unsupported length in the Y-direction is 3.5 ms. The calculations of the 
additional moments can be summarized in the following table. 


bracing condition 


Ultimate load P u (kN) 


Short column if 


Ho(m) 


t (m) 


bracing condition at top 


bracing condition at bottom 


k (bracing factor) 


A = kxHJt 


S = A 2 xt/2000 


M add ~ P u 


Mu(wind) 


Mtotal — M u + Madd 


X-direction 


unbraced 


Y-direction 



1.6 (table 6-10) 


long(A>10) 


1.2 (table 6-10) 


long (A>10) 
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It is clear from the previous table that the column is subjected to biaxial 
bending. 

M x (187.7) M (24.6) . . .. . . v ,. . 

Since ——-- > — -, X-direction is more cntical than Y-direction 

a'(0.65) & (0.20) 

The load level R b equals to: 

R P “ 698.4x1000 Ql22 

b feu X* XI 30x250x700 

From ECP 203 and using R b = 0.133, the p factor = 0.80 


M' x =M x +/3 - M y 
\b y 


M' = 187.7 + 0.8 —— 24.6 = 251.7 kN.m 

UooJ 

Using interaction diagram with uniform steel (/j=400N/mm 2 , ^=0.8), calculate 


M; 251.7xl0 6 

f xbxt 2 ~ 30x250x700 2 

J Cll 


= 0.068 


ffom the chart p=3 

jX — pxf m xlO" 4 = 3X30X10- 4 = 0.009 =0.9% 

However, since the column is long the minimum reinforcement ratio (Vin is 
u . =0.25 + 0.052/1 = 0.25 + 0.052x16.91 = 1.13% 

• min 

A, min = u. xb xt = ^^-x250x700 = 1976 mm 2 

.s ,min > min 100 


Choose (12 $16, 2412 mm 2 ) distributed uniformly. 
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Reinforcement Details of the Arched Slab 

































































Example 1.10 Parabolic arched slab 

A car showroom is to be constructed on an area of (16 ms x 35 ms) as shown in 
Fig. EX 1.10. A parabolic arched slab was chosen as the main supporting 
system. Design and give details for the system knowing that the material 
properties are/ c „=25 N/mm 2 , and f y =360 N/mm 2 , and f yst =280 N/mm 2 . Neglect 
the effect of wind on the design of the columns. The building may be assumed 
as unbraced in the in-plane direction and braced in the out-of-plane direction. 
Data 

D.L. =1 N/m 2 (not including own weight) 

L.L. = 0.5 N/m 2 
Clear height= 5.0 m 

Solution 

Step 1: Propose the concrete dimensions 

The parabolic arched slab is the chosen main system with the following 
dimensions: 

t s (mid-span) = 100 mm 

t s (quarter point) = 120 mm 

t s (edge) = 140 mm 


Vertical beam = (250 mm X 600 mm) 

Horizontal beam = (200 mm X 700 mm) 

Tie = (200 mm X 200 mm) 

Hanger = (200 mm X 200 mm) 

f =J Sp» U J6_ , 24m 

5 —» 8 5 —» 8 

The spacing between the arches = 5.0 m 
Column = 250 mm X 600 mm 

The complete layout is shown in Fig. EX 1.10. 

Step 2: Calculations of acting loads 

In order to calculate the weight of the arched slab, the length of the parabola 
need to be computed. For simplicity the length of the parabola is taken as 1.1 
the horizontal distance between the supports (span). 

The length of the arc L'sl.l L =1.1x16 = 17.6 m 


~ 2.4 ms 
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Vertical Beam/ 
250 x 600 

















































The self-weight of the arched slab may be calculated using the thickness at the 
quarter point (120 mm). 

ow. = y c xt mg =25x0.120 = 3.0 kN hn 2 

The total factored dead load including plaster weight wudl^s given by: 
w udl =1 - 4 (ow • + plaster weight ) = 1.4x (3.0 + 1.0) =5.60 kN /m 2 
The value of he horizontal projection (H.P.) of this load is given by: 

Ij* 17 (S 

w UD l = L4w dl x ~ = 5.60x-— = 6.16 kN /m 2 (H.P.) 

L 16 

Noting that the live loads on inclined surfaces are always taken on the 
horizontal projection, the slab factored live load vv^xis given by: 

w ULL =1 .6xw ll =1.6x0.5 = 0.80 kN /m 2 

The total factored load w u =w UDL + w ULL = 6.16 + 0.80 = 6.96 kN /m 2 (H.P.) 

Step 3: Design the arched slab critical sections 

Taking lm width of the slab, the acting loads are shown in the following figure. 

Step 3.1: Section at the quarter points (t=120 mm) 

Step 3.1.1: Straining actions at the quarter points 

To obtain the maximum moment at the quarter point, only half of the arch is to 
be covered by the L.L. as shown in figure below. 


Wuu.-0.80 kN/m' 
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The height of the arched slab at the quarter point may be obtained using the 
properties of the parabola. 

y 2 =\f = ~x2.4 = 1.8 m 
4 4 

It can also be obtained by substitution in the equation of the parabola with x=4. 
4 -f-x-(L-x) 4x2.4x4x(16-4) , „ 

* "-F-“-IF- =1Sm 

The maximum moment at 01: 

M u =R 2 x4-(l.4w dl )x4x2-H Xy 2 
M u = 50.88 x 4 - (6.16) x 4 x 2.0 - 87.46 x 1.8 = -3.2 kN m 
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Also, it can be obtained directly from Table 1.7. 

M = xL * =± M x162 =±3.2kNm 
“ 64 64 

The maximum positive moment at 02 equals 

M u = R l x4-(w UDL +w ULL )x4x2.0-H xy 2 

M u =54.08x4-6.96x4x2.0-87.46x1.8 = 3.2 kN .m 


3.2 kN.m 



Bending moment diagram 

At point 01, the corresponding normal and shear forces can be obtained as: 
P U =H cos a + Qsm.a 
Q' ~Q cos a-H sin a 

H and Q are the horizontal and vertical forces at that section. 

H= 87.46 kN. 

Q =50.88-6.16x4 = 26.24 kN 

To obtain the tangent angle at the quarter point, the equation of the parabola is 
differentiated as follows: 

.. _4 -f-x-(L-x) 4x2.4 jc (16 — jc ) 

y- ----—-= 0.0375 (I6x-x ) 

L 16 


y ' = tan = 0.0375 (16 -2x) 

Substituting with x=4 tan a = 0.30 

P u = 87.46 cos 16.7 + 26.24sinl6.7 = 91.31 kN 

Q' = 26.24cos 16.7-87.46 sin 16.7 = 0 


a = 16.1 
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26.24 kN w ULL = 0.80 kN/m' 



The section is subjected to compression and bending moment. The thickness of 
the arch at this location is 120 mm. 


91.13X10 3 


= 0.0304 < 0.04 


f cu bt 25x1000 x120 
Thus the normal force can be neglected, design for moment only. 


d =t. -cover = 120 — 20 = 100 mm 


3.2x10 


= 0.0128 —>0) = 0.015 


R - 
1 / bd 2 25x1000 x100' 

J cu 

A = co^-b xd = 0.015-^-x 1000x100 = 103 mm 2 
s f 360 

A . =— b d =—1000x100 = 166 mm 2 
f 360 

J y 

Choose 6 10/m 7 (A s = 471 mm 2 ) 


Due to the fact that half of the arched slab is subjected to negative moment and 
the other half is subjected to positive moment, the main reinforcement (6 <f> 
10/m' ) is provided at the top and bottom. The secondary reinforcement is 
chosen as at least 0.2 A s . Choose 5 <5 8 /m'. The reinforcement is arranged 
staggered to avoid congestion of reinforcement. 
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5 <f> 8 /m' 



Reinforcement details for the slab 


Step 3.2: Section at the support (t=140 mm) 

Step 3.2.1: Straining actions 

To obtain the maximum reactions at the support, the whole arch is covered by 
the both the dead and the live loads as shown in figure. 

__ wu= 6.96 kN/m' 



Equivalent load system and reactions 


R m =6.96xy = 55.68 kN 


H nw< x2 - 4 -55.68x8-6.96x8x4 -+ /? max =92.8kN 

To obtain the tangent angle at the support, the equation of the parabola is 
differentiated as follows: 

y =0.0375 (16 x -x 2 ) 
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a = 30.96 


y' = tan a = 0.0375 (16-2*) 

Substituting with x=0 tan a = 0.60 

The corresponding normal force and shear at this section can be obtained as: 
P u = H cos a+Q sin a 

i 

Q' = Qcosa-H sin a 

H and Q are the horizontal and vertical forces at the support. 

H= 92.8 kN. 

<2=R m =55.68kN 

P u = 92.8 cos 30.96+ 55.68sin 30.96 = 108.22 kN 
Q' = 55.68cos30.96-92.8 sin 30.96 = 0 kN 

Also P u = 


H max =92.8 kN 


Rma X =55.68 kN 

Step 3.2.2: Design the reinforcement 

The section is subjected to pure compression (P u = 108.22 kN) and (M u =0). 
Assume that the total minimum area of steel of equals to 0.6%. 

A = x 1000 x 140 = 840 mm 2 (top and bottom) 

1 100 

A'Uach/ac' =420 mm 2 

Using the same reinforcement determined from the section at the quarter span 
A s ,top=A s ,bot= 6 10/m'=471 m 2 > (420 mm 2 ). 







A mal =2x471 = 942 mm 2 
P u =0.35 f cu A c +0.67xf y xA s 

P u = (0.35 x 25x 140x 1000 + 0.67x360x942)/1000 = 1452 kN 

Since the applied compression force is less than the section capacity, the section 
is considered adequate. 

Step 3.2.3: Design for shear 

The applied shear at this section (Q') equals to zero. 

Step 4: Design the vertical beam (250 mm x 600 mm) 

The vertical beam is analyzed as continuous beam supported on columns 

Step 4.1: Calculate the straining actions 




750 



■iJk 


193 








A, = co J -f-bxd = 0.089-x 250 x 550 = 850 mm 2 


Choose 5 <3> 16 (A s = 1005 mm 2 ) 

The secondary reinforcement is chosen as 0.1-0.2 A s . Choose 2 <& 12 . 


Sec. 2 


M. = 


w S 2 64.43 x5 2 


= 161.07 kN.m 


161.07 xlO 6 


j. , ,2 T 7 TTr i 7 — 0.085 —> to — 0.11 

f cu bd 25x250 x550 

f 25 

A, -co~b xd =0.11 -x 250x550 = 1050 mm 2 

f y 360 

Choose 4 <3> 20 (A s = 1256 mm 2 ) 

Step 4.3: Design for Shear 

The critical section for shear is at d/2 from the face of the middle support. 

The width of the column is 250 mm. The critical section is at section (1) as 
shown in figure with code coefficient of k q = 0.6. 


0.60 0.50 


0.5 0.50 



Q u =k q w u L-w u -+- 


Q u = 0-6 x 64.43 x 5.0 - 64.43 x j = 167.52 kN 

Q u 167.52x1000 . , 

q u ~ = —rrr~ — =1.22 N / mm 2 
bxd 250x550 


q cu = 0.24= °- 24 y~ = 0.98 N/mm 2 
Since q u > q cu , shear reinforcement is needed. 
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q„, =1.22-- ^ = 0.73 N / mm 2 
2 

„ _q S u xbx s 


Using (j) 8 and for two branches A sl =2x50 -100 mm 3 
The spacing of the reinforcement area is given by 


0.73x250xs 

280/1.15 


-> s = 133 m —> Use spacing of 125 mm 


Use 08 @ 125 mm or 8 (j) 8/m' 

min =——b xs =-^-x250xl25 = 44.6 mm 2 <A sl .ok 

' f y 280 

Step 5: Design the horizontal beam (200 mm x 750 mm) 

The horizontal beam is analyzed as a continuous beam supported on the ties. It 
carries a uniformly distributed load equals to the horizontal thrust. This uniform 
load equals the horizontal reaction of 1.0 m strip of the arched slab. 

Step 5.1: Flexural design 

Sec. 1 

w S 2 92.8x5 2 

ML =-=-= 193.3 kN.m 

u 12 12 


193.3 xlO 6 


1 f cu bd 2 25x200 x700 3 


= 0.079 co= 0.101 


A. =co^-bxd =0.101 — X 200x700 = 978 mm 2 
f y 360 

Choose 4 d> 18 (A s = 1017 mm 2 ) 


The secondary reinforcement is chosen as at least 0.1- 0.2 A 5 . Choose 2 $ 12. 
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Step 5.3: Design fop Shear 

The critical section for shear is at the face of the column because the tie is in 
tension. The width of the column is 250 mm. The critical section is at section 
(1) as shown in figure with code coefficient of fe,=0.6. 

Q u =k,w u L-w u ^j 

Q u = 0.6 x92.8x5.0 - 92.8xj = 266 - 8 kN 


Shear 




266.8x1000 
200x 700 


= 1.9 N I mm 2 
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4.^ = 0J0 ^fj = °- 70 ^|= 2 ' 85 M/mm 2 

Since q u < q uma x, then section dimensions are adequate. However, since q u > q cu 
shear reinforcement is needed. 

0 98 

Qsu -1-9—— = 1.4 IV /mm 2 


Reactions 


Assuming a spacing of 125 mm, the shear reinforcement area is given by: 

, _ 1.4x200x125 _ , 

A * i s o /ns = ,45mm 

m A 145 

Thus, the area of one branch =-£- = —- = 12 mm 2 

2 2 

Use <(> 10=78.5 mm 2 (A,.,=157 mm 2 ) 

Use ^10@ 125/rcm —> 8010/m' 

. 0.4, 0.4 

^.min =—=—x200x100 = 28 mm 2 <A st .ok 

J y 20U 

Step 6: Design of the tension tie (200 mm x 200 mm) 

The tie is the main supporting element for the horizontal beam. The reaction is 
transferred to the tie. For continuous beams with equal loads and equal spans, 
the ECP 203 gives the reaction at intermediate supports as (1.1 w u S), as shown 
in the figure below. 

T = l-lxH imx xS =1.1x92.8 x5 = 510.4 kN 


T _ 501.4x1000 
f,/Ll5~ 360/1.15 


: 1630 mm‘ 


Choose (6 d> 18+2 d> 16) (A s = 1929 mm 2 ) 


Step 7: Design of the hanger (200 mm x 200 mm) 

The weight of the hanger equals to: 

ow H =25x0.2x0.2x2.4 = 2.4 kN 

The weight of the tie equals to: “T~ 

o w T = 25 x 0.2 x 0.2 x 2.667 = 2.667 kN g 

O 

The total factored weight (tension Tr) ^ 

ii 

T h =1.4x(2.4 + 2.667) = 7.1 kN -s 

T 7.1x1000 2 — 

A = -=-= 22.6 mm 

s f /1.15 360/1.15 _ 

y r l,= 2 a 

Choose 4 <f> 10/m' (Aj= 314 mm 2 ) 


Hanger 
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Step 8: Design of the column (250 mm x 600 mm) 


Step 8.1: Calculate applied loads 

The column is subjected to an axial load in addition to bending moments 
resulting from the slenderness effect. Since wind load is neglected the following 


load case is considered 


U = 1.4xD+1.6xL 


The vertical load on the column is the summation of the following loads: 

1. Self-weight = l.4xy c xbxtxh = 1.4x25x0.25x0.6x6.0 = 31.5 kN 

2. weight of the wall beam +semelle (250x500) 

= 2xl.4x 7 c xbxt xspacing =2x1.4x25x0.25x0.5x5.0 = 43.75 kN 


3. Wallload =lAxy w xbxSx(h.-2xt l 


^vertical beam ) 


wall beam *vertical beam 


Assuming y w =18 kN/m 3 

= 1.4x 18x0.25x 5.0x (6.0 -2x0.5- 0.60) = 138.6 kN 

4. Arched slab load = Reaction from the vertical beam 
^arch 1 xw u (vertical beam)xS = 1.1x64.43x5 = 354.4 kN 

P u = 31-5 + 43.75 +138.6 + 354.4 = 568.3&V 


w u ~64.43 kN/m' 


R=0.45 w u L 


R=l.l w u L =354.4 


R=1.0 w u L 


Loads and the reactions of the vertical beam 
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Step 8.2: Calculation of the reinforcement 

The unsupported length in X- direction is 6.0 ms and the unsupported length in 
Y- direction is 3.4 ms. The calculation of the additional moment can be 
summarized in the following table. 


Item 

X-direction 

Y-direction 

bracing condition 

unbraced 

braced 

Ultimate load P u (kN) 

568.3 

568.3 

Short column if 

X<10 

A<15 

Ho (m) 

6.0 

2.5 

t (m) 

0.6 

0.25 

bracing condition at top 

case 3 

case 1 

bracing condition at bottom 

case 1 

case 1 

k (bracing factor) 

1.6 (Code table 6-10) 

0.75 (Code table 6-9) 

H e 

9.6 

1.875 

X-kxH 0 lt 

16 

7.5 

Status 

long(A>10) 

short (A>15) 

S -X 2 xt 12000 

0.0768 

0 

M add =P„.8 

43.6 

0 

Allot ~~ A4-u'\ m Madd 

43.6 

__- 

0 


It is clear from’ the previous table that the column is subjected to a uniaxial 
bending moment as shown in the figure. 


43.6 kN.m 








Using interaction diagram with/^ON/mm 2 , o=1.0, $=0.8, calculate 

p _ p u 568.3x1000 

~ '— — — ---— 0 1 

f cu xbxt 25x250x600 ’ 


M u 

feu xbxt 2 


43.6 xlQ 6 
25x250x600 2 


= 0.019 


The intersection point is below the chart -> use 

Since the column is long, the minimum reinforcement ratio ^ is given by: 
^min = 0-25 + 0.052/1 = 0.25 + 0.052x 16.0 = 1.1082 % 

1 1082 

Ar,min Anin xb xt —— x 250x 600 = 1623 mm 2 

Choose (8 018, 2035 mm 2 ). 
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DEEP BEAMS AND CORBELS 


Photo 2.1 Corbels supporting beams in a stadium 


2.1 Introduction 

This chapter will discuss the behavior of reinforced concrete deep beams and 
corbels (short cantilevers). The behavior of these members is different from 
shallow (slender beams). In deep beams and in corbels, plane sections be ore 
bending do not remain plain after bending. In order to fully understand the 
behavior of these members, the subject of shear friction mil l be P resent ^ d - 
Another approach for designing these members is the Strut and Tie Model that 
will be presented in Chapter Six of this volume. 
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2.2 Deep beams 
2.2.1 General 


Deep beams are beams of relatively high depth-to-span ratio. Most typically 
deep beams occur as transfer girders. A transfer girder supports the load from 
one or more columns, transferring it to other columns (Fig. 2.1a). Deep beam. 

also occur in tanks and walls supported on columns (Fig.2.lb). 



(b) Elevated water tank 

Fig. 2.1 Typical examples of deep beams 
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Deep beams may be loaded at their top surface as in the case of a transfer girder 
supporting the load from one or more columns (Fig. 2.2a). The loading may 
take place at the bottom surface as in water tank wall loaded by the action of the 
suspended tank’s floor (Fig. 2.2b). Loads may also act along the height of the 
wall as shown in Fig. (2.2c). The wall in this figure approximates the case of 
wall supporting successive floor slabs and transferring the loads to columns at 
ground floor level. 


Photo 2.2 Deep beam supporting columns (Brunswick Building, Chicago) 


iimBiun 


Fig. 2.2 Types of loading of deep beams 


207 
































II 


Elastic analysis of deep beams indicates that the usual assumption that plane 
sections before bending remain plane after bending is not valid for such 
members. Thus, flexural stresses are not linearly distributed even in the elastic 
range. Typical stress distribution is shown in Fig. (2.3a). The cracking load of a 
deep beam is about 1/3 to 1/2 of the ultimate load. 

Traditional principles of analysis and design of ordinary reinforced concrete 
beams are neither suitable nor adequate to determine the strength of reinforced 
concrete deep beams. The cracking pattern of a uniformly loaded deep beam is 
shown in Fig. (2.3b). After cracking a major redistribution occurs and the elastic 
analysis is no longer valid. Deep beams loaded at the top behave mainly as a 
tied arch as shown in Fig. (2.3c). 



TT ;tt 


a) Normal stress 


b) Cracking pattern c) Arch mechanism 


Fig. 2.3 Top loaded deep beams 


The tied-arch mechanism, shown in Fig. (2.3c), brings designer attention to the 
fact that longitudinal tension reinforcement acting as a tie that is fully stressed 
over nearly the whole span. Therefore, sufficient anchorage at the supports and 
continuity of reinforcement bars without curtailment are essential requirements 
for top loaded deep beams. 
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Figure 2.4a shows a deep beam that is supporting uniformly distributed load 
acting at the lower face of the beam. Vertical stirrups must be provided as 
hangers to prevent local failure and to transfer the effective acting load to a 
higher level. If such a beam is provided with stirrups that are able to deliver the 
bottom load to the upper part of the beam, the beam will be behave nearly like a 
top loaded beam. 

The crack pattern in Fig. 2.4b clearly shows that the load is transferred upward 
by reinforcement until it acts on the compression arch, which then transfers the 
loads down to the support as shown in Fig. 2.4c. 



a) Loading pattern 



ywTTTTTTny | 


b) Cracking pattern c) Arch mechanism 


Fig. 2.4 A bottom loaded deep beam 
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2.2.2 Egyptian Code’s Provisions for Deep Beams 

The Egyptian Code’s provisions for deep beams are applied to deep beams 
loaded at the top or at the compression faces. If loads are applied at the bottom 
of a deep beam, the Egyptian Code requires using vertical reinforcement that is 
able to transfer the load to a height equals at least half the span. This vertical 
reinforcement should be added to that resulting from the design of the beam as 
if it is a top loaded deep beam. 

In deep beams plain sections do not remain plain after bending and the design 
methods developed for shallow beams can not be applied. The Egyptian Code 
presents two methods for designing deep beams. These methods are: 

• The Empirical design method 

• The Strut and Tie method 

2.2.2.1 The Empirical Design Method 

The empirical design method applies to beams having the following ratios of 


the span (L) to the effective depth (d): 

Simply supported beams: (L/d)< 1.25 .(2.1a) 

Continuous beams: (L Id)<2.50 .(2.1b) 

where L is defined with reference to Fig. (2.5) as the smaller value of the 
following: 

L = 1.05 L„.(2.2a) 

L= L 0 .(2.2b) 



Fig. 2.5 Definition of a deep beam 
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A: Design for Flexure 

The longitudinal reinforcement should be provided to resist the tension force 
that resulting from the applied bending moment. The tension force at any 
section is given by: 

T u .,.(2.3) 

y a 

Where M u is the applied ultimate moment, T u is the developed tension force at 
the critical section, and y ct is the lever arm and is given by: 

y a - 0.86 L < 0.87 d For simply supported beams. 

y ct - 0.43 L < 0.87 d For continuous beams at mid-span. 

y a = 0.37 L < 0.87 d For continuous beams at interior support. 


The reinforcement can be obtained by dividing the developed tension force by 
the steel yield stress as follows: 



fy /1-15 


(2.4) 


The distribution of this reinforcement differs from that of the slender beams. 
The flexural reinforcement is placed near the tension edges. Because of the 
greater depth of the tension zone, it is required to distribute such steel over a 
certain height of the cross-section (See Figs. 2.7 and 2.8). 

The tied-arch mechanism of deep beams dictates that longitudinal tension 
reinforcement acting as a tie is fully stressed over nearly the whole span of 
simply supported deep beams. Therefore, sufficient anchorage at the supports 
and continuity of reinforcement bars without curtailment are essential 
requirements. Recommendations for the detailing of deep beams are given in 
Figs. 2.7 to 2.10. 

The Egyptian code requires that the actual area of steel A s in any section should 
be greater than A sm j n given by: 
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B: Design for Shear 

The design for shear in deep beams is of special importance. The amount and 
spacing of both the vertical and horizontal web reinforcement differ than those 
used in shallow beams, as well as the expressions that to be used in design. 

The critical section for shallow beams is taken at a distance d/2 from the face of 
the support, and the shear plane is inclined more and closer to the support. 
However, in deep beams, the critical section for shear is to be taken as: 


Uniformly distributed -> x = 0.15 L n .(2.6a) 

Concentrated load -» r = 0.5a.(2.6b) 


In either case, the distance x should not exceed the distance d/2 as shown in Fig 
2.6, If both uniform and concentrated load exist on the beam, design the most 
critical one. 



\ n r r j - j n b) Concentrated Load x < d/2 

a) Uniform Load x < d/2 7 


Fig. 2.6 Critical sections for shear design 
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Nominal Ultimate Shear Stress 

The applied shear stress is given by: 

q =———<q . 

xu 7 xu max 

bxg 

Where b is width of the beam, and g = the smaller of d or L n 


(2.7) 


The value of the nominal shear stress q u should be less than q U max given by 


in which 

S d =1/3 (2 + 0.4(I„ ld))< 1 .(2.9) 

If q u > q umm , the dimensions of the section should be increased 

It interesting to note the 5d is less than or equal to one. This could wrongly 
imply that the maximum shear strength is less than shallow beams. However, 
this requirement is intended to prevent bearing failure in deep beam rather than 
controlling shear failure. 

Shear Strength provided by Concrete 

The nominal ultimate shear provided by concrete is given as follows: 

■ No axial load 

q cu =S dc x0.24^-<0.46 

Where 

S. = 3.5 - 2.5 —0- >1.0 

Q.d 

<2.5 

M u : is the ultimate moment at the critical section. 

Q„: is the ultimate shear at the critical section. 

The factor 5 dc is a multiplier for q cu in shallow beams to account for the higher 
resisting capacity of deep beams due to arching action. 



q. m =Sd*M0 4.0 )N/mm‘ 
\ Ye 
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■ Axial compression (P u ) 

$cu 

where S c = (1 + 0.07 A) < i 5 

A c 

■ Axial tension ( T u ) 

q cu = S dc x 8 t 0.24 pSL . 

v r« 

T 

where 5 =( 1 - 0 . 3 —) 

A/ 

A limiting value is placed by the code on q cu by the equation: 


= 8 dc xS c 0 


.24 ps- 
V^c 


( 2 . 10 b) 


( 2 . 10 c) 


<? 





( 2 . 10 d) 


To design the beam for shear, two cases should be considered 
Case A q u < q m 

If the value of q u does not exceed q cu , minimum shear reinforcement in the 
form of vertical and horizontal web reinforcement as shown in Fig. (2.7) should 
be provided. The minimum values are given with reference to Fig (2 7) as 
follows: 


A v = ( 0 . 20 / 100 ) 6 s v .formildsteel ( 2 . 11 a) 

A v =(0.15/100 )bs v .for high grade steel (2.11b) 

Af, = (0.30/100)bs l: . formildsteel ( 2 . 11 c) 

A h = (0.25/100)6 s h .for high grade steel (2. lid) 

s v or Sh should be less than 200 mm 

The purpose of providing minimum web reinforcement is to limit crack width 
along the surface area of the beam. 
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Case B q u > q cu ! 

If, on the other hand, the value of q u exceeds q cu , web reinforcement should be 
provided to resist the ultimate shear stress q su . For deep beams in the ranges of 
the L/d ratios considered, diagonal cracks will be at a slope steeper than 45° 
Consequently, both horizontal and vertical web reinforcements are required. In 
fact, for such L/d ratios, horizontal reinforcement could be more effective than 
vertical reinforcement. The horizontal bars are effective because they act more 
nearly in the direction perpendicular to the diagonal crack. 


The ECP-203 gives the following equations for 
reinforcement for deep beams: 

calculating the web 

q =:q 

“ su 'iu 2 . 

.(2.12a) 

?'» =3, +S h y.q suh . 

.(2.12b) 

in which 


v . n-(L./d) 

" 12 

.(2.13a) 

* _i + (A./<0 

12 . 

.(2.13b) 

_ A v x(f y /y s ) 

^ SUV , . 

s v xb 

.(2.13c) 

A h*(fyly s ) 

=-——. 

s h xb 

.(2.13d) 


It can be concluded from Eq. 2.12 and Eq. 2.13 (as stated above) that horizontal 
reinforcement is more effective than the vertical web reinforcement. 

Equation 2.12b has four parameters (A v , s v , Ah, Sh ). It is customary to assume the 
value of these parameters and calculate the value of the shear carried by the 
reinforcement q su . The value of q su in Eq. 2.12b should be greater than required 
shear stress q su given by Eq. 2.12a. Thus, assume three of these parameters to 
obtain the fourth unknown. 

Figure (2.7) shows the recommended reinforcement detailing of a simply 
supported top-loaded deep beam. 


2.2.2.2 Design Using the Strut and Tie Method 

The Egyptian Code permits the use of the Strut and Tie Model (explained in 
detail in Chapter 6) to design the beams in which the ratio of the effective span 
to depth satisfies the following conditions: 

A-. Simply supported beams 

1.25 <L/d <4.0 

B- Continuous beams 

2.5 <Lid <4.0 

The model consists of compression struts in the concrete and tension ties in the 
steel reinforcement and truss nodes as shown in Fig. 2.8. The detail of the 
application of the method for the case of deep beams is explained in Chapter 6, 
together with illustrative examples. 



Fig. 2.8 Strut and tie model for a deep beam 
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2.2.3 Detailing of Other Types of Deep Beams 
2.2.3. 1 1 Bottom Loaded Deep Beam 


Figure 2.9 shows the reinforcement detailing of a bottom loaded deep beam. As 
mentioned before, a bottom loaded deep beam could behave nearly like a top 
loaded one if provided with vertical stirrups that are able to deliver the bottom 
load to the upper part of the beam. It should be mentioned that these vertical 
stirrups should be added to those required as shear reinforcement. The Egyptian 
Code does not give special recommendations for the design of the bottom 
loaded deep beam. However, it implicitly recommends designing them as 
shallow beams. 
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Fig. 2.9 Reinforcement detailing of a bottom-loaded simply supported deep beam 
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Photo 2.3 Multistory reinforced concrete buildings 


2.2.S.2 Continuous Deep Beams 

Continuous deep beams can be designed in the same fashion as simply 
supported deep beams, except that additional reinforcement is provided at the 
location of the middle support. 

Figures 2.10a and 2.10b show the recommend detailing of the reinforcement of 
continuous deep beams loaded at the top and at the bottom, respectively. 


219 

































As(-ve)/2 | As (top) , 0.30 L . 0,30 L . 0.30 L 0.30 L 



® (qa+) sy | 


As(-ve)/2 






221 


Fig. 2.10b Reinforcement of a bottom-loaded continuous deep beam 
































2.2.3.3 Deep Beam Supporting another Deep Beam 

Special provisions are needed when loads or reactions are introduced along the 
full depth of a beam for example, when deep beams support each other, as 
illustrated in Fig. (2.11). 



Fig. 2.11 Deep beam supporting another deep beam 


2.3 Shear- Friction Concept 

There are many situations in reinforced concrete structures where it is necessary 
to transfer shear across planes of weakness such as interface between concrete 
cast at different times. Shear-friction concept provides a simple but powerful 
model to investigate situations such as those shown in Fig. (2.12). 



(a) Precast beam supporting cast-in-situ slabs 



Fig. 2.12 Applications of shear friction concept 
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Typical examples are reinforced concrete bridges in which the deck is cast in 
situ concrete slab supported on precast girders as shown in Fig. 2.12a. Another 
example is corbels supporting crane girders. 


Photo 2.4 Short cantilever supporting prestressed beams 


The basis of this model is explained in Fig. (2.13). When shear is applied to an 
initially cracked surface, or a surface formed by placing one layer of concrete on 
top of an existing layer of hardened concrete, relative slip of the layers causes a 
separation of the surfaces as shown in Fig. (2.13a). If there is reinforcement 
across the crack, it is elongated by the separation of the surfaces. The elongation 
of the reinforcement means that it is stressed in tension. For equilibrium of the 
free body diagram at the interface, a compressive stress is needed as shown in 
Fig. (2.13b). Figure 2.13c shows aggregate interlock at crack interface. 
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Shear stress =PT 


T=tension in 
reinforcement 


Compression 
in concrete =C 


a) Shear displacement causing 
crack opening 


b) Free-body fiagram 



Fig. 2.13 Mechanism of shear friction 



Photo 2.5 Aggregate distribution in concrete section 
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Snear is transmitted across the crack by: 

1. Friction resulting from the compressive stress. 

2. Interlocking of aggregate protrusions on the cracked surfaces combined 
with dowel action of the reinforcement crossing the surface. 

The shear stresses on the concrete face are assumed to be related to the 
compressive stresses by a coefficient of friction (X. The maximum capacity is 
assumed to be reached when the reinforcement crossing the crack yields leading 
to a shear resistance of: 


Q = A sf f y l Ys M .(2-14) 

where A s f is the area of reinforcement crossing the surface and f y its yield 
strength. Equation (2.14) states that the resistance to slip is equal to the normal 
force times the coefficient of friction |X. 

Tests have shown that shear-friction capacity is also a function of the concrete 
strength and the area of contact. As the concrete strength and the area of contact 
increase, the aggregate interlock mechanism becomes more efficient and the 
shear friction increases. Hence, there is an upper limit on the shear resistance 
due to friction: 

Q= constant (f cu A c ).(2.15) 

where A e is the area of contact. The area of reinforcement that crosses the crack 
A sf { Fig. 2.14) is given by the Egyptian Code as: 



Qu 

V fyfy. 


(2.16) 


If the section is subjected to a tension force in addition to the shear force, 
additional steel should be provided as given by the following equation: 


Qu i N » 
MfylYs fy/Ys 


(2.17) 


The values given by the Egyptian Code for the coefficient of friction {pi) are 
given in Table 2.1. 
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Table 2.1: Values of fx according to surface condition 



Crack Interface Condition 


1 

Concrete cast monolithically 

1.20 

2 

Concrete cast against hardened concrete with surface 
intentionally roughened 

0.80 

3 

Concrete cast against hardened concrete not intentionally 
roughened or concrete anchored to structural steel by headed 
studs or bars. 

0.50 



Fig. 2.14 Shear friction reinforcement 

The steel must be placed approximately uniform across the shear plane so that 
all parts of the crack are clamped together. Each bar must be anchored on both 
sides of the crack to develop the yield strength. 

The ultimate shear ( Q u / A c )shall not exceed the following limits: 


q u = Q u /A c < 0.15 f cu .(2.18a) 

q u =QJA C < 4.0 N / mm 2 .. (2.18b) 
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2.4 Short Cantilevers (Brackets or Corbels) 

Corbels or brackets are short cantilever members that project from a column or 
a beam to support another beam or heavy concentrated load. The importance of 
these members is clear in precast buildings where corbels support beams and 
girders. Therefore, the total safety of these types of structures depends on the 
ability of the corbels and brackets to transfer the load safely to the columns. 
Steel bearing plates or angles are commonly used in the top surface of the 
brackets to provide a uniform contact surface and to distribute the reaction. 

Short cantilevers are defined by the Egyptian Code as cantilevers whose shear 
span-to depth ratio {aid) is 1.0 or less (See Fig. (2.15)). This small ratio 
changes the pattern and distribution of stresses similar to the case of deep 
members. In corbels, a large horizontal force develops due to shrinkage and 
creep of the supported elements such as beams that are connected to the corbels. 

The code provisions apply to short cantilevers in which the depth at the outside 
edge of the bearing area is not less that (0.5 d) where d is the depth measured at 
column face. Short cantilevers are designed to support beams transferring 
vertical reactions Q u . Horizontal force (N u ) caused by restrained shrinkage, 
creep in prestressed beams and expansion or contraction effects. Therefore, it is 
advisable to consider a minimum horizontal force, N u = 0.2 Q u . 



Fig. 2.15 Definition of a Corbel according to the Egyptian Code 
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The structural action of a short cantilever can be idealized as a truss made up of 
a compression strut and a tension tie as shown in Fig. (2.16a). The inclination of 
the strut determines the tension in the tie by a simple force polygon. Since the 
tension tie supports a constant tension force, sufficient anchorage of bars should 
be provided beyond the corbel interface with the column. Failure of the strut- 
and tie model could occur as a result of yielding of the tension tie, failure of the 
compression strut, or failure of the end anchorage of the tension tie. 

A direct shear failure could also be a possible mode of failure along the face of 
the column as shown in Fig.(2.16b). Local failure under the bearing plate could 
occur. Finally, if the corbel is too shallow at the outside end, there is a danger 
that cracking may extend through the corbel as shown in Fig. (2.16c). For this 
reason, ECP 203 requires the depth of the corbel to be 0.5d at the outside edge 
of the bearing plate. 



(c) 

Fig. 2.16 Failure modes of corbels 
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The Egyptian Code requires that reinforcement be arranged as shown in Fig 
(2.17). The main tension reinforcement is calculated to resist a moment (M ) at 
column face and a normal force (N u ). 

The area of steel required to resist the tensile force (N u > 0.2Q u ) is given by: 



( 2 . 20 ) 



Fig. 2.17 Reinforcement of corbels 



Photo 2.6 reinforced concrete buildings 
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The bending moment is calculated as follows (refer to Fig. 2.15). The flexural 
reinforcement A/is calculated using regular sectional analysis. 


M u = Q u a+N u (t + A — d) .(2.20) 

The shear-friction reinforcement (A s j) calculated using the shear-friction concept 
is given by: 


A _ _+ ._ 2 — 

S/ Mfy/Ys) fyfVs 


( 2 . 21 ) 


Corbel reinforcement consists of three types: 

1. Main reinforcement. 

2. Horizontal stirrups. 

3. Vertical stinrups. 


1. Main Reinforcement 


The total main top steel A s is the greater of the following: 


1. A s - A n + A f 


(2.22a) 


2. A s —A n +2l3A sf ......(2.22b) 

3. A s min = 0-Q3~~b d .(2.23) 

/ y 

where b is the width of the corbel. 


2. Horizontal Stirrups 

The horizontal shear reinforcement, A/„ consists of horizontal closed stirrups 
uniformly distributed in the top 2/3 of the cross section. This area is given by: 

A„=0.5 (A,-A.) .(2-24) 


3. Vertical Stirrups 

Corbels should also be provided with vertical stirrups that satisfies the 
minimum requirements of the ECP-203. 

A v =—bs ...(2-25) 

f 

J y 

where s is the spacing of the vertical stirrups. 
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Example 2.1 

A transfer girder is to support two columns, each having a factored load of 
7500 kN as shown in tire figure. Its clear span is 7.0 m. The girder has to carry 
also a factored uniform load, including its weight, having a value of 206.5 
kN/m'. The material properties are f cu =25 N/mm 2 and f y =360 N/mm 2 . 
Design the beam using the empirical design method presented in the ECP 203 


7500 kN 7500 kN 
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, ■ , ., N w xL 

M (atmid-span) = —--+ P xL 

8 

= 18457 kN.m 


, 206.5 x7.35 2 


+ 7500x2.275 


. M 18457 xlO 6 „„„ 2 

A. = ---=---= 11493 mm 2 

y«*fy r, 5130x36071.15 


0.225 _ 0.225 ^25 


A smin = smaller of ( f 


x 650x5900 = 11984 mm‘ 


1.3 A. =1.3x11493 = 14941 mm 2 


But not less than b d = x 650 x 5900 = 5752 mm 2 
100 100 

A s <A S n, in .'• A s =A smin =11718 mm 2 

Use 20 <0 28 mm(=12315 mm 2 ), arranged in three layers. 

Assume that the top steel equals 15% of the bottom steel 
Use (4 S )4<|) 25 mm. 

Step 3: Shear design 

Step 3.1: Straining actions at the critical sections 

• The Critical section for shear is at 0.5a from the face of the support 
but not more than d/2 from the face of support. 

o a /2 = 0.5(2500-400) = 1050 mm 

o d/2 = ^^- = 2950mm 
2 


7.35-2.8-2x1.05 , 

x =----- = 1.225 m 

2 


(CL distance) 


• At the critical section for shear, the straining actions are: 

R = 206.5 x — + 7500 = 8258.88 kN 
2 

Q=R-w u x = 8258.88-206.5x1.225 = 8006 kN 


M =R x -w„ x 2 /2 = 8258.88x1.225-206.5xl.225 2 /2 = 9962 kN.n 


yx=1.225t a/2=\ 


L'=2.275 


w u =206.5 kN/m' 


L e f=7.35 


critical section 
Q=8006 kN 



Shear diagram 


Step 3.2: Check the adequacy of the concrete dimensions 

Average shear stress at the critical section is given by: 

q u = (g is the smaller of d (5900 mm) or L e ff (7350 mm)) 


8006 x 10 3 OAnAr/ 2 

q, =-= 2.09 N I mm 

" 650x5900 

Maximum allowable shear stresses, q u niax = S d x 0.3 


L f r c ^ s d x4 


<5, =-(2 + 0.4-^) 


1 7 0 

8 d =-(2 + 0.4—) = 0.825 
d 3 5.9 


=0.825x0.3 


i = 2.35 N / mm 2 < 0.825x4.....->oi 


Since the average shear stress at the critical section is less than the maximum 
allowable shear stress, the concrete dimensions are adequate. 
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Step 3.3: Calculation of shear carried by concrete 


4. =3.5-2.5 (MJQ u d) >1.0 


S dc = 3.5 - 2.5 x (———) = 2.97 > 2.5 -> S ic = 2.5 
8006x5.90 * 

The concrete shear strength q cu is chosen as the smaller of: 

1. q cu =$* x0.24/1.5 =2.5x0.24725/1.5 =2.45A^ /mm 2 

2. q m =0.46 yjf n /1.5 =0.46 >/25/1.5 =1.88// / mm 2 
q cu =1.88 N /mm 2 

The average shear stress at the critical section is more than the shear carried by 
concrete. Web reinforcement (vertical and horizontal) needs to be designed. 

Step 3.4: Design of web reinforcement 


cisu =?„ -0-5 q„ =2.09-—~ = 1.15N/mm 2 

0 .,„ 

12 12 


n A\ 
(1 + L n /d) (l + 5 \ 9 > 


q sit b v x q suv x q su /, 


= 0.182 


or S r =1 -S h =1-0.818 = 0.182 


ZJ* A 


S v (-=-) + 5„ (- 4 -) -> q su = -Z- 0.182(—) + 0.818R-) 


br.L r *. " VJ b r s L .**'J 

Try vertical bars of diameter 12.0 mm (2 branches) and horizontal bars of 
diameter 16.0 mm (2 branches). 


A., = 226 mm 1 


and A h = 400 mm 


Assume s u = 200mm 


(satisfies code requirement) 
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360 

f 226) 


r 400\ 


0.182 - 

+ 0.818 


650x1.15 

UooJ 


v s h )_ 


Take s h =150 mm (satisfies code requirements) 

Note: q suipmvided) =1.15 N /mm 2 > q su ^ quiKd) = U3 _ 


s h - 152.8 mm 


-> O.K. 


Check the satisfaction of the minimum web reinforcement 

^n,m =0 - 0015 ^v =0.0015x650x200 = 195 mm 1 <4,....ole 
A i, mi„ = 0.0025 hs h =0.0025x650x150 = 244 mm 2 <A h ok 



Reinforcement details 
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- ... ...—————- -- 

Example 2.2 

Determine the required reinforcement for the bracket shown in figure according 
to the following data: 

Bracket dimensions (b x t) = 300 mm x 800 mm and d = 750 mm, 
f cu =25 N/mm 2 and f y = 240N/mm 2 

Factored vertical load Q u = 500 kN 
Factored horizontal load N u = 100 kN 



Step 1: Check the bracket dimensions: 

To be classified as a corbel, the distance a should not exceed the effective 
depth. 

d = 750mm>a (400 mm) —K>k. 

Step 2: Check the ultimate shear friction value: 

^ 0.15/ c „ but not more than 4 N/mm 2 


500 xlO 3 
300x750 


= 2.22<0.15x25 = 3.75 N/mm 2 OX. 



Step 3: Area of main reinforcement: 

The bending moment acting on the bracket equals to: 
M u =Q u .a + N u (t + A-d) 

M u = 500 x 0.4 + 100(0.8 + 0.05 - 0.75) = 210 kN .m 

M =0.67—i?.a, ,(<i -a, /2) 

Yc 

M u = 210xl0 6 = 0.67x^|x300 xa f x(750 -a f /2) 
a f = 88 > O.ld 

M„ 210xl0 6 j 

A, = - - -= —--— = 1425 mm 

f ( d -a f H)f y /y, (750-88/2) x 240/1.15 


. N u 100xl0 3 

A =- - — = ■--= 479 mm 

" f y !y s 240/1.15 

A sf =-^ + -^ 

7 HfylYs fy/Ys 

For monolithically cast concrete /u = 1.2 

, 500 xlO 3 100xl0 3 2 

A, f = - 7 TT 7 T + - =2416 mm 

sj , « 240 240/1.15 



MZ I/Ll 


The area of the main reinforcement is the largest area obtained by evaluating 
three equations: 

The first equation 

A s =A n + A f 


Then A s = 479 + 1425 = 1904/wm 


The second equation 

~ A s = A n + ^ A sf 


then A, = 479 + -x 2476 = 2130mm 2 
5 3 
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The third equation 

f 25 

A , =0.03 -f-bd = 0.03x—x300x750 = 703mm 2 
/, 240 

Hence, the area main reinforcement is obtained from the second equation. 

Av = 2130 mm2 Use 5 <j> 25 (2454.369 mm 2 ) 

Step 4: Find the area of the horizontal stirrups 

A h = 0.50(A t -A n ) = 0.50(2130-479) = 826 mm 2 

This area has to be distributed over 2/3 of the effective depth, i.e. over a 
distance equals to (2/3x750) = 500 mm. 

Choose closed stirrups (two branches) having a bar diameter = 12 mm and 
spaced at 166 mm. 

The available area of horizontal stirrups = 113x2 x(500/166 +1) = 906.7 mm 2 > 
826 mm 2 O.K. 

Step 5: Find the area of the vertical stirrups 

Assume that the spacing of the vertical stirrups is 200 mm. 

A, = s =— xbxs =— x300x200 = 100mm 2 

Choose vertical stirrups (two branches) having a bar diameter =8 mm and 
spaced at 200 mm. 

The available area = 50 x 2 = 100 mm 2 O.K. 
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Reinforcement Details 
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CONTROL OF DEFLECTIONS 


Photo 3.1 A cable-stayed bridge during construction 

3.1 Introduction 

The Egyptian Code is based on the limit states design method. The limit states 
(states at which the structure becomes unfit for its intended function) are 
divided into two main groups: those related to collapse and those that disrupt 
the use of the structures but do not cause collapse. These are referred to as 
ultimate limit states and serviceability limit states, respectively. The major 
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serviceability limit states are excessive deflections, undesirable vibrations and 
excessive cracking. Deflection control will be thoroughly presented in this 
chapter. Control of cracking will be discussed in chapter four. 

The adoption of the limit states design method in recent years, accompanied by 
the use of higher strength concrete and high-grade steel, has permitted the use 
of relatively shallower members. As a result, deflection calculations gained 
more importance than they were few decades ago. Excessive deflections of 
beams and slabs may cause excessive vibrations, damage to the appearance of 
the structure, poor roof drainage, and uncomfortable feelings for the occupants. 
Also, such deflections may damage partitions and cause poor fitting of doors 
and windows. Therefore, it is very important to maintain control of deflections. 

The Egyptian code presents the following two approaches for controlling 
deflection: 

• Control of deflection by limiting the span/thickness ratio of the member. 

• Control of deflection by calculating the deflection and set limitations to 
its value. 

The first approach indirectly controls the deflection by setting an upper limit for 
span-to-thickness ratio. It is simple to follow without the need for deflection 
calculations. However, if smaller members are required, the second approach 
should be followed by calculating the deflections and comparing the computed 
values with specific limitations imposed by the code. 

3.2 Load-Deflection Behavior of RC Beams 

Figure 3.1 shows the load deflection response of a reinforced concrete beam. 
Initially, the beam is uncracked and is stiff. With further loads, cracking occur 
at mid-span when the applied moment exceeds the cracking moment of the 
beam. When a section cracks its moment of inertia decreases leading to a 
significant reduction in the stiffness of the beam. This is the start of the 
cracking stage. At this stage, the beam continues to carry load but with 
relatively large deflection. Eventually the reinforcement yields at mid-span 
leading to a large increase in deflections with little change in load (points C and 
D). 

Since the service load of any member is about 65% of its ultimate load, the 
service load level of the beam in Fig. 3.1 can be represented by point B. Long¬ 
term application of service load ( sustained load) results in increasing the 
deflection from point B to B', due to creep of concrete. The short-term, or 
immediate, deflection under service load (point B) and the long-term service 
load deflection (point B') are both of interest in design and will be discussed 
later. 




Reinforcement Cracks 


Fig. 3.1 Load-deflection response 


3.3 Moment of Inertia of RC sections 
3.3.1 Gross moment of inertia 

As mentioned in the previous section, if the applied moment is less than the 
cracking moment, the section is considered uncracked. In this case, the moment 
of inertia of the section equals to I s (uncracked stage) as shown in Fig. 3.2. 
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For design purposes, the calculation of the gross uncracked moment of inertia, 
I g , can be carried out by neglecting the cross-sectional area of steel 
reinforcement (e.g. I g for rectangular sections = b t 3 /12). For normal 
reinforcement ratios, the error in calculating l g does not exceed 10%. 

The ECP 203 gives the following formula for calculating the cracking moment: 

M cr =isdl. .(3.1) 

y, 

where f clr is the concrete tensile strength (N/mm 2 ), I g is the gross moment of 
inertia neglecting the effect of reinforcement (mm 4 ), and y, is the distance from 
the neutral axis to the extreme fiber in tension for the uncracked section (mm). 
In the ECP 203, the concrete tensile strength f ctr is given by: 

f ar = 0-6VZ7 . :-( 3 - 2 ) 

For rectangular sections, y t equals to half the section thickness. For T-sections 
the reader should pay attention to the direction of the bending moment. Thus, 
for T-section in cantilever beams the distance y, is measured from the top fibers 
Fig.3.3.a and for T-sections in simple beams it is measured from the bottom 
fibers as shown in Fig.3.3.b. 


Maximum 



Fig. 3.3 Determination of the distance y t in simple and cantilever T-beams 


3.3.2 Cracked Transformed Moment of Inertia 

When the applied moment exceeds M cr , the developed tensile stress exceeds the 
tensile strength of concrete producing cracks as shown in Fig. 3.4. The 
developed cracks will cause the moment of inertia to drop to a value less than 
the gross moment of inertia I g . Since concrete is weak in tension, it will crack 
below the neutral axis and its contribution to the rigidity and strength will be 
neglected. On the other hand, the concrete in the compression zone acts 
effectively and contribute to the section rigidity. The actual cracked section is 
non-homogeneous and consists of the compressed concrete above the neutral 
axis and the reinforcing steel bars below the neutral axis. The non- 
homogeneous section can be replaced by an imaginary homogenous section 
called the transformed section. 

To obtain the transformed section of a reinforced concrete beam, the area of the 
reinforcing steel bars A s is replaced by an equivalent area of concrete equals 
nA s , in which n= E/E c is the modular ratio (the modulus of elasticity of steel / 
modulus of elasticity of concrete). The moment of inertia of this transformed 
section is called the cracked transformed moment of inertia I cr . 
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Uncracked section Cracked section 

Fig. 3.4 Cracking of concrete section under applied loads 

The neutral axis is located at distance z from the compression face. The location 
of the neutral axis can be easily determined by taking the first moment of area 
about the center of gravity of the section (c.g.). It should be noted that the 
center of gravity coincides with neutral axis (no normal force). 



Cracked section distribution Transformed section 


Fig. 3.5 Determination of the neutral axis and cracked transformed 
moment of inertia calculations 
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bxz 2 12—n A s (d- z) = 0 


(3.3) 


Subsisting with z=kd and ju = A/b d gives: 

— nA s (d- kd) = 0.(3.4) 

Dividing by bd 2 , substituting with jx„= (n p), and solving for k gives 



and, z=k d 

Having determined the neutral axis distance z, the cracked moment of inertia I cr 
can be computed as 

I cr ~ + ( d-z) 2 .(3.6) 

Using the previous set of equations, design chart was prepared to facilitate the 
determination of the I cr for singly reinforced section (refer to the Appendix). 

For doubly reinforced section, the compression steel displaces the stressed 
concrete and has a transformed area of (n~l)As Referring to Fig. 3.5 and taking 
the first moment of area about the top fibers gives: 

bxz 2 /2 + (n-l) A' s (z-d')-n A s (d-z) 2 =0.(3.7) 

The previous equation is a quadratic equation in z and can be solved directly. 
Te value of z can be directly obtained from Eq. 3.8. 

z = 

where 

ai = b/2 

bi = n A s + (n-l) A' s 

Ci =-[(n-l) A s d'+ n A s d] 

The cracked moment of inertia equals 

I cr = + nA s (d - z) 2 + (n -1) A; (z - d’f .(3.9) 

Design aids for calculating the cracked moment of inertia for rectangular 
sections with tension steel only are given in Appendix. 
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In T-sections, the neutral axis could be located inside or outside the flange as 
shown in Fig. 3.6. Therefore, hand calculations should be carried out as 
explained in the illustrative examples. 


neutral 


axis 


Neutral axis outside the flange z>t s 


Neutral axis inside the flange z<t. 


Fig. 3.6 Location of the neutral axis in cracked T-sections 


Photo 3.2 Reinforced concrete building 
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3.3.3 The Effective moment of inertia f e 

Sections located at tension cracks have their moment of inertia approximately 
equal to the transformed cracked moment of inertia I cr . However, between 
cracks the moment of inertia could be approximately taken equals to I s . 
Referring to Fig. 3.4, it is clear that a cracked reinforced concrete beam behaves 
as a beam with variable moment of inertia. To simplify deflection calculations, 
the cracked RC beam is assumed to have a constant moment of inertia (called 
the effective moment of inertia I e ). 

The effective moment of inertia has a value less than I s but is greater than I cr . 
The most widely accepted formula for estimating the effective moment of 
inertia was developed by Branson and is adopted in the Egyptian code. This 
empirical equation, presented graphically in Fig. 3.7, was based on statistical 
analysis of deflections measured from test data, and is given by: 


^ i g+ i-[*L 

m\ s \m„ 


l. < r 


(3.10) 


The previous equation can be simplified as: 


I t =I cr +(l g -I cr ) 


(3.11) 


where 

I cr cracked transformed moment of inertia. 

M a maximum service ( unfactored) moment in the member 
M cr cracking moment calculated using Eq. 3.1. 


The variability of deflection calculated using this expression, which is based on 
laboratory tests, is relatively high. However, considering the variety of factors 
that influence deflection of reinforced concrete beams, greater accuracy can be 
hardly expected from using such a simple equation. 


Figure 3.6 shows variation of the effective moment of inertia I e With the applied 
moment M a . In this figure, the horizontal axis refers to the applied bending 
moment and the vertical axis refers to the moment of inertia that should be used 
in deflection calculations. It is clear that if the applied moment is less than 
cracking moment of the beam; deflection is calculated using the gross moment 
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of inertia I s . On the other hand, if the applied moment is greater than the 
cracking moment, deflection is calculated using the effective moment of inertia 
I e . It is interesting to note that the value of the effective moment of inertia 
approaches the cracked moment of inertia as the applied moment increases. 



M a < M cr 
I e =L 


Effective moment of inertia 


Nl a >M cr 

Ig>Ie>Icr 


Fig. 3.7 Variation of the effective moment of inertia I c with the applied 

moment M a 


In summery the effective moment of inertia equals 


if M a <M c 


'«r+‘(wJ ~ ifM a >M c 


.(3.12) 
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3.4 Code Provisions for Control of Deflections 


The Egyptian code presents two approaches for controlling deflection. The first 
is indirect by setting an upper limit for span-to-thickness ratio. In the second 
approach, the computed member deflections are compared with specific 
limitations imposed by the code. 

3.4.1 Control of Deflection by Span-to-Thickness Ratio 

3.4.1.1 Beams and One-Way slabs 

The Egyptian code imposes restrictions on the member thickness relative to the 
clear span L„, to ensure that the member will be rigid enough so that deflections 
are unlikely to cause problems as given by Eq. 3.13 and Table 3.1. Table 3.1 
.can not be used for beams or slabs supporting elements that are likely to be 
damaged due to deflection. It can not also be used in case of abnormal buildings 
and in case of heavy or uneven loads The code recognizes the effect of support 
conditions on deflection by assigning different span/thickness ratios according 
to the continuity conditions at both ends of the member. 

— < ValueslistedinTable 3.1.(3.13) 

t 

Table 3.1 Wt ratios for members spanning less than 10 meters or 
cantilevers spanning less than 2m. (Deflection calculations are waived) 



Simply 

One end 

Two end 

Cantilever 

Element 

supported 

continuous 

continuous 


Solid slabs 

25 

30 

36 

10 

Hidden Beams and 

hollow blocks 

20 

25 

28 

8 

Beams 

16 

18 

21 

5 


The values listed in Table (3.1) are valid when using high grade steel 400/600. 
In the case of using other types of reinforcing steel, the values mentioned in 
Table 3.1 should be divided by factor given by: 


£ = 0.40 + -^-.(3.14) 

b 650 

Where f y is the yield strength of reinforcing steel in N/mm 2 . 
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T-sections 


The limiting values listed in Table 3.1 are also valid for T-sections by 
multiplying the values by the reduction factor 5 determined from the either Eq 
3.15 or Fig 3.8. 


S 


0.71 + 0.29 



> 0.8 


(3.15) 



(b/B) ratio 



Fig. 3.8 Modification of L/t ratio for T-sections 


3.4.1.2 Two-way slabs Resting on Rigid Beams 

For two-way slabs resting on rigid beams, having spans of less than 10 meters, 
subjected to uniform loads that are not heavy and attached to non-structural 
elements not likely to be damaged by large deflections, the deflection 
calculations can be waived if the slab thickness is grater than t calculated using 
the following equation: 

( f \ 
a 0.85 + —^— 

1600 J 

t =-—-> 100 mm .. (3.16) 

15 +-—- + 10 J3 
b/a Hp 

Where 

a is the smaller dimension of the slab, b is longer dimension of the slab., P p is 
the ratio between the length of all continuous edges to the total perimeter, and f y 
is the yield strength of reinforcing steel in N/mnr 
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Also the slab thickness should be greater than t,™ 

^ for simply supported slabs 

t . = — for slab continuous from one side .(3.17) 

""" 40 ' 

— for slab continuous from two sides 
(45 

where a is the short direction. 


3.4.2 Control of Deflection by Limiting its Value 

Calculations of deflections are carried out in the following cases: 

• Values of span-to-thickness ratios given in Table 3-1 are not satisfied. 

• Span of the beam is more than 10 ms or length of the cantilever is 
greater than 2 ms. 

• The member is subjected to heavy or uneven loads or located in 
abnormal type of building. 

3.4.2.1 Calculation of Immediate Deflection 

Deflection of reinforced concrete members can be calculated using the simple 
structural analysis expressions. Examples of these expressions are given in Eq. 
3.18, the rest is given in appendix A. It interesting to note that the deflection of 
a uniformly loaded simple beam is five times the deflection of a uniformly 
loaded beam with fixed ends. 


\ 



w L 4 
384 E c I e 
5w L 4 
384 E c I e 
PL 3 
48 E c I e 
w L 4 

8 ~EX 

P L % 

3 E c I e 


for fixed end beam with uniform load (w ) 
for simple beam with uniform load (w ) 
for simple beam with point load at midspan 
for cantilever beam with uniform load (w ) 
for cantilever beam with point load at edg (P ) 


(3.18) 
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Where I e and L are the effective moment of inertia and the beam span 
respectively. £ c is the concrete modulus of elasticity and is given by : 

E c =4400VZT.(3.19) 

The total immediate delectation A* due to the existence of dead and live loads 
equals to: 

A i = a dl+ a ll . (3.20) 

where A D l is the deflection due to dead loads including the own weight of the 
member and the weight of the finishes and A LL is the deflection due live loads. 

3.4.2.2 Long Term Deflection 

Due to the combined effect of creep and shrinkage, the deflection increases with 
time. The factors affecting long-term deflection include humidity, temperature, 
curing conditions, ratio of stress to strength, the age of concrete at the time of 
loading and compression steel content. If the concrete is loaded at an early age, 
its long-term deflection will be increased. The creep deflection after about five 
years can range two-three times the initial deflection. It should be noted that 
more than 90% of the long-term deflection occurs at the first five years after the 
initial loading. 

immediate immediate 



Fig. 3.9 Effect of creep on deflections, curvature and strains. 
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The addition of compression steel reinforcement reduces the long-term 
deflection significantly. Figure 3.10 presents experimental deflection versus 
time for beams with and without compression reinforcement. The additional 
deflection with time is 195% of the initial deflection for beams without 
compression reinforcement (A' s =0), while it is only 100% of the initial 
deflection for beams with compression steel equals to the tension reinforcement 
(A' S =A S ). 



0 100 200 300 400 500 600 


Time (days) 


Fig. 3.10 Effect of compression reinforcement on long-term deflection 


Based on experimental results, the ECP 203 specifies that additional long-term 
deflection due to creep Ac reep is calculated by multiplying the dead load 
deflection A D l by the factor a. For a singly reinforced section this factor is 
equal to 2. The reduction factor a for sections with compression steel can be 
computed from the following relation: 


a = 2 — 1.2 



> 0.6 


(3.21) 


A creep & A DL .(3.22) 

Thus the long-term deflection including the effect of creep equals: 

A lotal ~ A creep ^ A DL T A LL .(3.23) 
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^■lotal — (l + <2f) +A zi 


(3-24) 


3.4«2.3 Permissible Deflections 

As mentioned before, deflections of roofs and floors may cause cracking of 
brick walls and malfunction of doors and windows. Moreover, deflection due to 
accumulated water on the roof may cause additional deflections allowing it to 
hold more water. The ECP 203 imposes the following deflection limits: 


• The total deflection of members in ordinary buildings under the effect of 
all loads including the effect of temperature, shrinkage and creep, 
measured from the support level should be limited as follows: 


1- For beams, one-way labs and two-at-slabs: 



2- For cantilevers: 


(3.25a) 



(3.25b) 


where L is the distance between the inflection points for beams or slabs and is 
the cantilever length (See Fig. 3.1). The value of L is based on the short span 
for one-way and two-way slabs, and based on the long span for flat slabs. 



L=L b L-0.87L b 

Simple beam One end continuous beam 



L=0.76L b 
Continuous beam 



L=L b 

Cantilever beam 


Fig. 3.11 Definition of L in deflection calculations 
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• The ECP 203 requires that the immediate deflections due to live loads 
only for beams and slabs supporting or attached to non-structural 
elements not likely to be damaged by large deflections, to be limited to: 



(3.26) 


• The ECP-203 requires that for beams and slabs carrying non-structural 
elements that are likely to be affected by deflection such as curtain 
walls, the part of the total deflection that occurs after the execution of 
the floor finishes and partitions and that results from all loads including 
the effect of temperature, shrinkage and creep to be limited to: 


where 
A ll 
ct A su s 


A„ = A,, +a A., 

p LL si 


(3.27) 


= instantaneous deflection due to live loads (not likely to be sustained) 
= long term deflection (creep + shrinkage) due to all dead loads 
applied after the installation of partitions including any sustained 
(permanent) live loads 


Table 3.2 and Fig. 3.12 summarize the previous rules. 



Photo 3.3 Beam deflection during testing 
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Table 3.2 Maximum permissible deflections 


Type of member 

Deflection to be considered 


Beams and slabs in ordinary 

Total deflection (measured from the 

LI 250 for 

buildings 

• 

level of the support) under the 

effect of all loads including the 

effect of temperature, shrinkage and 

creep 

beams & slabs 

L/450 for 

cantilevers 

Beams and slabs supporting 

or attached to non-structural 

elements not likely to be 

damaged by large deflections 

Immediate deflection due to live 

loads 

LI 360 

Beams and slabs supporting 

or attached to non-structural 

elements likely to be 

damaged by large deflections 

Immediate deflection due to live 

loads plus long-term deflection due 

to all additional loads (applied after 

construction of non-structural 

elements) including flooring and 

partitions 

L /480 


259 



Fig. 3.12 Deflection Calculations 
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3.4.2.4 Deflection of Continuous Beams 

For continuous spans, the ECP 203 calls for a simple average value for the 
effective moment of inertia obtained from Eq. 3.10 as follows: 

I* ~ 0-50 I m + 0.25x (/^ + I e2 ) .(3.2 8) 

where I' e is the average effective moment of inertia, I em is the effective moment 
of inertia at mid-span and I e2 and I& are the values of the effective moment of 
inertia calculated at the negative moment sections. Figure 3.13 shows the 
application of Eq. 3.28 for the calculation of the average effective moment of 
inertia for an interior span of a continuous beam. The value of the effective 
moment inertia at mid-span I em is calculated form Eq. 3.10 using the maximum 
moment M am . On the other hand, the values of I eI and l e2 are calculated from 
Eq. 3.10 suing the maximum negative moments M a j and M a2 . 


Aial>iel A'l a 2, lc2 



Mam>Iem 


Fig. 3.13 Calculation of the effective moment of inertia for continuous beams 


For continuous beams in which the exterior support does not prevent any 
rotation (brick wall), the effective moment of inertia can be approximated by 

K = 0.75 l m + 0.25x 7^, .(3.29) 

Where I em is the effective moment of inertia at mid-span and I e i is the value of 
the effective moment of inertia calculated at the first interior support. 

To determine the effect of continuity on the deflection at mid-span, it is easier 
to express the deflection equation in terms of moment. For example, for a 
uniformly loaded simply supported beam the deflection can be expressed as: 




(3.30) 


261 



For a beam with concentrated negative moment M; at beam end the deflection 
equals 

A, = 3XL2 -M, .(3-31) 

1 48 E. 1. 


Referring to Fig. 3.13 and by using the principle -of super-position, one can 
concluded that the mid span deflection A for a continuous beam is 


48x£ c /; 


7 [M m -0.1x(M,+M 2 )].(3.32) 


where M;. M m and M 2 are the bending moments at end 1, midspan, and end 2 
respectively. To calculate the dead load deflection for example, one should use 
the dead load moment M m , D i at midspan and at the two ends {M,, DL and M 2 ,dl)- 



Photo 3.4 Deflection of a simply supported beam during testing 
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Step 2: Calculate the cracking moment and the applied moment 

f ar = MjI7u = 0- 6 V35 =3.55 Nlmm 2 



f I 

J clr g 

y, 


3.55x6.4xl0 9 
_ 400 


x J- = 56.79 kN.m 
10 6 


w„„„, = 11.5 + 6 = 17.5 kN lm' 


The maximum negative moment in the cantilever is at the support 


w total ^ _ 17.5 x2.2 2 


= 42.35 kN .m...< M (not cracked ) 


Since M a < M cr then I e =L 


Step 3: Calculate the deflection 

Step 3.1: Calculate the immediate deflection 

E c = 4400^/7^7 = 4400V35 = 26030 N / mm 2 

From the appendix, the maximum deflection for a cantilever beam carrying 
uniform load equals to: 

w L 4 

A =- 

8 E I 

c e 

Recalling that 1 kN/m^l N/mm, then wdl= H-5 kN/m'=l 1.5 N/mm' 

, w dl L 4 11.5 x (2.2x1000) 4 non 

Ar., =——-=--- —-0.20 mm 

DL 8 E I 8 x 26030 x 6.4 x10 s 


8 E c l e 


6x(2.2xl000) 4 
8 x 26030 x 6.4 x10 s 


The total immediate deflection Aj equals: 


A ; = A dl +A ll =0.2 + 0.11 = 0.31mm 
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Step 3.2: Calculate the long-term deflection 

The total deflection due to all loads including the effect of creep equals 

A total — (1 + oc) A dl + 

Since A' s =0 then ct=2 
& total ~ (I'Hj-2) 0.2 + 0.11 = 0.71 mm 

Step 4: Check the code requirements 

• The code maximum limit for cantilever beams = 2200/450 = 4.88 mm 
Since A to tai (0.71 mm) < A a n 0 wabie ( 4.88 mm), the code limit is satisfied. 

• Since the beam is located at a floor and support walls that are not likely to 
be damaged by deflection, then 

. . L 2200 

— -6.11mm 

Since All (0.11 mm) < ALL(aiiowabie) (6.11 mm), the code limit is satisfied. 



Example 3.2 

The simple beam shown in the figure below is located at a roof f a building 
and it does not support any partitions. The unfactored dead load is (including 
own weight) 15.0 kN/m', and the unfactored live load is 9.0 kN/m' . Check 
whether the beam meets the ECP 203 requirements for deflections. 
f cu = 25 N/mm 2 

n =10 



Beam Section 
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Solution 


Step 1: Calculate uncracked section properties 

Neglect the tension steel in calculating gross moment of inertia. 




Uncracked section 


Step 2: Calculate the cracking moment and the applied moment 

far = °- 6 VZT = 0.6V25 =3 N/mm 2 


M„ = 


far-I, 3x4.5xl0 9 1 


--—x-V = 45 kN.m 

300 10 6 


w lolal =15 + 9-24 kN/m' 


The maximum bending moment M a is at mid span equals: 

M a = — — - = — — — = 108 kN m... > M cr (cracked section analysis) 
8 8 

Since M a > Mc r then calculate Ie 

Step 3: Calculate the cracked section properties 


A s = 4<t> 16 = 804 mm 2 

Assume the neutral axis is located at a distance z from the compression force. 
Transform the area of steel reinforcement into an equivalent area of concrete 
(n A s ). 

n A s =10 x 804 - 8040 mm 2 
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Transformed section 

Original section 


Taking the first moment of area for the transformed section about the N.A., 
gives: 

250 x z x- = 8040 (550 -z) 

2 

125 z 2 + 8040 z - 4422000 = 0 
z =158.68 mm 

Calculate cracked moment of inertia I cr 
I cr ~ ~~ + n A s (d - z) 2 

l _ 250x 158 ~ 68 . + iQx804x(550-158.68) 2 =1.56xl0 9 mm 4 
cr 3 


Step 4: Calculate the effective moment of inertia - 

E c = 4400= 4400V25 = 22000 N / mm 2 



3 


I e .= 1.56 x10 s + (4.5xl0 9 



1.77 x10 s mm . 
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Step 5: Calculate the deflection 

Step 5.1: Calculate the immediate deflection 

Wdl = 15 kN/m' =15 N/mm' 

W LL = 9 kN/m' = 9 N/mm' 

The maximum dead load deflection for simple beam at mid span equals 

A - 5w dl l * ... 5xl5x(6xl000) 4 

DL 384 E c I e 384x22000xl.77xl0 9 ~~ ‘ mm 

Since the relation between deflection and load is linear, we can determine the 
deflection of other loads simply by using ratios of the applied loads as follows: 

w 9 

^■ll ~& DL x —— = 6.5x— = 3.9 mm 

w dl 15 

A, = A DL +A ll = 6.5 + 3.9 = 10.4 mm 

Step 5.2: Calculate the long-term deflection 

The total deflection due to all loads including the effect of creep equals: 

A total ~ (1 4" cx) A dl + , 

since A' s =0 then a=2 
A t0 ,ai = (1 + 2) 6.5 + 3.9 = 23.4 mm 

Step 6: Check the code requirements 

1. The code maximum limit for simple beams = 6000/250 = 24 mm, 
since A tot ai (23.4 mm) < A a n 0 wabie (24 mm), the code limit is satisfied. 

2. Since the beam does not support partitions, no additional checks are 
needed. 
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Example 3.3 

The T-beam shown in figure is subjected to an unfactored dead load of 20 
kN/m' and an unfactored live load of 8 kN/m/. The beam supports partitions 
that are sensitive to deflection. Calculate the immediate deflection and check 
ECP 203 requirements, knowing that 30% of the live, loads are permanent loads. 
The concrete strength is 20 N/mm 2 . 



1250 


A s '=3 ()>22 




i 


Solution 

Step 1: Calculate the uncracked section properties 

Neglect the tension steel in calculating the gross moment of inertia. 

Since the section is not symmetrical, calculate the Center of gravity (c.g.). 
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Uncracked section 
















A, = 200x800 = 160000 mm 2 
^ - (1250 - 200) x 120 = 126000 mm 2 
160000X 400 + 126000x60 


y =- 


160000 + 126000 


= 250.2 mm 


h = 


200X800 3 

12 


+160000 x (400 - 250.2) 2 + 


(1250-200)xl20 3 

12 


+126000 x (250.2 -60) 2 


I s = 16.83 xlO 9 mm 4 


Step 2: Calculate the cracking moment and the applied moment 

f ar = 0.6^4 = 0.6a/20 = 2.683 N/ mm 2 
y, = 800 - y = 800 - 250.2 = 549.8 mm 



M„ = 


far- 1 , _ 2.683x16.83x lO 9 1 
y, 549.8 


x—— = 82.15 kN .m 
10 6 


= 20 + 8 = 28 kN lm 


M a =^ i s ~ = 28x7 - 22 = 181.44 kN.m 
8 8 

Since M a > Mcr then calculate I e 
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Step 3: Calculate the cracked section properties 

A s = 30 22 = 1140.4 mm 2 

Assume that the neutral axis is located at a distance z from the compression 
force. Transforming the steel reinforcement into equivalent area of concrete 
gives: 

nA s =10 x 1140.4 = 11404 mm 2 

Assuming concrete cover of 50 mm, d=800-50 =750 mm 



200 200 

Exact calculation for the c.g. Quick estimate for the c.g. 

To quickly determine whether or not the c.g. is inside the flange, calculate the 
first moment of area at the end of the slab. 

1250 x 120 x ~ > 11404 x (750 -120) 

Hence, assume the c.g. inside the flange. Taking the first moment of area for the 
transformed section about the c.g. 

1250x zx-| = 11404 (750 - z) 

625 z 2 +11404 z - 8553000 = 0 

z =108.21 mm < 120 mm (inside the flange as assumed) 

Calculating cracked moment of inertia I cr 
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l C r ~ ~~ + n A s (d- z) 2 

I cr = . 1250x108 - 2 + H404 x (750-108.2) 2 = 5.22xl0 9 mm 4 

Step 4: Calculate the effective moment of inertia 


^OOa/ZT = 4400V20 = 19677 A/7 mm 2 


i t =i cr +(i g -i cr ) 


M. 


M 


a J 


I, -5.22X10 9 +(l6.83xl0 9 -5.22xl0 9 )f 82-15 

Step 5: Calculate deflection 


181.44 


= 6.3xl0 9 mm 


Step 5.1: Calculate immediate deflection 

W DL = 20 kN/m' = 20 N/mm' W LL = 8 kN/m' = 8 N/mm' 

The dead load deflection for simple beam equals: 


l DL 


5 w DL L 4 
384 E r I. 


5 20 x (7.2x1000) 4 r ,. 

•-X --- = 5.64 mm 

384 19677 x 6.3xl0 9 


Since the relation between deflection and load is linear, we can determine the 
deflection of other loads simply by using ratios as follows: 

yy. O 

A u = A dl x—^ = 5.64x— = 2.26 mm 
w dl 20 

Thus the immediate deflection equals: 

A, = A dl + = 5.64 + 2.26 = 7.90 mm 


Step 5.2: Calculate long-term deflection 

The total deflection due to all loads including the effect of creep equals 

^total — (1 + A dl + A^ 


Since A' s =0 then a=2 

A total = (\ + a)A DL + A ll — (1 + 2)x5.64 + 2.26 = 19.19 mm 


Step 5: Check the code requirements 

• The code maximum limit for simple beams = 7200/250 = 28.8 mm. 
Since A to tai (19.19 mm) < A a ii 0W abie (28.8 mm), the code limit is satisfied. 

• Since the beam is attached to partitions that are likely to be damaged by 
large deflections, the code also requires that: 


. . L 7200 

+ aA„, <-<-<15 mm 

sus 480 480 


A sus ~ ^-DL + 0-^ X A tt 

Where A sus is the deflection due to all dead loads applied after the installation 
of all partitions plus the permanent live loads (given as 30%). 

A sus = 5.64 + 0.3 x 2.26 = 6.32 mm 
2.26 + 2x 6.32 = 14.9 mm < 15 mm . o.k 


274 








Example 3.4 

The floor beam shown in figure is subjected to an unfactored concentrated dead 
load of 80 kN, and an unfactored concentrated live load of 55 kN (the own 
weight of the beam may be neglected). The beam supports glass partitions that 
are likely to be damaged by large deflections. Check the satisfaction of ECP 
203 limits for deflection. The concrete compressive strength is/ ca =40 N/mm 2 



Beam Section 


Pdl=80 kN 
P ll =55 kN 



4 = 8.8 x 10 9 mm 4 
I cr = 2.72 x 10 9 mm 4 


Solution 

Step 1: Calculate the cracking moment and the applied moment 


f ar = 0.6/4 = 0-6a/40 = 3.79 N/mm 2 


M„ = 


f ar -I s _ 3.79x 8.8x10 s 1 


x—= 88.94 kN.m 
10 6 


P tMd =80 + 55 = 135 kN 


M = P ‘°«* L = = 202.5 kN m 

a 4 4 

Since M a > Mc r , then calculate I e 
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Step 2: Calculate the effective moment of inertia 

E c = 4400/4 = 4400^40 = 2782877/ mm 2 


4 = 2.72xl0 9 + (8.8x10* -2.72x10*) 


202.50 


7 e = 3234016475 =3.23x10* mm 4 

Step 3: Calculate the deflection 

Step 3.1: Calculate the immediate deflection 

The deflection for a simple beam carrying a concentrated load equals 


48 E c 4 


(80 x 1000 ) x (6000) 3 . . 

Ar,, =—-—-- 4 = 4.0 mm 

DL 48x27828x3.23x10* 

Since the relation between deflection and load is linear, we can determine the 
deflection of other loads simply by using ratios as follows: 

A„ = A„, x-^- = 4x— = 2.75 mm 

U DL gQ 

Thus the immediate deflection equals: 

A, = A dl + A ll = 4.0 + 2.75 = 6.75 mm 

Step 3.2: Calculate the long-term deflection 

A_ = 2 4 16 . = 0,5 a = 2-1.2 f—I = 2-1.2(0.5) = 1.4>0.6---afe. 

A, 4^16 lA J 

The total deflection due to all loads including the effect of creep equals: 

total — (1 + (X) A dl + A ^ 

A totd =(1 + 1.4)4.0 + 2.75 = 12.35 mm 
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Step 4: Check the code requirements 

• The code maximum limit for simple beams = 6000/250 = 24.0 mm. 
Since A tota i (12.35 mm) < A a n owab i e (24.0 mm), the code limit is satisfied. 

• Since the beam is attached to partitions that are likely to be damaged by 
large deflections, the code also requires that: 

A LL +aA <~<^2££<i2.5 mm 
SUi 480 480 

Ams — ^DL 


2.75 + 1.4X 4.0 = 8.35 mm < 12.5 mm . v.k 


Photo 3.5 Cantilever beam during testing 
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Example 3.5 

The T-beam shown in figure is a part of a roof and it supports a triangular load. 
The beam supports partitions that are not likely to be damaged by deflections. 
Does the beam shown in the figure below satisfy the ECP 203 requirements for 
deflections? The concrete strength is 25 N/mm 2 . Assume of n=10. All the 
given loads are unfactored 














Solution 

Step 1: Calculate the uncracked section properties 

Since the section is not symmetrical, calculate the c.g. 



A, = 250x600 = 150000 mm 2 
^ = (1400 - 250) X100 = 115000 mm 2 
Taking the first moment of area about x-axis: 


yi=300 mm 
y2=50 mm 


y 


150000x300 + 115000x50 
150000 + 115000 


= 191.51 mm 


I g = 25() ^ 6()() +150000x(300-191.51) 2 + 
+115000X (191.51-50) 2 


(1400-250) xlOO 3 
12 


4=8.66 xlO 9 mm 4 


Step 2: Calculate the cracking moment and the applied moment 

fctr = 0-6-x/ZT = 0.6^25 =3 N/mm 2 

Noticing that the tension side for the cantilever is at the top flange, then; 
y, = y = 191.51 mm 
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250 



far-Ig 3.0x8.66 xlO 9 
y, ~ 191.51 


x-V = 135.73 IcN.m 
10 6 


w lolal =24 + 10 = 34 kN/m 


Paul = 14 + 8 = 22 kN 


M = x- + PxL= 34 - ? — 6 -x-^ + 22x3.6 = 152.64 kN.m 

a 2 3 2 3 

Since M a > , then calculate I e . 



Step 3: Calculate the cracked section properties 

A s = 3<E> 25 = 1472.6 mm 2 

A j = 3<3> 16 = 603.2 mm 2 
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Assume that the neutral axis at a distance z from the compression force. The 
reader should notice that the compression part for cantilever is at the bottom of 
the section. 


Transforming the steel reinforcement into an equivalent area of concrete, gives: 
nA s =10 x 1472.6 = 14726 mm 2 

The steel in the compression is transformed by multiplying with (n-1) to 
account for the concrete area. 

(n-1) A' s =(10-l)x 603.2 = 5428.8 mm 2 

Assuming concrete cover of 50 mm, d = 800-50 =750 mm 


nA s =14726 



Calculation of the c.g. for the cracked section 


Taking the first moment of area for the transformed section about the c.g 
250 x z x | + 5428.8 x (z - 50) = 14726 (550 - z) 

125 z 2 + 20154 z ~ 8370740 = 0 
z =190.43 mm 

Calculate cracked moment of inertia l cr . 

I cr = —+ (n -1) 4 (z - d' f +n A s (d — z) 2 


- Z.JoXIU 


Step 4: Calculate the effective moment of inertia 

E c = 4400 -Jfl = 4400^25 = 22000 NI mm 2 




I e = 2.58x10 s +(8.66xlO 9 - 2.58x 10 9 )f- 135-73 ) =6.86xl0 9 mm 
v ' 1152.64 


Step 5: Calculations of the deflections 
Step 5.1: Immediate deflection 

The deflection for this cantilever beam is the sum of the deflection due to the 
concentrated load and that due to the uniform load. These deflections are given 
by the following equations: 


w L 4 for cantilever beam with triangular load 
30 El 

c e 


for cantilever beam with concentrated load at the edge 


The dead load deflection equals: 

A __ w dl L* ] P dl L 3 _ 24x(3.6xl000) 4 (14xl000)x(3.6xl000) 3 

DL 30 E c I e 3 E c I e ~ 30x 22000x 6.86x 10 9 3x 22000x 6.86x 10 9 

A dl = 2.33 mm 
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The live load deflection equals: 

4 w ll 'L 4 : 10x(3.6xl000) 4 (8xlOOO)x(3.6xlOOO) 3 

'30 E c I e 3 E e l e ~ 30 x 22000 x 6.86 xlO 9 3x22000x6.86xl0 9 

A u = 1.20 mm 


Step 5.2: Long-term deflection 

The total deflection due to all loads including the effect of creep equals 

^ total ~ (1 + (X) A dl + A„ 


A ( (.M X 

ar = 2-1.2 — =2-1.2 = 1.51>0.6---oi:. 

;UJ . \1472J 

• -v**• «• ' 

A,^ = (1 + 1-51) 2:33 + 1.20 = 7.05 mm 


Step 6: Check the code requirements 

• The code maximum limit is = 3600/450 = 8 mm 

Since A to tai (7.05 mm) < A a u owab i e (8.0 mm), the code limit is satisfied. 

• The beam supports partitions that are not likely to be damaged by 
deflections, then the deflection limit is given by: 

. . L 3600 .. 

3iS s lSF = i° 

Since A LL (1.2 mm) < Amaiiowabie) (10 mm), the code limit is satisfied. 
































Solution 

Step 1: Calculate the uncracked section properties 

Taking a lm slab width of the (b=1000 mm) 
y t =70 mm 

r bxt 3 1000x140 s _ . 4 

/,=—— =-= 228 xlO 6 mm 4 



Uncracked section 


Step 2: Calculate the cracking moment 

E c = 44007ZT = 4400V30 = 24099.8 N/ mm 2 
far = 0-6VZT = 0.6V30 = 3.29 N/mm 1 


= 


far- 1 1 3.29x228 xlO 6 1 


X—rr = 10.74 UV.m 
10 6 


The cracking moment is valid for sections A, B and C (refer to the figure). 

Step 3: Calculate cracked section properties 

Since the slab is continuous, the moment of inertia of any span depends on the 
average values of the moment of inertia of positive and negative sections 

Step 3.1: section B 

A s = 6<J> 12 = 678.5 mm 2 

Assume concrete cover of 20 mm d =140-20 =120 mm 

Using design aids given in the Appendix 
A s 678.5 

M = = t-= 0.00565 

bxd 1000x120 

From the curve with jx=0.00565, k B =0.0365 

I cr = K„ xbxd 3 = 0.0365x1000x120 s =63.1xl0 6 mm 4 


• • • 


^ ~j~L 


Cracked section at B 

Step 3.2: Sections A and C 

The positive reinforcement is not developed at supports, hence it will not be 
considered as compression steel for sections subjected to negative moment at 
the supports (i.e. A s =0). 

A s = 6$ 14 = 923.6 mm 2 

Using design aids given in the Appendix 




= 0.0077 


bxd 1000x120 
From the curve kn = 0.0465 

I cr = K„ xbxd 3 = 0.0465x1000x120 s =80.3xl0 6 mm A 


0.0465 




cracked section at C 


0.0077 
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Step 4: Calculate the effective moment of inertia 


W w,ai = 6 + 3 = 9 kN/m 2 

Thus, for a lm width of the slab, w, ota i = 9 kN/m' 

Since the slab is continuous with equal spans and loading, the code coefficients 
for moments in slabs are used as follows: 

M - XL2 - 9x3 ' 62 

0 k k 


The following table summarizes the calculations. 
Calculation of the effective moment of inertia 


Point 

(k) 

M a , 

kN.m 

M cr 

kN.m 

hr, mm 4 

status 

T 4 

Ig mm 

A 

24 

4.86 

10.74 

80.3 x 10 s 

uncracked 

0==I 8 ) 

228.6 x 10 6 (I el ) 

B 

10 

11.66 

10.74 

63.1 x 10 s 

cracked 

192.2 x 10° (/,„,)* 

C 

8 

14.58 

10.74 

80.3 x 10 s 

cracked 

139.56 x 10 s ( I e2 )** 


Note the values of the effective moment of inertia (given in the table) for 
section B and C are calculated as follows: 


=I m = 63.1xl0 s +(228.6xl0 s -63.1xl0 6 )f-‘^l = 192.2xlO s /nm 4 

7 V11.66 J 

%c =/ e2 =80.3xl0 6 +(228.6xl0 6 - 80.3xl0 6 )f^ ) ^) = 139.56x10 s mm 4 
v 14.58 J 

Since the slab is continuous, the average value of I' e should be calculated. 
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I' =0.501 em + 0.25x(/ cl + I e2 ) 

/ e '= 0.50 X 192.2 X 10 s + 0.25 x (228.6 X 10 s +139.56xl0 s ) = 188.1x10 s mm 4 


Step 5: Calculation of the deflections 

Wdl = 6 kN/m'=6 N/mnT & Wll = 3 kN/m' = 3 N/mm' 

The deflection for a uniformly loaded continuous beam equals: 


A = — 5 —- ■[Af m -0.1x(M, +M 2 )\ 
48 xEI' m 1 2 


5x3600 2 


48x24099.8x188.1x10 s 10 


6x3.6 2 


-O.lx 


6 x 3.6 2 6 x 3.6 2 

24 + 8 


A DL =1.93 mm 

Since the relation between deflection and load is linear, we can determine the 
deflection due to live load as a ratio of that due to dead load as follows: 


w 3 

= A dl x —— = 1.93x— = 0.96 mm 

W DL 6 

The immediate deflection A-, equals: 

A ; = A dl + A^ = 1.93 + 0.96 = 2.89 mm 


The total deflection due to all loads including the effect of creep equals: 
K, a i = (l + ctr ) A dl +A ll 


Since A' s =0, then a=2 

A total = (1 + 2) 1.93 + 0.96 = 6.75 mm 
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Step 5: Check the code requirements 

• The code maximum limit for one-way slabs = 17250, where L is the length 
between the inflection points. Since the slab is continuous from one end the 
length L equals 0.87 (3600) =3132 mm. 

A a iiowabie= 3132/250 =12.53 mm 

Since A tota i (6.75 mm) < A a ii owab ie (12.53 mm), the code limit is satisfied. 
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Photo 4.1 A hotel building in San Francisco, USA 

4.1 Introduction 

In Chapter (1) of volume (1), the concept of limit states design was discussed. 
The limit states (the states at which the structure becomes unfit for its intended 
function) are divided into two groups: those leading to collapse and those that 
dismpt the use of structures but do not cause collapse. These are referred to as 
the ultimate limit states and the serviceability limit states, respectively. The 
major serviceability limit states for reinforced concrete structures are,: 
excessive deflections, and excessive cracking. This chapter presents the, 
serviceability limit state of cracking. 
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4.2 Reasons for Controlling Crack Widths 

Crack widths should be limited for the following reasons: 

1. Wide cracks lead to concern by owners and occupants. Previous studies 
suggested that cracks wider than 0.25 to 0.33 mm leads to public concerns. 

2. Preventing the corrosion of reinforcement. Corrosion of steel occurs if 
wetting and drying cycles occur such that the concrete at the level of the 
steel is alternatively wet and dry. It does not occur in permanently saturated 
concrete members because water prevents oxygen flow to the steel. 

3. Preventing leakage in liquid-retaining structures. 


4.3 Types of Cracks 


Tensile stresses induced by loads cause distinctive crack patterns as shown in 
Fig. 4.1. Members loaded in direct tension develop cracks through the entire 
cross section (Fig. 4.1a). Slender beams subjected to bending moments develop 
flexural cracks as shown in Fig. 4.1b. These vertical cracks extended almost to 
the zero-strain axis (neutral axis) of the member. Cracks due to shear have a 
characteristic inclined shape as shown in Fig. 4.1c. Members subjected to pure 
torsion develop spiral cracks as shown in Fig. 4. Id. Cracks also develop due to 
imposed deformation such as differential settlement, shrinkage and temperature 
changes. If shrinkage is restrained, shrinkage cracks may occur. Generally, 
however, shrinkage simply increases the width of load-induced cracks. 



Photo 4.2 Cracks in a bridge member due to rusting of the reinforcement 
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(d) Torsional cracks 


Fig. 4.1 Types of cracks 
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4.4 Development of Cracks due to Loads 

Figure 4.2a shows an axially loaded prism. Cracking starts when the tensile 
stress in the concrete reaches the tensile strength of concrete at some point in 
the member. When this occurs, the prism cracks. Figures 4.2b and 4.2c show 
the variation in the steel and concrete stresses along the axially loaded prism. 
At the cracks, the steel stress and strain are at a maximum value. At the 
location of the cracks, the stresses in the concrete are equal to zero, while 
between the cracks, stresses start to develop in the concrete. This reaches a 
maximum value mid-way between two cracks. 

The width of the crack, w, is the difference in the elongation of the steel and 
the concrete over a length A-B equal to the crack spacing: 

B 

w = J(*,-* c ) dx .(4.1) 

A 

where e s and e c are the strains in the steel and concrete, respectively, at a given 
location between A and B and x is measured along the axis of the prism. 

The crack spacing and the strains in the steel and concrete are difficult to 
determine in practice and empirical equations are usually used to compute the 
crack width. 



(a) Cracked member 




(b) Variation of steel stress along bar 


(c) Variation of concrete stress along prism 


4.5 Crack Control in the Egyptian Code 
4.5.1 Categories of structures 

The Egyptian Code categorizes reinforced concrete structures according to 
their exposure to environmental effects as given in Table 4.1. 


Table (4.1) Categories of structures according to the exposure of concrete 
tension surface to environmental effects 


Category 

Degree of exposure to environmental conditions 

One 

Structure with protected tension sides such as. 

i- All protected internal members of ordinary buildings. 

ii- Permanently submerged members in water (without 1 
harmful materials) or members permanently dry. 

iii- Well insulated roofs against humidity and rains. ! 

Two 

Structures with unprotected tension sides, such as: 

i- Structures in open air, e.g. bridges and roofs without 1 

good insulation. \ 

ii- Structures of category one built nearby seashores. s 

iii- members subjected to humidity such as open halls, I 
sheds and garages. 

Three 

Structure with severely exposed tension sides, sucn as: 

i- Members with high exposure to humidity. 

ii- Members exposed to repeated saturation with 
moisture. 

iii- Water tanks. 

v- Structures subjected to vapour, gases or weak 

' chemical attack. _J 

Four 

Members with tension sides very severely exposed io 
corrosive influences of strong chemical attack that cause 
rusting of steel 

i- Members subjected to conditions resulting in rust of 
steel such as gases, vapour including chemicals. 

ii- Other tanks, sewerage and structures subjected to sea 
water. 


Fig 4.2 Stresses in concrete and steel in a cracked element 
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The Egyptian Code requires a minimum suitable cover for protecting the steel 
reinforcement. The cover should not be less than the larger value determined 
from Table (4.2) or the largest bar diameter. 


Table (4.2) Minimum concrete cover** (mm) 


J Category of 

All element 

except walls 

Walls and Solid slabs 

structure - Table 

and slabs 




(4.1) 

feu -25 

feu) 25 

f <25 

J CU — 

feu) 25 


N/mra 2 

N/mm 2 

N/mm 2 

N/mm 2 

One 

25 

20 

20 

20 

Two 

30 

25 

25 

20 

Three 

35 

30 

30 

25 

Four 

45 

40 

40 

35 


** The concrete cover should not be less than the largest bar diameter 


4.5.2 Satisfaction of Cracking Limit State 

In order to satisfy the limit state of cracking, the Egyptian Code requires the 

fulfillment of the following relation: 

^ w knax .(4.2) 


5 


rm 


(mm) = 


r 

50 + 0.25 Jfc, 


V 



(4.3) 


* JL 

~ E. 


i -A& 


J si 

yfs j 


(4.4) 


The values of calculated using Eq. 4.2 should be less than w^nax values 
given in the Table (4.3). 
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where 

P = Coefficient that relates the average crack width to the design crack 
width. It shall be taken as follows: 

1.7 For cracks induced due to loading 

1.3 For cracks induced due to restraining the deformation in a section 
having a width or depth (whichever smaller) less than 300 mm. 

1.7 For cracks induced due to restraining the deformation in a section 
having a width or depth (whichever smaller) more than 800 mm. 

For cross sections having a width or depth (whichever smaller) between 
value 300 mm and 800 mm, the coefficient 3 shall be proportionally 
calculated. 

<j> = Bar diameter in mm. In case of using more than one diameter, the 
average diameter shall be used. 

Pi = A coefficient that reflects the bond properties of the reinforcing steel. It 
shall be taken equal to 0.8 for deformed bars and 0.5 for smooth bars. 

P 2 = Coefficient that takes into account the duration of loading. It shall be 
taken equal to 1.0 for short term loading and 0.50 for long term loading 
or cyclic loading. 

ki = Coefficient that reflects the effect of bond between steel and concrete 
between cracks. It shall be taken equal to 0.8 for deformed bars and 1.6 
for smooth bars. 

In case of members subjected to imposed deformation, the values of ki 
shall be modified to kk) where the value of k is taken as follows: 

k= 0.80 for the case in which the tensile stresses are induced due to 
restraining the deformation. For rectangular cross section, the value of k 
is taken as follows: 

k = 0.8 for rectangular section having a thickness > 300 mm. 

k = 0.50 for rectangular sections having a thickness < 800 mm. 

For rectangular cross sections having thickness ranging between 300- 
800 mm, the value of k can be calculated using linear interpolation. 

k= 1.0 for cases in which the tensile stresses are induced due to restraint of 
extrinsic deformations. 

k 2 = Coefficient that reflects the strain distribution over the cross section. It 
shall be taken equal to 0.5 for section subjected to pure bending and 1.0 
for section subjected to pure axial tension. For section subjected to 
combined bending and axial tension, k 2 shall be calculated from Eq. 
4.5. 
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(4.5) 


_ £\ + e 2 
2 2s 


Where Si and £2 are the maximum and minimum strain values, respectively, 

to which the section is subjected. They shall be calculated based on the analysis 
of a cracked section as shown in Fig. 4.3. 



8i= 82 £ 1 81 

k2 — 1.0 k2=0.5 k2 = (8]+82)/2£| 


a- Strain distribution b- Strain distribution due to c- Strain distribution due to 

due to axial tension B.M. or eccentric forces eccentric tension with small 

with big eccentricity eccentricity. 

Fig. 4.3 Values of the factor k 2 


fs = stress in longitudinal steel at the tension zone, calculated based on the 
analysis of cracked section under permanent loads. 

fsr = Stress in longitudinal steel at the tension zone, calculated based on the 
analysis of cracked section due to loads causing first cracking ( M cr ). 

In case of intrinsic imposed deformation, f s may be taken equal to f sr . 


p r = Ratio of effective tension reinforcement. 



where 


(4-6) 


Ay = area of longitudinal tension steel within the effective tension area. 


A :ef = area of effective concrete section in tension,(=width of the section 
X t Clf )• The value of t cef can be calculated according to Fig. 4.4. 
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Table (4.3) Values of Wkmax (mm) 


Category of 
structure - 
Table (4.1) 

One 

Two 

Three 

Four 

w k 

0.3 

0.2 

0.15 

0.1 



t cef =2.5(t-d) 

Beams Element in tension 



Slabs 


c = neutral axis depth measured from the compression fibers 
c c = clear concrete cover 
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4.5.3 Code Related Provisions 


The Egyptian Code permits nit carrying out the calculations of the limit state of 
cracking in accordance with Eq. (4.2) if one of the following conditions is met: 

1- In ordinary buildings classified as Class No. 1 or Class No. 2 
according to Table (4.1) and where live loads do not exceed 5.0 

2 

kN /m for the following two cases: 

i) Solid slabs of thickness not exceeding 160 mm. 

ii) T- and L- beams with the flange in the tension 
provided that the effective flange width to the 
web width ( B/b) exceeds 3. 

2- For elements subjected to bending moments and axial 
compressive forces exceeding (0.2/ cu A c )under service load 
conditions. 

3- For elements in which tensile steel stress f s under service loads 
are equal to or less than the values given in Tables (4.4) and 
(4.5). 

4- In case of using limit states design method, it can be considered 
that the limit state of cracking regarding the stresses in the 
reinforcing steel is satisfied by multiplying the yield strength f y 
by the factor /? cr in Tables (4.4) and (4.5). 

5- For structures classified as category 3 or 4 in which water 
tightness is required, the tension stresses should satisfy Eq. 4.7. 
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Table (4.4) Control of cracking for smooth bars by limiting steel stress 
under service loads or reduction of design yield stress in steel to \fi C r fy j 




Table (4.5) Control of cracking for deformed bars by limiting steel stress 
under service loads or reduction of design yield stress in steel to [fi cr fy) 


f s (N/mm 2 ) 

W.S.D 

Reduction factor 

Pcr(U.L.D) .. 

Category 

one 

Category 

two 

three & 

four 


HI 

40/60 

Largest Bar diameter (<|) 

max) in mm 

220 

1.00 

0.92 

18 

12 

8 

200 

0.93 

0.83 

22 

16 

10 

180 

0.85 

0.75 

25 

20 

12 

160 

0.75 

0.67 

32 

22 

18 

140 

0.65 

0.58 

— 

25 

22 

120 

0.56 

0.50 



28 
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4.6 Liquid Containing Structures 

Liquid containing structures should be designed as non-cracked sections. In 
these structures the tensile stresses induced by loading should be less than the 
value given by the following equation: 

f Cl ~ \fa (N ) "*"/« (M ) J — .(4.7) 

where 

fctr = ^e cracking strength of concrete and is given by: 

f"tr — 0.6-y/ f cu .(4.8) 

fct(N) = the tensile stresses due to unfactored axial tension force (negative 

sign is used for compressive stresses). 
fct(M)= tensile stresses due to unfactored bending moment. 

The coefficient ( T ]) is determined in accordance with Table (4.6) and it 
depends on the “virtual” thickness t v calculated from Eq. 4.9. 

t v = t i+, .(4. 9 ) 

.«avhere t is the actual thickness of the cross-section. 

Table (4.6) Values of the Coefficient rj 


Virtual thickness, t v (mm) 

Coefficient t] 

Smaller than or equal to 100 

1.00 

200 

1.30 

400 

1.60 

Greater than or equal to 600 

1.70 
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4.7 Design Aids for Calculating w k 

The calculation of the factor w k is complicated and time consuming. Therefore, 
design curves may be used to reduce the computation time. 

The curves were prepared for rectangular sections reinforced with deformed 
bars and subjected to long term loading that result in pure bending moment. 

Hence, the factors appeared in Eqs. 4.2,4.3 and 4.4 are evaluated as follows: 
it, =0.80 -» deformed bars 

k 2 =0.50 —» section subjected to simple bending moment 

/?, = 0.80 —> deformed bars 

= 0.50 —> long term loading 

P =1.70 —» cracking due to loads 

The crack width equation can then be expressed as: 

w k~P ^=l-7 5 ra * sm .(4-10) 

In which 

( 

c = 50 + 0.25 A;, k 2 — 

V Pr ) 

A s juxbxd 

A*/ Ae/ 

A cef =2.5 x(t-d)xb 
fj.xbxd _ 

Pr ~ 2.5x (t -d)xb ~ 2.5 (t Id -1) 

S =f 50 + 0.25x 0.8 x 0.5 x— 1 =f 50 + 0.25 x — - ld — 1 .(4.11) 

”” l Pr) l P 

The previous equation is a function of t/d, the bar diameter <|) , and the 
reinforcement ratio p. The values of S m are given in the Appendix. 

An example of such design aids is given in Fig. 4.6. 
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Similarly, the second term £ jm *cari Be’simplified as follows: 


• f . < ■;> y,i4 


•steji"-- (4 - i2) 


To calculate the steel stresses,'^', the cracked moment of inertia need to be 
computed. Referring to Fig. 4.5,>the, neutral axis distance is obtained by taking 
the first moment of area of the transformed section as follows: 




Cracked section distribution Transformed 

section 

Fig. 4.5 Determination of the neutral axis and cracked transformed 
moment of inertia calculations 


bxc 2 /2-nA s (d-c) =0.....(4.13) 

Subsisting with c =Ad and /u = A/b d gives: 

— n A s (d - Ad) - 0.(4.14) 

Dividing by bd 2 , substituting with p„= (n p), and solving for X gives: 

^ ~~ "\/ 2 Hn +Mn 2 -Mn .( 4 - 15 ) 


Having determined the neutral axis distance c, the cracked moment of inertia 
I cr can be computed as 
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XC At j \2 

hr =—J- + nA s (i d ~ C ) 


The ratio fjf s can expressed as: 


f sr =nx-^x(d~c) 


f s = nx —x(d-c). 


fs . H 


.(4.16) 


• (4.17) 


.(4.18) 


■ (4.19) 




0.1 JfZbt' .(4.20) 


Normalizing the cracking moment by diving by (b d 2 ) gives; 

. 


.(4.21) 


_ nx M x(4-c) 1 _ 0|0x05 |j£ g 
sm 2x10’ xl V M 


.(4.22) 


* 1-0.80x0.5 .(4.23) 

2x10 6 xl/bd 2 [ M/bd 2 J 

The previous equation is a function of M/d b 2 , t/d, and the reinforcement ratio 
p. For each value of the concrete strength f cu , design curves are plotted and 
given in the Appendix. 

An example of such curves is given in Fig. 4.6 and the rest are in the 
Appendix 

Take k r -\.l£ sm xlO 4 . Knowing M/d b 2 , t/d, and the reinforcement ratio p, 
the value of k r is obtained using the design aids. The value of Wk can be 
obtained using the following equation: 

w k =S m xk r x 10" 4 .(4.24) 


The use of these curves is illustrated in Example 4.3. 


304 

















W k factor for sections subjected to bending only 


f cu =50 N/mm 2 , t/d=1.05, ribbed bars, n=10 



M/bd 2 


Values of S m 



w k xk r xio- 4 


Fig. 4.6 Example of design curves for calculating the factor Wk 


305 


Example 4.1 

It is required to design the cross-section of a wall comprising a part of an 
elevated reinforced concrete water tank. The section is subjected to an 
unfactored bending moment of 85 kN.m/m' and an unfactored tension force of 
110 kN/m'. The material properties are/ e „=30 N/mm- and f y =360 N/mm 2 


Solution 

In water containing structures, the Egyptian code requires the satisfaction of 
two conditions: 

1- The concrete dimensions of the cross-section must be chosen such that the 
tensile stresses developed due to the unfactored straining actions are less 
than the tensile strength of concrete. 

2- The steel reinforcement should be designed to resist the tensile forces 
developed at ultimate stage. The stresses developed in the steel 
reinforcement at this stage should not exceed fi cr f y where fi cr is a factor 
less than one and depends on the bar diameter. 

Step 1: Uncracked section analysis 

The concrete dimensions of the cross-section are determined such that the 
tensile stresses developed in the section when subjected to the unfactored 
straining actions are less than the tensile strength of concrete. 

Assuming, t = 550 mm 

The tensile stresses in the section are’ calculated according to the following 
equation: 


f ct ~ fct (N) + f ct (M) < f ctr / 7/ 



/«( N) = - 


llOxlO 3 

1000x550 

6M 

bt 2 


0.20 N! mm 2 
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f cl (M) = 


6x85xl0 6 
1000 x550 2 


1.69 N /mm 2 


f ct = 0.2 + 1.69 = 1.89 N/mm 2 

far = 0.6^ 



f ctr =0.6V30 = 3.28 NI mm 2 

t| = factor that is determined from Table (4.6) according to the following 
equation: 




= tx 



MfL 


t v = 550 x 



= 615 mm 





fctr_ - = 1.93 N /mm 2 >/,. = 1.89Ar/mm 2 ,:.. .Ok. 

?? i.7 c 


Step 2: Cracked section analysis 

According to ECP 203, the load factor for liquid containing structures is 1.4 
M u = 1.4x85 = H9kN.m/m N u =1.4x110 = 154 kN.m/m 

d = t-(clear cover + 0/ 2) 

According to Table 4.1 the structure is classified as class 3. For such a class. 
Table 4.2 gives a minimum concrete cover of 25 mm. 

Assume the reinforcing bars used are of 16 mm diameter. 
d = 550-(25 + 16/2) = 517mm 


e = 


e - 


119 

154 


= 0.77m = 770 mm 


Since e > t/2, the section is subjected to normal force with big eccentricity and 
Mus approach can be used. 
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e s -e -t / 2 +cover 

e s = 770-550/2 + (25 + 16/2) 

e s = 528 mm 

M,„ =N u Xe s = 154x0.528 = 8l3kN.m/m 

For f y -360 N/mm 2 , Table 4.5 is used. The value of j3 cr for 16 mm diameter bar 
can be taken as the average between <j)=12 mm and <j)=18mm. 



A =- 


M. 


N„ 


p cr xf y xjxd P cr xf y !y s 


'or J y 

I sz 

1 bxf„ 

Cl = 9.93 


517=C! 


81.3X10 6 
V 1000x30 


c 

— < 
d 


{- 


take — = 0.125 and j- 0.826 
d 


A„ =- 


81.3x10° 


0.80x360x0.826x517 0.80x360/1.15 


154X10 3 7 r, 

+——————t = 1276mm 2 . Usel<j)l6l m 
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Example 4.2 

A reinforced concrete raft (categorized as category one) of a thickness 900 mm 
and is subjected to an unfactored bending moment of 700 kN.m/m The 
material properties are f cu =30 N/mm 2 and f y =360 N/mm 2 . 

It is required to design the steel reinforcement to resist the applied moment and 
to check the satisfaction of cracking limit state in the Egyptian Code. 

Solution 

In order to design the steel reinforcement satisfying the limit states of cracking, 
the Egyptian Code gives two options to the designer: 

1- Design the steel reinforcement such that the stress developed at the 
ultimate stage is fi cr f y . The reduction in the stresses developed in the steel 
is intended to guarantee a limited crack width at service loads. This is a 
simple straightforward approach that usually leads to uneconomic design 

2- Design the steel reinforcement such that the stress developed at the 
ultimate stage is f y . However, the designer should check the satisfaction of 
the Egyptian Code (Eq. 4.2) in order to guarantee a limited crack width at 
service loads. This approach needs an extensive amount of calculations but 
usually results in an economic design. 


Approach 1 

As mentioned above, this approach is based on designing the steel 
reinforcement based on usable stresses of= j3 cr x / at the ultimate stage. 

-Minimum clear cover =40 mm 

-Ultimate Moment = Ultimate Factor x Bending Moment 
Assuming the factor =1.5 

Ultimate Moment = 1.5x700= \Q50kN .m 

- The effective depth (d) = total thickness - clear cover - <])/2 

Assume the use of reinforcing bars of diameter of 32 mm. From Table (4-5) for 

Category II and assuming 0=32 —» (i cr - 0.75 

d = 900-40-32/2 = 844.0 mm 
~M 

d=ci -- - y 

\ bx fcu 
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S/4=CL 1050x106 Cl = 4.51 & j = 0.817 
/ V 1000x30 


' j3 cr xf y xjxd 

For category one structures and deformed bars of diameter 32 mm (decided by 
the designer), the value of fi cr can be obtained from Table 4-5 as 0.75. 


1050xlO 6 

0.75x360x0.817x844 


■ = 5640 mm 2 Use 7 O 32 


Approach 2 

This approach is based on designing the steel reinforcement to develop the full 
yield strength at ultimate stage and to check cracking status using Eq. 4.2. 

Step 1: Cracked section analysis 

-Minimum clear cover = 40 mm 

-Ultimate Moment = Ultimate Factor x Bending Moment 
Ultimate Moment = 1.5 X 700 = 1050 kN m 
- The effective depth (d) = total thickness - clear cover - cp/2 
Assume the use of reinforcing bar of diameter of 32 mm. 
d = 900-40-32/2 = 844 mm 


d =C1 



844=CL 105Qxl . 9 _ (71 = 4.51 & j=0.817 
\| 1000x30 


fyXjxd 


. 1050x10 . oan 2 tt™ 

A, = - -= 4230mm Use 6<3>32 

' 360x0.817x844 
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Step 2: Calculation of the value of «%• 

Step 2.1: Calculation of the depth of the neutral axis, c 

The first moment of area of the cross-section about the neutral axis must be 
equal to zero. 

c 2 

bx- = nxA s x(d-c) 

c 2 

lOOOXy = 10x(6x804)x(844-c) 

Solving quadratic equation for c, c = 241.17 mm. 



Cracked cross section 


Step 2.2: Calculation of I cr 

r BXC3 „ 

7 cr = ~ 3 +n 4 ( d-c ) 

l cr =- 10QQx ^ 4L17 +10X (6x804) (844-241.17) 2 = 22.21x10 s mm 4 
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Step 2.3: Calculation of steel stresses, f s 


/, - nx —x(d -c) 

* cr 

700x10 6 

=10x--x(844.0 — 241.17) = 190.03/7 /mm 2 

22.21x10 s 



A s 

• • • ■ • 


1000 mm 


Cracked cross section 


Step 2.4: Calculation of cracking moment, M a 

M cr =f c tr X ~ 

fcr= 0 . 60 x^ 

=0.60x730 =3.28 6N /mm 2 


I =—xb xt 3 
* 12 


=—X1000X900 3 = 60.75x10 s mm 4 
12 

M = 3.286 x ■ -- ~ 75 x j ° .. x -j— = 443.7 kN m 
cr 900/2 10 6 
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Step 2.5: Calculation of steel stress f sr 

For n=10, c= 241.17 mm , I cr = 22.21 x 10 9 mm 4 

f S r= nX -~- X (. d ~ C ) 

1 cr 

443 7 x 10 6 

=10x---s-x(844.0 - 241.17) = 120.44 N / mm 2 

22.21 xlO 9 

Step 2.6: Calculation of p r 



A ce f b X t ce j 

t cef = 2.5 x(clear cover + 0/2) 

( 32^ 

t ccf =2.5x 40 H-= 140.0 mm 

V 2 ) 

6x804,0 
Pr ~ 1000x140.0 
=0.0345 

It can be determined that: 

k t = 0.80 -+ deformed bars 

k 2 = 0.50 —> simple bending moment applied 

=0.80 —» deformed bars 

P 2 - 0.50 —> long term loading 

/? =1.70 —» cracking due to loads 
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Step 2.7: Check the value of Wk 

w k ~ P- s rm- £ sm 


s = 


50+ 0.25 A:, k- 


±_ 

Pr 


( 32 ^ 

50 + 0.25x 0.80 x 0.50 x- 

V 0.0345 ) 


o = 142.75 

J7t1 

f 


£ sm ~ 


A 




( f ^ 
J sr 

Vfsj 


S m =- 


190.03 


f 


2 x10 s 


l-0.80x0.50x 


V 


f12044 
190.03, 


0.000797 


w k =1.70x142.75x0.000797=0.1935 mm 


From Table 4.3, w kmax for category one is equal to 0.3. 

Since w k =0.1935 <0.30 the structure stratifies the limit state of cracking. 


Note; 

It can be noted that the calculations needed in Approach 2 are lengthy and 
cumbersome. However, it results in economic design when compared to 
Approach 1 as noted in the amount of steel reinforcement resulted from each 
design. 
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Example 4.3 

It is required to calculate the factor w k for the raft given in example 4.2 
(Approach 2) using the design aids given in the Appendix. 

Solution 

Stepl: Calculate curve parameters 

32 t 900 

d—900 — 40-= 844 mm — = -— = 1.066 

2 d 844 

The computed reinforcement from example 4.2 (Approach 2) is 6<&32 

%l = = 6X804 — = 0.00572 = 0.572% 

bxd 1000 X844 2 

q= 1.0, (ribbed bars) 

Step 2: Calculate Wk 

Step 2.1: Determine k r using the design charts 

J L _ = 700 x! O' 5 =Q983 
bxd 2 1000x844 

Since no chart is available for (t/d=1.066), interpolation should be made 
between the charts available (t/d=1.05 and t/d=1.15), (refer to Fig. EX 4.3 
given below). Using charts with t/d=1.05 gives k r = 13.7, and t/d=1.15 gives k r 
= 12.6. Interpolating, one gets k r - 13.5. 

Step 2.2: Determine S m 

Using the previous design charts. 

Fort/d=1.05 —*■ Sm=120, and for t/d=1.15 —* Sm = 260. 

Interpolating, one gets ,S’ m =142, (refer to Fig. EX 4.3). 

Step 2.3: Calculate the factor Wk 

w k =k r xS m xl0~ 4 
w k =13.5x142x10^ =0.192 mm 

The systematic application of Eq. (4.2) results in w*=0.193 mm. Such a close 
agreement with the value obtained from the use of the design aids confirms their 
accuracy. * 
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Example 4.4 

The critical cross section of a reinforced concrete member that is a part of a 
structure with unprotected tension side (categorized as category II) is subjected 
to an unfactored bending moment of 100 kN.m and an unfactored tension force 
of 400 kN. The concrete dimensions of the member (bxt) are (350 mm x 900 
mm). It is required to design the steel reinforcement of the section satisfying 
the requirements of the limit states of cracking in of the Egyptian Code. The 
material properties are f cu =25 N/mm 2 an df y =360 N/mm 2 . 

Solution 

In order to design the steel reinforcement satisfying the limit states of cracking, 
the Egyptian Code gives two options to the designer: 

1- Design the steel reinforcement such that the stress developed at the 
ultimate stage are j3 cr f y . The reduction in the stresses developed in the 
steel is intended to guarantee a limited crack width at service loads. This 
is a simple straightforward approach that usually leads to uneconomic 
design. 

2- Design the steel reinforcement such that the stress developed at the 
ultimate stage is f y . However, the designer should check the satisfaction 
of Eq. 4.2 in order to guarantee a limited crack width at service loads. 
This approach needs an extensive amount of calculations but usually 
results in economic design. 


Approach 1 

As mentioned above, this approach is based on designing the steel 
reinforcement based on usable stresses of P cr f y at the ultimate stage. 
Cross-section of beam = 350 mm x 900 mm 
N u = 1.5 x 400 = 600 kN 
M u =1.5x100 = 150 kN.m 

M u 
e -—— 

N u 

150 t 

e — —— — 0.25 m -250 mm < — = 450 mm.small eccentric tension force 

600 2 


317 


t 

e.., =- e —cover 

A 2 

Assuming the cover = 40 mm 
e sl = 450 — 250 — 40 = 160 mm 

t 

e , 7 ~ — + e-cover 

i2 2 

e s2 — 450 + 250 - 40 = 660 mm 
Avi =^j^rKPcrf y irs) 

From Table (4-5), for Category II and assuming <j)= 22 —> fi cr = 0.75 

_ 600x10 x660 Q ?5 360/1 lg ) _ 2Q57mm2 . Use 6 <j, 2 2 

11 860-40 

42 '(Per* fy {Vs) 

From Table (4-5), for Category II and assuming </)= 12 —> f3 cr = 1.00 

A , =--/(1.0x360/1.15) = 374mm 2 .Use 4<E>12 

* 2 860-40 


Approach 2 

This approach is based on designing the steel reinforcement to develop the 
yield strength at ultimate stage and to check cracking status using Eq. 4.2. 

Step 1: Cracked section analysis 

Cross-section of beam = 350 x 900 mm 
e = ^ 

N u 

e = = 0.25 m =250 mm < — = 450 mm.eccentric tension force 

600 2 
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e.., = — e — cover 
2 

Assuming the cover = 40 mm 
e., = 450 — 250 — 40 = 160 mm 


e s2 = — + e-cover 


e s2 = 450 + 250 — 40 = 660 mm 




r'(f y 'Vs) 


d-d 

600.0 xl0 3 x 660 , , 

A^, = ——-/(360/1.15) = 1543mm 


4 _ N u Xe sl 

A s2 ~ 


*S2 = 


860-40 

-/(/,//,) 


Use 4(Z>22 


d-d 

600.0 x10 3 x160.Q 
860-40 


/(360/1.15)-374mm 2 .Use 4^12 
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Step 2: Calculation of Wk 

Step 2.1 Calculation of the steel stress f s 


f - Nxe * IA 

U d-d' Asl 

_ 400,0 xl0 3 x 660 
860-40 


/1520- 211.8 NJmm 2 




350 mm | 


Step 2.2: Calculation of steel stress f sr 

In order to find the steel stress f str , one has to calculate the combination M cr 
and N cr that result in first cracking of the section. It should be clear that one 
has to assume that the eccentricity of the tension force will be unchanged 
during the history of loading. 


far = 0- 6 0 x >V 


f ctr =0.60xV25/1.7 = 1.76 N/mm 2 


f - N - , 6 X M cr 

Jclr A bxt 2 
j, .. . 1 6xe 
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1.76 = N. r xlO 3 


1 6x250 A 

- + 


350x900 350x900 2 


N er =207.9 kN 


U = N / A. 


d-d' 


. 207.90x 10 3 x660 2 

f„ = -—---71520.0 = 110.177/mm 2 


860-40 


Step 2.3: Calculation of p e jj 


P 


A, 


T A cef 


A cef b ^ ccf 


t cef = 2.5 X (clear cover + </>/2) 
t ce j = 2.5 X (30 +22/2) = 102.5 mm 
1520.0 


Pejf — 


■ = 0.042 


350x102.5 

Step 2.4: Calculation of k 2 

£, +£ 0 


k 2=- 


2e x 


The strains £\ and £2 are calculated through the analysis of the transformed 
section. 

fy'Ys 


Assuming - 


360/1.15 nnni _, 
=-T— = 0.00156 


2x10 

e sl 


e x — ~xf 2 


321 


e. =-x 0.00156 = 0.00643 

1 160 



Step 2.5: Check the value of wi< 


= 0.80 
/?, =0.80 
Pi = 1-0 

/3 = 1.70 


deformed bars 
deformed bars 
short term loading 
case that includes loads 


w k P- S rm • £ sm 


s = 


50 + 0.25&J k 2 


Pr 


50 + 0.25x0.80x0.621x- 


22 

0.042 


s rm = 115.06 







211.8 

2xl0 5 



110.1 

211.8 



e = 0.00083 

sm 

w k = /3xs m x S sm =1.70x115.06 x 0.00083 = 0.162 mm 
From Table 4.3 Wkmax for category one is 0.3 

Since w k =0.162 mm <0.30 the structure stratifies the limit state of cracking. 


Note; 

It can be noted that the calculations needed in Approach 2 are lengthy and 
cumbersome. However, it results in economic design when compared to 
Approach 1 as noted in the amount of steel reinforcement resulted from each 
design. 




5.1 Introduction 

The main purpose of footings and other foundation systems is to transfer 
column loads safely to the soil. Since, the soil bearing capacity is much lower 
than the concrete columns; the loads need to be transferred safely to the soil by 
using larger areas usually called shallow foundations. If the soil has low 
bearing capacity, or the applied loads are very large, it may be necessary to 
transfer the load to a deeper soil through the use of piles or caissons usually 
called deep foundations. 
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Foundation design requires both a soil investigation-, to determine the most 
suitable type of foundation, and a structural design-, to establish the depth and 
reinforcement of the different foundation elements. It is customary for the 
geotechnical engineers to carry out the soil investigation, and propose the best 
foundation system that fits a particular location. It is the responsibility of the 
structural engineer to establish the size and amount of reinforcement for each 
component of the proposed foundation system. 

This chapter addresses the structural design of shallow foundations and piled 
foundations. Traditional analysis and design procedures are explained. The 
chapter also explains the use of the finite element method for the analysis and 
design of complicated foundation systems such as shallow rafts and rafts on 
piles. 

5-2 Types of Foundations 

The choice of a particular type of foundation depends on a number of factors, 
such as the soil bearing capacity, the water table, the magnitude of the loads 
that needs to be transferred to the soil, and site constraints such as the existence 
of a property line. 

Generally, foundations may be classified as follows: 

• Shallow foundations: This type includes strip footing, isolated footings 
combined footing, strap footing, and raft foundation 

• Deep foundations: This type includes isolated pile caps or raft on piles 
Fig. 5.1 shows some types of foundations that are usually used in structures. 

A strip footing is used under reinforced concrete walls to distribute the vertical 
loads over the soil as shown in Fig. 5.1a. The load is transferred mainly in one 
direction perpendicular to the center line of the wall. Isolated footings are the 
most common type of foundations in ordinary structures. They used to 
distribute column load on relatively large area of soil as shown in Fig. 5.1b. 
They transfer the load in two directions. If two columns or more are closely 
spaced or the required footing sizes overlap each other, the two footings are 
combined in one big footing called combined footing (Fig 5.1c). If one of the 
footings is very close to a property line, then a stiff beam is used to connect 
this column to an interior column. This type is called strap footing as shown in 
Fig. 5.Id. If the applied loads are heavy or more than 60% of the isolated 
footings overlap, a r aft foundation is used to support the entire structure as 
shown in Fig. 5.1e. This is similar to an inverted flat slab in which it contains 
column and field strips. Finally, if the applied loads are large or weak soil 
encountered, it may be practical to support the structure into deeper more stiff 
soil through the use of pile foundations. Pile caps are used to distribute column 
loads to a group of piles as illustrated in Fig. 5.If. 



column 

47 \ 


RC footing 


PC footing 


2 





(b)Isolated footing 


column column 
A 71 


exterior 


interior 


RC footing 
PC footing^/! 



(c) Combined footing 





(e) Raft foundation 
Fig. 5.1 Types of foundations 
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Applied 

load 



Section 



(f) Pile foundation 


Fig. 5.1 Types of foundations (contd.) 
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5.3 Soil Pressure under concentrically Loaded 
Footings 

The actual bearing soil pressure differs significantly according to the type of 
soil, stiffness of the footing and loading conditions. In general, the distribution 
under the base of the footing is non-uniform. Assuming the loading is 
concentric and the footing is rigid, the soil pressure distribution under sandy 
soil (cohesionless soil) may take the parabolic shape shown in Fig. 5.2a. The 
part of the soil under the column is likely to be pressured more than the part at 
the edges. The soil particles near the edges escapes from under the footing 
providing less support and producing less pressure. In contrast, in a clayey soil 
(cohesive soil), the stresses near the edges are larger than those at the middle as 
shown in Fig. 5.2b. This is attributed to the shear stresses developed near the 
unloaded portion (surrounding the footing) of the soil near the edges. This 
additional support results in producing high stresses near the edge than those 
developed at the center of the footing. 

In addition to the variation of soil distribution under different types of soils, the 
stiffness of the footing itself adds more complexity to the problem. For design 
purposes, the bearing soil distribution is assumed uniform regardless of the 
type of soil or the stiffness of the footing as shown in Fig. 5.2c. The 
assumption of uniform pressure simplifies the calculation of the acting forces 
and speeds up the design process. Experimental tests and the performance of 
the existing buildings indicate that this assumption results in conservative 
designs. 



Photo 5.2 An isolated footing during construction 
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a- Footing on sandy soil 
load 



b- Footing on clayey soil 

load 



c- Assumed uniform pressure 
Fig. 5.2 Soil pressure distribution under footings. 
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5.4 Soil Pressure under Eccentrically Loaded 
Footings 

Foundations may be frequently subjected to eccentric loading resulting from 
lateral forces due to wind or earthquake. The moments developed at the base of 
the footing produce a non-uniform soil pressure that needs to be taken into 
account. 

If the eccentricity of the load is small, compression stresses develop across the 
contact between the footing and the soil as shown in Fig. 5.3a. The maximum 
stress f„ax should be checked against the allowable bearing capacity. As the 
eccentricity of the load increases, the difference between the maximum f llwc and 
minimum f nm stresses increases. The classical stress equation is used to 
determine the distribution of the soil pressure as follows: 

/max = ~r ± ~T y .....(5-1) 


Where P and M are the unfactored axial load and moment, respectively, and y 
is the distance from the c.g of the footing. 

For rectangular footings (Lxb) in which A -bxL, I = bxlJ I\2 
and y = L! 2, the previous equation may be written in the following form 



P 6M 
bxL~bxL 2 


(5.2) 




(5.3) 


At a certain limit (e=L/6), the minimum stress becomes zero at the edge as 
shown in Fig. 5.3b. Any further increase in the eccentricity of the load will 
result in negative pressure (tension). However, the previous equations are only 
valid when no tensile stresses are developed. This is because tensile stresses 
cannot be transmitted between the soil and the concrete, and redistribution of 
stresses should occur. For a rectangular footing of length L, if the eccentricity 
e exceeds L/6, a triangular stress distribution will develop over part of the base 
as shown in Fig. 5.3c. For equilibrium to occur, the centroid of the soil pressure 
must coincide with the applied load P u . If we denote the distance from the 
applied load P u to the footing edge a, then the length of the base on which the 
triangular stress distribution developed is 3a. Applying the equilibrium 
equation gives: 

max xi x (3a) = P u .(5.4) 


330 





























3 xaxb 


Where— +e+a = L or a— ——e 
2 2 

The maximum developed pressure f max should not exceed the soil bearing 
capacity. The assumed pressure distribution is expected to deviate from the 
reality because of the non linear stress-strain relationship of the soil. The 
amount of deviation increases as the amount of eccentricity increases. 
However, experience over the years showed that this simplified analysis gives 
a safe design. 

Footings subjected to high moments tend to tilt and undesirable differential 
settlement develops. Therefore, it is recommended to minimize the eccentricity 
of the applied load as much as possible. 

In some other cases the footing may be subjected to eccentricities in both 
directions. This produces biaxial moments on the footing. Only one comer 
point is subjected to the maximum stress. The soil stresses may be obtained 
using the stress equation as follows: 

PM 

f^--±-^y + ~r x .( 5 - 6 > 

min l x l y 

Hand calculations of such problems are difficult, and computer programs are 
usually used to determine soil distribution and the acting forces. 


Photo 5.3 Foundations of a high-rise building during construction 


bjeccentricity e—L! 6 


cjlarge eccentricity e> LI 6 


Fig. 5.3 Soil stress distribution for eccentrically loaded footings 










Example 5.1 

The concrete footing shown in figure is designed to support a dead load of 
1260 kN and a live load of 820 kN. The allowable soil pressure is 320 kN/m 2 . 

Determine and check safety of the developed soil pressure if the eccentricity 
equals: 

a) e=0 



Solution 

The total applied working loads (unfactored) equals: 


I’ ^DL + ^LL 


= 1260 + 820 = 2080 kN 


Case a 

For a concentrically applied load (e=0), the soil pressure simply equals the load 
over the area of the footing. 



2080 

3.4X3.0 


= 203.92 kN/m 2 


Since the applied pressure (203.92 kN/m 2 ) is less than the allowable soil 
pressure (320 kN/m ), the footing is considered safe. 
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Case b 

Since e = 0.3 m < L/6 = 0.567m, the soil bearing pressure can be obtained 
using the following equation: 

p ( 6 e \ 

f =—‘— 1±- 

J max * . t T ' 

min O X Li V Lj 


f max 

f . = 

J min 


2080 

f 6x0.3 

1 _l_ 

3.0x3.4 

1 i 

l 3.4 . 

2080 | 

f, 6x0.3' 

1- 

V 3.4 . 

3.0x3.41 


: 311.88 kN/m 2 


: 95.96 kN/m 2 


Since the maximum applied pressure (/ma.t=311.88 kN/m 2 ) is less than the 
allowable soil pressure (320 kN/m 2 ), the footing is considered safe. 


2080 kN 


1 0.3 


95.96 kN/m 




sill 

*W. 

M 

u 

xnxi 

__ 




311.88 kN/m 2 
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Case c 


Since e - 0.8 m > L/6 - 0.567m, the soil bearing pressure can be obtained 
using the following equation: 

L 3.4 

a— ——e — -0.8 = 0.9 m 

2 2 


f 


max 


_ 2P„ 

3 xaxb 


2x2080 

3x0.9x3 


= 513.58 kN/m 2 


Since the maximum applied pressure (/w=513.58 kN/m 2 ) is larger than the 
allowable soil pressure (320 kN/m 2 ), the footing is considered unsafe. 


2050 kN 
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5.5 Gross and Net Soil Pressures 

The soil pressure may be expressed in terms of gross or net pressure at the 
foundation level. The gross soil pressure is the total soil pressure produced by 
all loads above the foundation level. These loads consist of (a) the service 
column load at the ground surface, (b) the weight of the plain and reinforced 
concrete footings, and (c) the weight of the soil from the foundation level to the 
ground level. On the other hand, the net soil pressure does not include either 
the weight of the soil above the base of the footing or the weight of the footing. 
It can be simply obtained by subtracting from the gross soil pressure the weight 
of 1-m square of soil with a height from the foundation level to the ground 
level. 


If a concrete footing is located at the foundation level without any column load 
as shown in Fig. 5.4a, the total downward pressure from the footing and the 
soil above is 51 kN/m 2 . This is balanced by an equal and opposite (upward) 
soil pressure of 51 kN/m 2 . Therefore, the net effect on the footing is zero and 
neither moments nor shear develops in the footing. 

When the column load column is applied, the pressure under the footing is 
increased by 120 kN/m 2 as illustrated in Fig. 5.4b. Thus the total pressure on 
the soil becomes 171 kN/m 2 . This is the gross soil pressure and must not 
exceed the allowable soil pressure q a tiowabie ■ When the bending moments and 
shear forces are computed, the upward pressure and downward pressure of 51 
kN/m 2 cancel each other leaving only the net soil pressure of 120 kN/m to 
produce the internal straining actions on the footing as shown in Fig. 5.4c. 

In design, the area of the footing is chosen such that the applied gross pressure 
does not exceed the allowable soil pressure. The net soil pressure is used to 
calculate the reinforcement and to check the shear strength of the footing. The 
area of the plain concrete footing is calculated as follows: 


Area = 


,gross (column load+footing + soil) 
Qallowable 


The pervious equation can be further simplified by assuming the weight of the 
footing and the soil above is about 5%-10% of the column load. Assuming this 
ratio to be 10% the area of the footing can be obtained using Eq. 5.8 as follows: 
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load=0 



load=1080 kN 



q sms = 36+15+120=171 kN/m 2 


b) Gross soil pressure 


load=1080 kN 



<?„„=120 kN/m 2 
c) Net soil pressure 

Fig. 5.4 Gross and net soil bearing pressures. 
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Example 5.2 

For the footing shown in the figure below, calculate the gross and the net soil 
pressures at the base of the footing. The densities of the plain concrete, the 
reinforced concrete and the soil may be taken as 22 kN/m 3 , 25 kN/m 3 , and 
soil=18 kN/m 3 , respectively. 



Solution 

The total loads above the foundation level are calculated as follows: 


1. Column load 820 + 350 = 1170 

2. weight of the PC footing 22x2.6x2.6x0.3 = 44 .6 kN 

3. weight of the RC footing 25 x 2. lx 2.1 x 0.4 = 44.1 kN 

4. weight of the Soil 18x2.1x2.1x1.3 = 103.19 kN 


P totcd =1170 + 44.6 + 44.1 + 103.19 = 1361.91 kN 
The gross soil pressure equals: 

, P 1361.91 , 

/= — =-= 201.46 kN / m 2 

A 2.6 x 2.6 

The added (net) soil pressure (due to adding the footing and column load) 
f„a = f gross -weight of 2m of soil = 201.466 -18 x 2 = 165.466 kN /m 1 
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5.6 Design of Isolated Footings 
5.6.1 Introduction 

The design of the isolated footings must consider bending, development of the 
reinforcement, one-way shear and punching shear. Since shear reinforcement is 
not permitted by the ECP 203 for one-way shear and two-way shear. 
Accordingly, shear rather the bending moment normally controls the depth of 
the footing. 

One-way shear reinforcement is not allowed in the footings because (1) 
determining of the effective pattern of shear reinforcement is difficult to 
establish when the footing is bending in two directions, and (2) the depth of the 
compression zone may be not sufficient to anchor the shear reinforcement that 
is intended to reach the yielding stress at failure. 

Punching shear reinforcement (two-way shear) is permitted by some 
international codes. Because of the difficulty of placing such reinforcement, the 
Egyptian Code insists in depending on concrete only in resisting two-way 
shear. 

The soil pressure causes the footing to deflect upward, producing tension in 
two directions at its bottom fibers. Therefore the reinforcement is placed at its 
bottom of the footing in two perpendicular directions without the need of top 
reinforcement. 

It is common in Egypt to construct a plain concrete footing above which a 
reinforced concrete footing of smaller dimensions is resting. Such an 
arrangement proves to be more economical than using a reinforced concrete 
footing resting directly on soil. 



5.6.2 Design Steps 

Step-1: Dimensioning of the Plain Concrete Footing 

The plain concrete footing size is computed suing the allowable soil 
pressure. It is customary to assume that the weight of the soil and the 
footing equal to 5-10% of the column load. The loads used in the 
calculations are the working loads (unfactored). Thus, the area of the 
plain concrete footing (A) equals: 


A = ) .(5.9a) 

allowable 

The dimensions of the footing are chosen such that an equal amount is 
projecting all around the column. Referring to Fig. 5.5, the dimensions 
of the footing are taken as 

LxB = Lx[L + (b c -a c )\ = A .(5.9b) 

Dimensioning the footing in such a way will ensure producing the same 
bending moment in all four sides. Thus, the reinforcement in the 
reinforced concrete footing will approximately be equal in both 
directions. 

The thickness of the plain concrete footing is usually assumed from 
250-500 mm depending on the soil type and the magnitude of the 
applied loads. 




RC footing 


PC footing 


Fig. 5.5 Dimensioning of the plain concrete footing 
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Step 2: Dimensioning of the Reinforced Concrete Footing 

The plan dimensions of the reinforced concrete footing are determined by 
subtracting a distance x from each side dimension of the plain concrete 
footing. The value of x depends on the soil bearing capacity and the 
thickness of the plain concrete footing. The value of x is usually assumed 
’’ 0:8-1.0 the thickness of the plain concrete footing. 

A r =L — 2x and B r = B - 2x 

More refined analysis can be obtained by equating the tensile strength of 
concrete to the tension developed in the plain concrete footing at sec 1-1 as 
shown in Fig. 5.6. 


'■-W'.(7) 


Where P a is the allowable soil pressure and q is a coefficient that depends 
on the thickness (can be assumed=1.7) and t is the thickness of the plain 
concrete footing obtained from step 1. 

The previous equation can be solved to obtain the distance x. A factor of 
safety of 3 applied to the allowable tensile strength of concrete is assumed 
to obtain the values listed in Table 5.1. Knowing f cu and the allowable soil 
pressure, one can get the value of x/t from table 5.1 and hence x is known. 



Critical section for 



Reinforced concrete 

Plain concrete 


Fig. 5.6 Dimensioning of a reinforced concrete footing 
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Table 5.1: x/t values 


Allowable soil pressure P a (kN/m 2 ) 


N/mm 

100 

125 

150 

175 

200 

225 

250 

300 

15.0 

1.23 

1.10 

1.01 

0.93 

0.87 

0.82 

0.78 

0.71 

17.5 

1.28 

1.15 

1.05 

0.97 

0.91 

0.85 

0.81 

0.74 

20.0 

1.32 

1.18 

1.08 

1.00 

0.94 

0.88 

0.84 

0.76 

22.5 

1.36 

1.22 

1.11 

1.03 

0.96 

0.91 

0.86 

0.79 

25.0 

1.40 

1.25 

114 

1.06 

0.99 

0.93 

0.89 

0.81 

30.0 

1.47 

1.31 

1.20 

1.11 

1.04 

0.98 

0.93 

0.85 


The thickness of the reinforced concrete footing should not be less than 300 
mm or the smallest column dimension which ever is greater. 


Step 3: Design for Punching Shear 

The factored pressure q su at the bottom of the reinforced concrete 
footing is obtained using the factored load as follows: 

P. 1.4 Pn, +1.6?,, 


AxB 


lAPpi +1-6 P LL 
A. xB, 


,(5.10) 


Punching shear failure is referred as two-way shear. In the ECP 203, the 
critical perimeter for punching shear is at a distance d/2 from the face 
of the column as shown in Fig 5.7. The critical shear perimeter is given 
by 

b 0 =2(a+b) = 2(q c +d) + 2 (b c +d ).(5.11) 

Where a c and b c are the dimensions of the column, and d is the average 
effective depth in the two directions. 

The punching shear load is obtained by subtracting the factored 
pressure multiplied by the punching area from the column load as 
follows 


Qu P = P u~<lsu( aXb ) 

The punching stresses 


(5.12) 


q “ p ~ bxd ~ Qci 


(5.13) 
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Fig. 5.7 Punching loading area and perimeter. 


Since punching shear reinforcement is not allowed by the ECP 203, the 
developed shear q up should be less than concrete strength q cu given by 
the least of the following three values: 


q =0.316 K^-<l.6N I mm 2 .(5.14a) 

We 


2 . 


q eup =0.316(0.50 + ^) pL 
b V 7c 


.(5.14b) 


3. 


a A\ £5Z 


Qcup = 0.8 ( 0.20 + —) , 

b O V Yc 


.(5.14c) 


Where a is a factor equals to 2, 3 ,4 for comer, exterior, internal 
footings respectively and b 0 is the critical punching shear perimeter. 

If the applied punching shear stresses are less than the concrete strength 
qcu , the footing is considered safe, otherwise the footing depth has to be 
increased. 
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Step 5: Design for Flexure 

The ultimate soil pressure induces moment into two perpendicular 
directions. Frequently, the minimum reinforcement requirement 
controls the design. 

4 * = 7 ~bd .(5.18) 

I y 

The critical section for moment is taken at the face of the column. A lm 
strip is usually used to calculate the reinforcement per meter. Referring 
to Fig. 5.9, the moment per meter equals 



(4 ~ a cf 

8 


(5.19) 



Fig. 5.9 Critical section for bending 
345 


Column reinforcement should be well anchored in the footing using column 
dowels. The length of these dowels inside the column should not be less than 
40 the largest bar diameter as shown in Fig. 5.10. 
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Example 5.3 

Design an isolated footing for a rectangular column (0.25 x 0.8 m) that carries 
unfactored dead of 780 kN and unfactored live load of 440 kN, respectively. 
Design data: 

Allowable soil pressure =125 kN/m 2 (1.25 kg/cm 2 ) 
f cu =30 N/mm 2 (reinforced concrete) 

f cu =20 N/mm 2 (plain concrete) 

fy =360 N/mm 2 


Solution 

Stepl: Dimensioning of the plain concrete footing 

The total working load equals 
P w = 780 + 440 = 1220 kN 

The weight of the footing and the soil are assumed (5-10% of the acting 
working loads) say 8% 

The required area of the plain concrete footing equals 


Area = 


1.08XP 1.08x1220 


7 allowable 


125 


= 10.54 m 2 


To have uniform soil pressure and economic design, the dimensions of the 
footing are taken such that the cantilever distance (m) is same on all sides of 
the column. 
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Thus, the dimension (B) must be greater than (L) by the difference in column 
dimension as follows 

B = L + (/> c -a c ) = L + (0.8-0.25) = L +0.55 
The area of the plain concrete equals 
L (L + 0.55) = 10.6 

Solving the previous equation for L gives 


-0.55+ V0.55 2 +4x10.6 


= 2.99 m say L=3.0m 


B =12^1 = 3.513 m say B=3.55 m 

3 

The plain concrete dimension is chosen (3 x 3.55 ms) 

The thickness of the plain concrete is chosen equal to 350 mm. 

Step 2: Dimensioning of the reinforced concrete footing 

From Table 5.1, x/t=1.18 —> Assume x=t=0.35 m 

A r =L-2x0.35 = 3-0.7 = 2.3 m 
B r = £-2x0.35 = 3.55-0.7 = 2.85 m 
P u =1 AP dl +1.6 Pu =1.4x780 + 1.6x440 = 1796 kN 
The factored net soil pressure q su equals 

q =—-= 1796 _ = 274 kN lm 2 

Hsu A. r xB r 2.3x2.85 

Assuming that the thickness of the RC footing is 0.55 m, the chosen 
dimensions are (2.3 x 2.85 x 0.55 ms). 




A,=2.30 m 


Reinforced concrete 
footing 

' Plain concrete 
footing 
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Step 3: Design for punching shear 

Generally, the thickness of the isolated footing is governed by punching shear. 
The critical section for punching shear is at d/2 from the face of the column. 
Assuming 70 mm concrete cover, the effective depth d equals 480 mm 

a — a c +d = 250 + 480 = 730 mm 
b =b c +d = 800 + 480 = 1280 mm 
U =2 (a +b) = 2 (730 + 1280) = 4020 mm 



The punching load = column load - the load acting on the punching area 
Qup = p u ~Qsu ( a xb) = 1796-274 (0.73x1.28) = 1540 kN 


<2„ p 1540x1000 

Uxd 4020x480 


= 0.798 N /mm 2 


The concrete strength for punching is the least of the three values 


q C u P =0.316 — = 0.316 


= 1.41 N/mm 
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q cu = 0.316(0.50 + -^) 


(Y (I 

<lcu P = 0 . 8 ( 0.20 + — 


^ ca =0.316(0.50 + ^-), — =1.15 N /mm 2 
0.8 V 1.5 


= 0.8 0.20 + 


4x0.48 

4.02 


— = 2.42 N /mm 2 
1.5 


q C u P = 1-15 N/mm 2 

Since the applied shear stress (0.798) is less than concrete shear strength (1.15) 
, the footing is considered safe 


Step 4: Design for one-way shear 

The critical section for one-way shear is taken at d/2 from the face of the 
column as shown in figure. 

a = 0.25+ d / 2+d / 2 = 0.25+d = 0.25 + 0.48 = 0.73 m 



2.3-0.73 

2 


= 0.785 m 


d/2=0.24 

1 — 


column 


250x800 mm 

t=0.55 


1 


d=0.48 



iiiiii 



q sou =274kN/m 2 
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Qu =9™ -t-B r =274x0.785x2.85 = 613 kN 

Q u 613x1000 , - 

q u — -= 0.45 N I mm 2 

bxd 2850x480 

I f RFj" 

q cu =0.16 =0.16 J— =0.715 N/mm 2 

V 1.5 V 1.5 

Since q u is less than q cu the footing is considered safe in shear 

Step 5: Flexural design 

Step 5.1: Reinforcement in the short-direction 

The critical section is at the face of the column, and taking a strip of lm 

(*, xu> , 274 . 143 , 93 w 


«- l4W 4» =0.02! 

f cu xbxd 2 30xl000x480 z 

From the chart with R=0.021, the reinforcement index <y=0.0245 
f 30 

A s = cox J -f-xb xd = 0.0245x —— x 1000 x 480 - 980mm 1 


A s m j n =^^-xbxd = ^^x 1000x480 = 800 mm 2 <A, 

' /, .360 

Aj=980 mm 2 

Use 5<F16/m' (1000 mm 2 ) 

Step 5.2: Reinforcement in the long direction 

The critical section is at the face of the column, and taking a strip of lm 

u.-q. ■ 274 ■ 143.93 Mr, / -' 

8 8 

Since the moment in the long direction is the same as the moment in the short 
direction, the reinforcement is taken identical (same) to that of the short 
direction. 


Step 5.3: Check the development of the reinforcement 

For simplicity, the values listed in the Egyptian code to determine the 
development length is used. For high grade steel without hooks the 
development length Ld=60 <t>. 

For 16 mm diameter, 960 mm 

Bar extension past the face of the column equals 

A-a c 2300-250 

-=-= 1025 mm > L .. ok 


Column dowels 


f 


5 d> 16/m' 


S 5 <E> 16/m' 

4 I- 


it it A* 



Plain concrete 
'footing 


Footing reinforcement details 
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5.7 Combined Footings 

Combined footings are used when either one of the columns falls on a property 
line or when the two columns are close to each other such that the footings 
overlaps. The geometry of the footing is chosen such that the resultant of the 
two columns coincides with the centroid of the footing. This can be achieved 
by using trapezoidal footing (Fig. 5.11a) or by adjusting the center of the 
footing at the resultant as shown in Fig. 5.11b. The resulting pressure is 
uniform under the footings and help to prevent differential settlement. It is 
common to place the reinforced concrete footing above a plain concrete footing 
to reduce cost as shown in Fig. 5.11c. In some cases the resulting moments 
between the columns may become large and it may be economical to use an 
inverted T-beam to increase the effective depth and reduce the reinforcement 
as shown in Fig. 5.lid. 

The basic assumption for the design of a combined footing is to assume that the 
footing is rigid and is subjected to a linear soil pressure. In actual practice, it 
requires very big thickness to make rigid footing. However, the assumption of 
rigid footing has been used successfully over the years. The combined footing 
can be designed as beam on elastic foundation that usually leads to more 
economic solutions. However, this method is time consuming and is not 
suitable for design office calculations. 



a) Trapezoidal combined footing 


Resultant 



b) Rectangular combined footing 
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Fig. 5.11 Type of combined footings (cont.) 


In combined footings, soil pressure is resisted by a series of strips running in 
the longitudinal direction as shown in Fig 5.12. The load is then transmitted to 
the cross beams AB and CD, which transmit the pressure to the columns. The 
cross ( hidden ) beams are assumed to extend d/2 from the face of the column. 
The main top longitudinal reinforcement is placed between the two columns, 
while the main bottom longitudinal reinforcement is placed under the columns. 
Main transverse reinforcement is placed at the bottom at locations of the cross 
beams. 



Fig. 5.12 Analysis of combined footings 

354 










It is customary in Egypt to construct reinforced concrete footings on top of 
plain concrete footings mainly for economical reasons as shown in Fig. 5.13a. 
However, it is also popular around the world to use reinforced concrete 
footings directly resting on soil after providing a thin layer of plain concrete 
(100 mm) for leveling as shown in Fig. 5.13b. Such a design approach is also 
adopted in Egypt in some few projects. 


The analysis is carried out in a similar manner to that to that explained before 
with the exception of ignoring any contribution of the plain concrete. 
Therefore, the dimensions of the reinforced concrete footing should be chosen 
to distribute the applied loads safely to the soil. 


Reinforced concrete footing 


Reinforced concrete footing 




Plain concrete footing 


(300-600 mm) 


a) Plain concrete is used in 
the design calculations. 



Plain concrete for leveling 


(100 mm-150 mm) 


b) Plain concrete is not used 
in the design calculations. 


Fig. 5.13 Reinforced concrete combined footings with or 
without plain concrete footings 


Example 5.4 illustrates the design of a combined footing that is resting on a 
plain concrete footing, while Example 5.5 illustrates the design of a combined 
footing that is resting directly on the soil. 
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Example 5.4: Combined footing with PC 

Design a combined footing to support the two columns shown in Fig. EX 5.4. 
Column Ci has a cross section of (0.3 m x 0.4 m) and supports a wor ng oa 
of 1320 kN. Column C 2 has a cross section of (0.3 m x 0.7 m) and supports a 
working load of 1960 kN. Assume that the allowable soil pressmens 1/5 
kN/m 2 , and the material properties are/ c „=25 N/mm 2 , and//=400 N/mm . 


0.3 m | 


j 0.7m | 


■I"' 


■ S-3.6 m - 


Fig. EX 5.4 Layout of Columns 


Solution 

Step 1: Dimensions of the plain concrete footing 

The location of the resultant force is determined by taking moments of all 
forces about any point. Taking moment about the c.g. of column C , one ge s. 


S-3.6 m 


















x _ P C2 xS 1960x(3.6) _ 

" P a+Pc2 (1320 + 1960) 

To ensure uniform pressure throughout the footing, the centroid of the footing 
must coincide with the resultant. Assume that the length of the footing is L. 

L = 2x r + thickness of Cl/2 + thickness of C2/2 +(l-2m) = 6.0 m 

The width of the footing is determined from the allowable soil pressure. 
Assuming that the weight of the footing is about 10% of the total applied loads, 
the width of the footing equals: 

r> _ 1-1 (P Ci + P C2 ) l.lx(1320 + 1960) „ , , 

a --- = --_ 3 44 m 

CT dl xL 175x6 

Rounding B to the nearest 50 mm -> B=3.45 m. 

The plain concrete footing dimensions are (6.0 m x 3.45m) and its thickness is 
assumed 400 mm. 


The pressure (er^,) = - U ^ = 174.3 kN /m 2 < 175. .ok 


Pci=1320 


Resultant 
=3280 kN 


Pc2=1960 



Dimensions of the plain concrete footing 
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Step 2: Dimensions of the reinforced concrete footing 

To ensure that a uniform pressure is acting under the reinforced concrete 
footing, the centroid of the footing must coincide with the resultant. Assume 
that the distance x = thickness of the plain concrete = 0.4 m. 

L, =L-2x =6-2x0.4 = 5.2 m 

B x =B -2 x =3.45-2x0.4 = 2.65 m 

Assume the thickness of the RC footing is 0.8 m. Hence, the dimensions of the 
RC footing are (5.2 m x 2.65 m x 0.8 m). 

The ultimate pressure is used to calculate the moments and shear forces. 
Assuming that the live loads are less than 75% of the dead loads (the usual 
case), the ultimate loads equal: 

p U (ci) =1-5 xP =1.5x1320 = 1980 kN 
P u(C2) = 1.5xP = 1.5x1960 = 2940 kN 


1 Dm J 

0.4 | 

' s ? 

\0.4 

r~ 





S=3.6 m 














Step 3: Design the footing for flexure 
Step 3.1: Longitudinal direction 

The ultimate pressure under the reinforced concrete footing is calculated for the 
total width Bi , thus the load acting on 2.65 m width equals: 


_P ul +P u2 . 1980 + 2940 


= 946.1538 kN lm' 


The computation of shear and moment may be carried out in a normal fashion. 
For example, for the location at (x=3.0 m), the forces equal: 

Q u =/ -x-P ul = 946.15x3-1980 = 858 kN 


M u =f -x 2 12-P ul (x -0.45) 

M u = 946.15x 3 2 / 2 -1980 x (3 - 0.45) = -791.3 kN .n 


Photo 5.5 Foundations during construction 
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The calculation of the shear and moment may become tedious; therefore a 
computer program was used to generate the straining actions at different points 
as shown in the table below. Plots of the shear and moment are also given in the 
following figure. 

Program Foundation: output file: combined 


Location 

(x)(m) 

Shear 

kN 

Moment 

kN.m 

Notes 

0.00 

0 

0 


0.25 

236.5 

29.6 

face of left column 

0.45 

425.8 

95.8 

C.L. of left column 

0.45 

-1554.2 

95.8 

C.L. of left column 

0.65 

-1365.0 

-196.1 

face of left column 

1.00 

-1033.8 

-615.9 


1.50 

-560.8 

-1014.6 


2.09 

0.0 

-1180.8 

point of zero shear. Mm,* 

2.50 

385.4 

-1102.3 


3.00 

858.5 

-791.3 


3.70 

1520.8 

41.4 

face of right column 

4.05 

1851.9 

631.6 

C.L. of right column 

4.05 

-1088.1 

631.6 

C.L. of right column 

4.40 

-756.9 

302.6 

face of right column 

5.20 

0.0 

0 



To determine the maximum moment, the point of zero shear force is calculated 
as follows: 

946.15x ff -1980-0 

x 0 =2.093 m 

Thus, the value of the maximum moment equals: 

= 946.15 x 2.093 2 / 2 -1980 x (2.093 - 0.45) = 1180.8 kN .m 
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Design the section of maximum negative bending moment 

The section of maximum negative bending moment requires top reinforcement. 
Since the maximum moment is calculated for the full width of the footing, its 
value shall be divided by the footing width to get the moment per meter. 


^max !m =■ 


1180.8 


= 446 kN .m /m' 


Assume the effective depth d -t -.70 mm = 800-70 = 730 mm 


M u _ 446 x10 s 

'/«, xbxd 2 ~~ 25xl000x730 2 


= 0.0335 


From the chart with R-0.0335, the reinforcement index (o=0.040 
A, = cox^-xb xd =0.040x—xl000x730 = 1825 mm 2 /m' 


A cm -„ =—xbxd =—x 1000x730 = 1095 mm 2 lm' 

smn f 400 

J y 

Asmin =1095 mm 2 

Use 6020/m' (1885 mm 2 /m') 

Secondary bottom reinforcement in the transversal direction should be provided 
with an area of at least 20% of the main reinforcement. Therefore, provide 
5<E>12/m'. 

Design the section of the maximum positive bending moment 

The section of maximum positive bending moment requires bottom 
reinforcement. The critical section for the maximum positive bending is at the 
face of the right support. 


M = 946.15x- 


: 302.8 kN m (Refer also to the output table) 


, M 302.8 , Ar . / 

M/m =— =-- = 114.25 kN .m / m 

B x 2.65 

*= - 2 -= 114 - 25X1 ° 6 2 =0.0086 
f cu xbxd 2 25xl000x730 2 

Since the intersection point is below the chart, the factor (0 can be 
approximately evaluated as Q) = 1.2 R =0.0103. 
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A = cox^-xb xd = 0.0103x—xl000x730 = 471 mm 2 /™' 
fy 400 

A ^ =———xbxd _ ^*£xi000x730 = 1095 mm 2 / m' 
f y 400 

Use 6$ 16/m' (1206 mm 2 /m / ) 

Step 3.2: Design of the footing for flexure (transversal) 

To obtain the pressure (f) under each cross-beam (hidden beam), column load 
is divided by the footing width (2.65 m). The breadth of the cross beam ( b e ) is 
assumed at d/2 from the column face (in the perpendicular direction) as shown 
in figure. The critical section for moment is at the face of the support. 

The transverse bottom reinforcement is placed on the top of the longitudinal 
reinforcement, thus the effective depth is=730-20=710 mm 


1980 kN 2940 kN 



Effective width of cross beams 
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The calculations of the reinforcement are summarized in the following table 


Item 

Cl 

C2 

Load P u , kN 

1980 

2940 

pressure f' = P u 1 2.65 

747.17 

-1109.43 

M =f'x 2 /2 

515.8 

765.856 

d (mm) 

710 

710 

be (mm) 

071 

= 0.25 + 0.4 + —= 1.005 

2 

_ 0.71 0.71 . .. 

= 0.7+-+-= 1-41 

2 2 

M u 

R =-2— 

0.041 

0.043 

/„ K d 2 



(O 

0.0492 

0.0522 

A s - o)f cu l f y b d 

2194 

3267 

=(0.6 lfy)xb e d 

1070 

1502 

A s>r equired (nUU ) 

2194 

3267 

A s ,chosen ) 

Aj/= 69>22 (2281 mm 2 ) 

A j2 =9d>22 (3421 mm 2 ) 


Step 4: Design for shear 

The critical section for shear is at d/2 from the face of the column. Referring to 
the shear force diagram and the computer output table, the maximum shear at 
the face of column C 2 is (1520.8 kN). Hence, at a distance of d/2 from the left 
face of the support Q u equals: 

Q u =Q = 1520.8 -946.15 j^J = 1176 kN 

This shearing force is resisted by the full width of the footing (B=2650 mm), 
hence the nominal shear stress is given by: 


O 1176x1000 2 

= =a . - =-- 0.61 N / mm 


B xd 2650x730 
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This shear stress must be resisted by the shear resistance of concrete, which is 
given by the following equation: 

q cu =0.16J^ =0.16,/— = 0.657V I mm 2 
V 1.5 V 1.5 

Since q u is less than q cu , the design for one-way shear is considered adequate. 

Step 5: Design for punching shear 

The critical perimeter is at d/2 from the face of the column. For the interior 
column, the critical perimeter equals: 

a =c, +d =300 + 730 = 1030 mm 

b =c 2 +d =700 + 730 = 1430 mm 

U =2 (a+b) = 2 (1030 + 1430) = 4920mm 

l c 2 =700 i 


Ci=300 mm 


b=1430 



The pressure acting on the footing is given by: 


, _/ _ 946.15 
7 2 B 2.65 


= 357.04 kN/m 2 


The punching load equals: 

Q up = p u ~fi (axb) = 2940-357.04 (1.03x1.43) = 2414 kN 


Gup 



Uxd 


2414x1000 

4920x730 


= 0.67 N I mm 2 


The concrete strength for punching is the least of the following three values: 


1. q cup = 0.316^=0.316 
i Y c 


— =1.29 N/mm 2 
'1.5 


2- q CUD =0.316 (0.50 + fip = 0.316 (0.50 + ^). ^-1.20 N /mm 2 
^ b \ Y c 0. / \ 1.3 


3- q cup - 0-8 (0.20 + 


= 0.8 0.20 + 


4x0.73 

4.92 



2.59 N/mm 2 


q cup = 1.20 N/mm 2 

Since the applied punching shear stress (0.67) is less than concrete shear 
strength (1.2), the footing is considered safe. 

The exterior column should also be checked for punching. The ultimate 
punching shear stress equals 0.54 N/mm 2 which is less than the concrete 
strength (calculation not shown). 



Photo 5.6 Portal bridge spanning 146 m (pont du bonhomme, France) 


366 


















6420/m' 


64'16/m' 


74>12/m' 


Longitudinal reinforcement 



Transverse reinforcement 
(Sec A-A) 


Transverse reinforcement 
(Sec B-B) 
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Example 5.5: RC combined footing resting directly on soil 

Design a combined footing to support an exterior column Ci (0.3 m x 0.4 m) 
carrying a total service load of 1100 kN and an interior column C 2 (0.3 m x 0.6 
m) carrying a total service load of 1600 kN. The plain concrete is used only for 
leveling the reinforced concrete footing. 

Assume that the allowable soil pressure is 185 kN/m 2 , f cu =30 N/mm 2 and 
f y =400 N/mm 2 



Solution 

Step 1: Estimate the dimensions of the RC footing 

The location of the resultant force is determined by taking moment about point 
A (see the figure below): 


1100x0.2+ 1600X (4.2+ 0.2) 
(1100 + 1600) 


= 2.69 m 


To ensure uniform pressure throughout the footing, the centroid of the footing 
must coincide with the resultant of the loads @ 2.69 m. Thus the length of the 
footing will be 5.38 m, say L=5.40 m. 

Assume that the weight of the footing is about 10% of the total applied loads. 
The width of the footing is determined from the allowable soil pressure as 
follows: 

„ 1.05 x (1100 + 1600) ... 

B = ---- = 2.84m —> Take B = 2.9m 

185x5.4 

The pressure (cr,) = L05X(11 ° Q + 160Q ^ = 181 kN / m 2 < 185 kN 1m 2 . ok 

y °« 5.4X2.9 


Assume the thickness of the RC footing is 700 mm. 
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P,=1100 


Resultant 


P 2 —1600 



Step 2: Calculate the bending moments and the shear forces 

The ultimate pressure is now used to calculate the moment and shear force. 
Assuming that the live loads are less than 75% of the dead loads (the usual 
case), the ultimate loads equal: 

P ul = 1.5x P = 1.5 x 1100 = 1650 kN 


P u2 = 1.5xP = 1.5x1600 = 2400 kN 
The load for the full 2.9 meters equals: 


/ 


P ul +P u a 1650 + 2400 
L 5.4 


= 750 kN im' 


The computation of shear and moment may be carried out in a normal fashion. 
For example, for the location at 3.0 m, the forces equal: 


Q = 750x3-1650 = 600 kN 
M =750x3xl.5-1650x(3-0.2) = -1245 kNm 

The calculation of the shear and moment may become tedious; therefore a 
computer program was used to generate the straining actions at different 
locations as shown in the table below. Plots of the values of the shear forces and 
bending moments are also given in the following figure. 


Program Combined Foundation: output file: combined 




Location (m) 

EfflSBSlIl 

Bending moment 



(kN.m) 

0.00 


0 

0.20 

150 

15 

0.20 

-1500 

15 

0.40 

-1350 

-270 

1.00 

-900 

-945 

2.20 

0 

-1485 

3.00 

600 

-1245 

4.10 

1425 

-131 

4.40 

1650 

375 

4.40 

-750 

375 

4.70 

-525 

184 

5.40 

0 

0 


To determine the maximum moment, the point of zero shear is calculated as 
follows: 

750 y -1650 = 0 
y =2.2 m 

The value of the maximum moment is given as: 

M max = 750 x 2.2 2 / 2 -1650 x (2.2 - 0.2) = -1485 kN m 





















































1650 kN 




ultimate soil pressure=750 kN/m' 



max. positive= 184 


critical 

shear 



Shear force 
diagram 


Values of the shear forces and bending moments for the combined footing 
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Step 3: Design the footing for flexure 
Step 3.1: Longitudinal direction 
Section of maximum negative moment 

The section of maximum negative moment requires top reinforcement. The 
maximum negative moment per meter is given by: 

M 1485 

M na Jm' = ^-^ = ^- = 5l2kN.m/m' 
ma)i B 2.9 

Assuming that the distance from the c.g. of the reinforcing steel to the concrete 
surface is 70 mm, the effective depth equals: 

d=t — 10mm = 700 -10 = 630 mm 


512xl0 6 


■ = 0.043 


/„ xbxd 2 30xl000 x 630 2 

J cu 

From the chart with R-0.043, the reinforcement index ar=0.052 
f 30 

A = coxf^xbxd = 0.052x——x 1000x630 = 2457 mm 2 /m' 


A . =^^-xbxd = x 1000x630 = 945 mm 2 tm 

r 400 

J y 

Use 7<J>22/m / (2660 mm 2 ) 


Section of maximum positive moment 

The critical section for the maximum positive bending is at the face of the 
support, from the output table this moment equals 184 kN.nT 

M /m' = —= —= 63.4 kN m 
B 2.9 


R=. 63 - 4Xl ° ,=0.0053 

feu x.bxd 30xl000x630 2 

The point is below the chart, use co ~ 1.2 R = 0.0064 

f 30 

A. =cox J - SL -xbxd =0.0064x-xl000x630 = 302 mm 2 /m' 
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At min = - xb x ^ - — ■— — X 1000x630 = 945 mm 2 /m' 

f y 400 

Since A v < A j/njn , use A inun 

Use 5<J> 16/m' (1000 mm 2 ) 

Step 4.2: Design the footing for flexure (hidden beams) 

Transverse strip under each column will be assumed to transmit the load from 
the longitudinal direction to the column. The load under each column is divided 
by the footing width (2.9 m) t get the load per meter for the hidden beam. The 
breadth of the beam is assumed at d/2 from the column face. The critical section 
for moment is at the face of the support. 

The reinforcement of the hidden beam is place on top of that of the footing. 
Hence, the effective depth is=700 -70 -20=610 mm 



The calculations of reinforcement are shown in the following table 


Item 

Interior column 

Exterior column 

Load P u , kN 

1650 

2400 

pressure f'-PJ2.9 

568.97 

827.59 

m = fx)n 

480.8 

699.310 

b (mm) 

705 

1210 

d (mm) 

610 

610 

M 



R =- S -T 

0.06 

0.05 

fa. K d 



(O 

0.0759 

0.0635 

A fy b d 

2447 

3513 

A s> min 

645 

1107 


2447 

3513 

A s> chosen (Him' ) 

A i ;=7d>22 (2661 mm 2 ) 

A j 2 =10d>22 (3810 mm 2 ) 


Step 4: Design for shear 

The critical section for shear is at d/2 from the face of the column. The 
maximum shear at the centerline of the interior column is equal to (1650 kN) , 
thus at a distance of d /2 from the face of the support Q u equals: 

Q. =Q -/ ^ + |j = 1650 - 75o(M + Mj = i I8 8.75 ™ 

This shearing force is resisted by the full width of the footing (B=2900 mm). 

Q u 1188.75x1000 2 

a - —. ..= 0.65 NImm 

Bxd 2900x630 

This shear stress must be resisted by the concrete shear strength, which is given 
by the following equation: 

130 

a =0.16., — = 0.16J—=0.72 Nlmm 2 
* cu V1-5 V 1.5 


Since q u is less than q cu , the design for one-way shear is considered adequate. 
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Step 5: Design for punching shear 

The critical perimeter is at d/2 from the face of the column. For the interior 
column, the critical perimeter equals: 

a — c l H— = 300 + ^^ = 615 mm 
2 2 

b = c 0 + — = 600 + = 915 mm 


U = 2 (a + b) -2 (615 + 915) = 3060mm 


c 2 =600 


cj=300 


I b=915 i 

The acting pressure underneath the footing is given by: 
f 750 

f 2 =—= -= 258.62 kN/m 2 

2 B 2.9 

The punching load equals column load minus the load inside the punching area. 

Q UP = p u ~fi iay-b) = 2400-258.62 (0.615x0.915) = 2254.5 kN 

Q up 2254.5x1000 , 2 

q u = -— =---= 1.17 Nlmm 1 

up Uxd 3060x630 

The concrete strength for punching the least of the three values 


f ho 

1. q cup = 0.316 = 0.316 — = 1.41 Nlmm 2 

\r c v 1.5 


2. q^ = 0.316 (0.50+—) 


£l_\ llm - 


0 3 130 

0.316 (0.50+—) . — =1.41 N /mm 2 
0.6 V 1.5 


3. q =0.8(0.20 + — ) Isl = 0.8 fo.20+ 4x0 ' 63 I S = 3.66 Nlmm 2 
U \ y c l 3.06 J V 1.5 


qcup- 1-41 N/mm 2 

Since the applied shear stress is less than concrete shear strength, the footing is 
considered safe. 

The exterior column should also be checked for punching because its perimeter 
is only from three sides. The ultimate punching shear stress equals 1.08 N/mm 2 
which is less than the concrete strength (calculations are not shown). 


74>22/m' 


5<t>12/ m' 


1 


74>22/m' 




Section 


/7<J>22/ m' 

/ 

5<3>12/ m' 

5<D16/m' \ 

/l04>22/m' 


7<t>12/m' 


















5.8 Strap Footings 

If one of the columns in a building is constructed near the property line, the 
column will be eccentric with respect to the center of gravity of the footing as 
shown in Fig. 5.14. The eccentric position of the footing causes uneven soil 
pressure distribution, which could leads to tilting of the footing. To avoid such 
a tilting, the exterior footing is connected to the interior footing with a massive 
beam called strap beam. 

The dimensions of the strap are chosen such that it is very rigid compared to the 
footing. J. E. Bowles recommended that the rigidity of the strap beam is at least 
twice that of the footing (/ f i rap / /footing >2). 

The dimensions of the footing are chosen such that the bearing pressures are 
uniform and equal under both bases. Therefore, the centroid of the combined 
area of the two footings must coincide with the resultant of the two loads. The 
strap beam joining the footings should not bear against the soil. 

It is common to neglect the strap weight in the design. The strap should be 
adequately attached to the both the column and the footing by the use of dowels 
such that the footing and the strap act as one unit. The footing is subjected to 
one-way bending. The strap beam is reinforced with main reinforcement at the 
top between the columns and at bottom under the interior footing. 



Example 5.6 

Design a strap footing to support an exterior column (0.30 m x 0.50 m) and an 
interior column (0.30 m x 0.90 m). The unfactored dead and live loads carried 
by each column are shown in the figure below. Assume that the allowable soil 
pressure is 150 kN/m 2 , / c «=25 N/mm 2 and f y =360 N/mm 2 


Pidl=380 kN 
Pill=305 kN 


P 2D l=820 kN 
P 2LL =450kN 



Solution 

Step 1: Estimate the dimensions of the plain concrete footing 

The working loads are calculated as: 

P x -380 + 305 = 685 kN 
P 2 =820 + 450 = 1270 kN 

The location of the resultant of the loads may be determined by taking moment 
about point o. 

685x0.25 + 1270x5.15 , 

y =-= 3.433 m 

685 + 1270 

The length of the exterior and interior footings should be assumed such that the 
pressures under the two footings are almost the same. This is achieved by 
having the resultant of the loads coincided with the c.g. of the footing. 
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Pi=685 kN 


P 2 =1270 kN 


-- 0.50 m 

■ 

jj 


B 


m 

- Ri 


0.25 ip 

1 . 3.433 m 1 

2.20 m | 

\ 

4.9 m 


i. 


I 


The weight of the strap beam, the footings, and the soil above may be estimated 
as 10% of the total loads. 


P lold =1.1 (P l + P 2 ) = 1.1 (685 + 1270) - 2150.5 kN 


The total required area of the plain concrete footing under Cl and C2 equals to: 
2150.5 


Area - P,0,d 

Q allowable 


150 


■ = 14.34 m l 


The thickness of the plain concrete is assumed to be 400 mm. Assume that the 
length of the exterior footing is 2.2 m and the length of the interior footing is 


3.35 m. 


To reasonably determine the width of the footings, the reactions Ri and R .2 are 
calculated by taking moments about R 2 . 



(I.lx685)x4.9 
(4.9 + 0.25-2.2/2) 


= 911.64 kN 




911.64 

150x2.2 


= 2.76 m —» 2.8 m 


19*38 Q 

R 2 =2150.5-911.64 = 1238.9 kN B 2 = = 2.46 m^> 2.6m 

2 150x3.35 


The final chosen dimensions of the plain concrete footings are 


Item 

L(m) 

B (m) 

Q53539H11 

Exterior footir 

8 

2.2 

2.8 

6.16 

Interior footin 

l _ 

3.35 

2.6 

8.71 


14.87> 14.34 


I 


The c.g. of the footings can be obtained by taking moment of area about point 
o. 

6.16x1.1 + 8.71x5.15 „ 

y = —--- = 3.47 m 

14.87 

Note that the center of gravity of the footings (3.47 m) is very close to the 
location of the resultant of the loads (3.43m). 


Step 2: Dimensions of the reinforced concrete footings 

The dimensions of the reinforced concrete footing can be determined as shown 
in the following table. 


Item 

Li (m) 

Bi (m) 

Exterior footing 

=2.2-0.4=1.8 

=2.8-0.8=2.0 

Interior footing 

=3.35-0.8=2.55 

=2.6-0.8=1.80 



To ensure the uniform stress distribution, the c.g. of the reinforced concrete 
footings should also coincide with the resultant as much as possible (usually 
within 10% is acceptable).. The distance measured from the c.g. to point o 
equals: 

3.6x1.8/2 + 4.59x5.15 „ „„ 

y = ----—- = 3.28 m 

8.19 


The location of the c.g. is close enough (to the location of the resultant. 
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Step 3: Calculate the ultimate pressure 

To ensure that the strap beam will distribute the pressure uniformly, the 
concrete dimensions are taken 0.4 m xl.3 m. The own weight of the strap beam 
is usually neglected; however, it can be approximately added to the dead load of 
each column as follows: 


w bem = y c xbxtxL =25x0.4x1.3x4.9 = 63 kN 
Pi dl=3 80+63/2= 411.5 kN 


P 2D l= 820+63/2= 851.5 kN 


The ultimate loads for the columns are calculated in order to calculate the 
ultimate moment and shear. 

P ul =l.4xP WL +l.6xP 1LL = 1.4x411.5 + 1.6x305 = 1064 kN 
P u2 = 1.4xP 2dl +1.6xP 2LL =1.4x851.5 + 1.6x450 = 1912 kN 

To determine the magnitude of R u i ,take the moment about R u2 

„ 1064x4.9 

R ul =-= 1226.7 kN 

ul (4.9 + 0.25-1.8/2) 

R u2 =P ul + P u 2 R u i =1064 + 1912 — 1226.7 = 1749.3 kN 


1226 1 

The pressure under the exterior footing equals er, = — = 681.5 kN I m 2 


The pressure under the interior footing equals a 2 = 


1749.3 


= 686 kN /m' 


The resulting pressures are slightly different under each footing (681.5, 
686 ). More uniform pressures can be attained by adjusting the dimensions 
of the footings. However, the attained accuracy is quite satisfactory (1% 
difference). 


Step 4: Design of the strap beam 

Step 4.1: Draw bending moment and shear force diagrams 

The computation of shear and moment may be carried out in a normal fashion. 
For example, at a distance of 1.5 m from the left edge, the forces equal: 

Q =681.5x1.5-1064 = -41.8 kN 
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M = 681.5x——1064x(1.5-0.25) = -563.3 kN m 

Point of zero shear = = 1.56 m 

681.5 

A computer program was prepared to generate the straining actions at different 
locations as shown in the table below. Plots of the shear and moment is also in 
the following figure 

Program Foundation: output file: strap 


Location 


Shear force Bending 


moment (kN.m) 


0.0 




C.L. of left column 


C.L. of left column 


face of left column 


intermediate point 


intermediate point 


point of zero shear, M max 


intermediate point 


intermediate point 


face of right column 


C.L. of right column 


C.L. of right column 


face of right column 


0.0 
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Step 4.2: Design for flexure 
Design of section 1 

Assuming that the distance from the c.g. of the reinforcing steel to the concrete 
surface is 70 mm, the effective depth equals 

d -t -70 mm = 1300-70 = 1230 mm 

The maximum moment equals 564.6 kN.m 

R = . —y - 564-6x10 - = 0.037 

f cu xbxd 2 25x400xl230 2 

From the chart with R=0.037, the reinforcement index #1=0.045 
f 25 

A = cox J - 3! -xb xd = 0.045x--x400x 1230 = 1537 mm 2 


°- 225 a//T hd= 0-22W2 5 x4Q0x 12 3o = 15 36 mm 2 
A min = smaller of f y 360 

1.3A, =1.3x1537 = 1998 mm 2 

Use 84>16/m' (1608 mm 2 ) 

Design of section 2 

The critical section is at the face of the column, from the output table the 
maximum moment equals = 233.3 kN.m 


233.3xl0 6 


= 0.0154 


f cu xbxd 2 25x400xl230 2 

From the chart with R=0.0154, the reinforcement index <y=0.019 
A = cox^-xbxd = 0.019x-^-x400xl230 = 649 mm 2 


°- 225 ^. b d = 0 225 ^I x400x 1230 = 1536 mm 2 
A, — smaller of /„ 360 

s min j j y 

1.3A =1.3x649 = 844 mm 2 J>A t ...useA Ma 


0 15 

But not less than ——x400xl230 = 738 mm 2 
100 
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As =844 mm 2 

Use 4d>18/m' (1017 mm 2 ) 

Step 4.3: Design the strap beam for Shear 

The critical section for shear is at the free span of the strap beam. 

<2„=162.7 kN 

Q u 162.7X1000 n „„ Ar/ 2 

q„ = —— =-= 0.33 N / mm 

“ bxd 400x1230 

q = 0.24 = 0.98 N I mm 2 

V 1.5 

Since q u < q cu , provide minimum stirrups. In addition, since the width of the 
beam equals 400 mm, stirrups with four branches shall be used. Assume 
spacing of 200 mm. 


0.4 0.4 

4,min =—xbxs = -x 400x200 -133.3 

*•“" f y 240 

Try four branches 5<> 8/m' 

A sl - 4x50 = 200 mm 2 > . o.k 


Step 5: Design of the footings 

Step 5.1: Design for flexure 

A strip of lm width is taken to determine the 
area of steel for the footings. 


_ <x, 681.5 


q ' 4 


340.75 kN lm 2 



<37=340.75 kN/m' 


2.00 m 


The moment is taken at the face of the strap beam as follows: 


q l x(B l -b slnp ) 2 __ 340.75x(2-0.40) 2 


= 109.04 kN ml m' 


Assume that the depth of the footings is 500. the calculations may summarized 
in the following table 
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Item 

Exterior footing 

Interior footing 

pressure <7 (kN/m') 

681.5 

686 

Footing width B' (m) 

2.00 

1.80 

Pressure (/) = a ! B' (kN/m 2 ) 

340.8 

381.1 

Moment =/ x(B'~b strap ) 2 /8 (kN.m) 

109.06 

93.37 

d (mm) 

430 

430 

B(mm) 

1000 

1000 

R = MJ(Ja.B d 2 ) 

0.024 

0.02 

(0 

0.0284 

0.0235 

-A.s,required(lttni ) = CO X (f cu / f y )xBxd l 

848.1 

701.7 

A s , min (mm 2 )=0.6// y Bxd 

716.66 

716.6 

A s ,chosen(lttni ) Max of(A sm in» A S required) 

848.1 

716 

Reinforcement 

1005.31 

1005.31 


(5D16)/m' 

(5D16)/m' 


Step 5.2 Design the footings for shear 

pi critical section 

for shear 

, B=1.80 . / \ 


F2 

5=2.25 


d/2=0.215 


strap beam 





Critical section for shear 
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The critical section for shear is at d/2 from the face of the strap beam. Noting 
that the depth d=0.430 m, the distance x equals to: 


B -b. 


strap 


2 


d_ 

2 


1.8-0.4 

2 


0.43 

2 


= 0.485 m 


Noting that the pressure under footing F 2 equals 381.1 kN/m 2 , the shear force 
Q u equals 

Q u =f ■ x b =381.1 (0.485)2.55 = 471.30 kN 




_ Qu 
bxd 


471.30x1000 
(2.55 x 1000) x 430 


= 0.43 N / mm 2 


The sheaf stress should be less than the concrete shear strength given by the 
following equation: 




= 0.65 N!mm 2 


Since q u is less than q cu , the footing is considered safe for shear 
The design of FI for shear is summarized in the following table 


Item 

FI 

pressure kN/m 2 

340.8 

b(m) 

1.8 

x(m) 

0.585 

Qu(kN) 

358.90 

q„ (N/mm 2 ) 

0.46 


It should be noted that the presence of the strap beam eliminates the need for 
calculating punching shear stresses for the footings. 
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5.9 Raft Foundations 
5.9.1 Introduction 

When the bearing capacity of the soil is low, isolated footings are replaced by a 
raft foundation. In such a case, a solid reinforced concrete rigid slab is 
constructed under the entire building as shown in Fig. 5.15. Structurally, raft 
foundations resting directly on soil act as a flat slab or a flat plate, upside down, 
i.e., loaded upward by the bearing pressure and downward by the concentrated 
column reactions. The raft foundation develops the maximum available bearing 
area under the building. If the bearing capacity of the soil is so low that even 
this large bearing capacity is insufficient, deep foundations such as piles must 
be used. Apart from developing large bearing areas, another advantage of raft 
foundations is that their continuity and rigidity that helps in reducing 
differential settlement of individual columns relative to each other, which might 
be caused by local variations in the quality of subsoil, or other causes. 

The design of raft foundations may be carried out by one of two methods: 

• The conventional rigid method and; 

• The finite element method utilizing computer programs. < 

The conventional method is easy to apply and the computations can be carried 
out using hand calculations. However, the application of the conventional 
method is limited to rafts with relatively regular arrangement of columns. 

In contrast, the finite element method can be used for the analysis of raft 
regardless of the column arrangements, loading conditions, and existence of 
cores and shear walls. Commercially available computer programs can be used. 

The user should, however, have sufficient background and experience. 



5.9.2 Conventional Rigid Method 

The raft foundation shown in Fig. 5.16 has dimensions (B x L). Columns' 
working loads are indicated as Pi, P2, P3, ■■■ etc. The application of the 
conventional method can be summarized as follows: 


Step 1: Check soil pressure 

The resultant of columns working loads equals: 

P,o,l=P\+Pi+P 3 + =T. P > . (5 - 20) 

1=1 


Assuming that the raft foundation is rigid, the soil pressure at any point can be 
obtained using the classical stress equation as follows: 




- Q allowable 


(5.21) 


Where 

A = area of the raft ( B * L) 

I x = moment of inertia of the raft about x-axis = B L 3 /12 
I y = moment of inertia of the raft about y-axis = L B 3 / 12 
M x - moment of the applied loads about the x-axis = ^ total ^ y ^ x {lateral load ) 

M y = moment of the applied loads about the y-axis — Pfotal e.x ^ y {lateral load ) 

Where e x and e y are the eccentricities of the resultant from the c.g. of the raft. 
The coordinates of the eccentricities are given by: 


yt _ P\ x^+ P 2 x 2 + P 3 x 3 +. .(5.22) 

p 

total 

Where x s , x 2 , x 3 are the X-coordinates of Pi, P 2 , P3, Pi, . Pn. 

e x =X'-- .(5.23) 

2 

Y' _ -^1 Ti + P 2 yz + P3 y 3 + . (5-24) 

_ p 

total 

Where yi, y 2 , y 3 are the y-coordinates of Pi, P 2 , P 3 , Pi. . Pn. 

e v =Y .(5.25) 

y 2 

Compare the maximum soil pressures value with net allowable soil pressure. 
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Step 2: Draw the shear force and bending moment diagrams 

Divide the raft into several strips in the X-direction {Bj, B 2 , B 3 ) and in the Y- 
direction {B4, B5, B6, B 7 ) as shown in Fig. 5.16. Referring to Fig. 5.16, the 
interior strip GBIHEJ is used as an example for illustrating the procedure for 
drawing the shear force and the bending moment diagrams for the strips. The 
procedure may be summarized in the following steps:' 

1. The soil pressure at the center-line of the strip is assumed constant along 
the width of the strip. Referring to Fig. 5.17, the distribution of the soil 
pressure at the center-line of strip GBIHEJ is determined by calculating 
the pressures at points B (0,L/2) and E (0,-L/2) as follows: 

q = li°! SL + ^L ....(5.26) 

8 A I x 2 


q E ^-*L.L . 

' A I x 2 

The average pressure equals: 

„ _ <1b + Qe 

"avg 2 .. 

This value shall be used in the analysis of the strip. 


(5.27) 

(5.28) 



Fig. 5.17 Soil pressure distribution at the center BE 
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2. The total soil reaction ( Rb-e ) for the strip B-E is equal to: 

r b-e XB 2 XL .(5.29) 

Where B 2 is the width of strip B-E. 

The total applied load acting on this strip equals: 

R b-e ~ R s + P 6 + P 7 + P a .(5.30) 


3. To achieve equilibrium, columns’ loads and soil reaction must be 
modified such that the sum of the forces is equal to zero. This is 
achieved by obtaining the average load on the strip P avg . 


R +P 

p _ ik b-e t 1 B-E 
ov * 2 


. (5.31) 


4. The modified soil pressure equals: 


^ mod 


(5.32) 


5. The modified columns’ loads are obtained by multiplying each of the 
applied loads by the factor a given by: 


, (5.33) 


Thus the modified columns’ loads are a P 5 , a Pg, a P 7i and a P 8 . This modified 
loading is shown in Fig. 5.18. 
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6 . The shear and bending moment can be computed using regular 
structural analysis. 

The same process should be carried out for all the strips in the raft 
foundation. 

Step 3: Design for flexure 

For each strip the maximum positive and negative moments can be obtained. It 
should be clear that negative moments need top reinforcement and positive 
moment needs bottom reinforcement. 


The moment per meter is obtained by diving the moment by the strip width: 


,,, M 
M =—. 
B, 


.(5.34) 


The ultimate moment is obtained by multiplying the working moment by a load 
factor of 1.5. 


M „ =1.5 M' 


. (5.35) 


The design of different sections can be carried using design curves such as R-( 0 . 

Step 4: Design for punching shear 

The punching load for each column is calculated by multiplying the applied 
working load with the load factor. 

P u =1.513 .(5.36) 

The critical perimeter is at d/2 from the face of the column. The critical shear 
perimeter U is calculated as shown in Fig. 5.19, and the applied punching load 
Q u is obtained after subtracting the load of the punching area (a x b) by the 
ultimate pressure at this point q m . Thus: 


Quo = p „ -q su( axb ^ 


(5.37) 


The applied punching shear stress q up equals: 


(5.38) 
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The concrete strength for punching is the least of the following three values: 


1. s' =0.316 t r-^-<l.6N Imm 


.(5.39a) 


2. q = 0.316 (0.50 + —)h- SL .(5.39b) 

c 2 V r c 

3. q cup = 0.8 (0.20 + ^—-)^- ..(5.39c) 


a-2 for comer columns 

a = 3 for exterior columns 

a = 4 for interior columns 

The raft thickness is considered adequate if q up < q cu , otherwise increase the 
thickness of the raft. 
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Step 5: Reinforcement Arrangement 

The bending moment distribution is similar to upside down flat slab. 1 bus, at 
the locations of the columns in a raft foundation the bending moment is positive 
and requires bottom reinforcement shown in Fig. 5.20. (compare to negative 
bending moment and top reinforcement in flat slabs). Moreover, at a location 
between columns in a raft foundation the bending moment is negative and 
requires top reinforcement as (compare to positive bending moment and bottom 
reinforcement in flat slabs). 

It is customary to reinforce the raft with a bottom basic reinforcing mesh and a 
basic top reinforcing mesh. Additional reinforcement is provided at locations 
where the capacity is exceeded. 


P 8 P 7 • Pfi p 5 



Bottom steel 


Fig. 5.20 Reinforcement arrangement 
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5.9.3 Analysis of the Raft Using Computer Programs 

Raft foundations can be analyzed using commercially available computer 
programs. Such programs are based on the finite element method. 

5.9.3.1 Modeling of the Raft 

The raft is divided into finite plate bending elements or shell element as shown 
in Fig. 5.21. The practical dimensions of each element range from 0.5 m to 1 m. 
It is recommended that the aspect ratio of each element not to exceed 3. 



x 


Fig. 5.21 Finite element model for the raft foundation 

5.9.3.2 Modeling of the soil 


The soil is represented by elastic springs located at the nodes as shown in Fig. 
5.22. The elastic constant of these springs is named the spring stiffness ( Kj, K 2 , 
....) (kN/m). " ‘ . 



Fig. 5.22 Modeling of the soil 
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Calculation of spring stiffness 

The spring stiffness = Coefficient of sub grade reaction (k s ) x area served. 

The coefficient of subgrade reaction is a relationship between the soil pressure 
and its settement. If a foundation of width B is subjected to a load per unit area 
q, it will undergo a settlement D. Then, the coefficient of subgrade reaction k s 
can be defined as: 

k, =£■.(5.40) 

A 

The unit of the coefficient of the subgrade reaction is kN/m 3 . The value of the 
coefficient of subgrade reaction differs according to the type of soil. In general, 
the higher the bearing capacity, the higher the coefficient is. Its value depends 
on several factors, such as the type of soil, the length L, the width B of the 
foundation, and the foundation level of raft. 



Fig. 5.23 Definition of coefficient of subgrade reaction 


To determine the value of the coefficient of subgrade reaction, a field test may 
be performed. In such a test, the load is applied to a square plate of dimensions 
(0.3 m x 0.3 m) and the corresponding settlement is recorded. The value of 
coefficient for a large foundation of dimensions (BxB) can be obtained in the 
light of the value obtained for the small plate ko .3 as follows: 

k -k C8_+_0^L for sandy soil.(5.41a) 

s u.J O D 
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k. =k 


0.3 


(03) 

B 


for clayey soil.(5.41b) 


For rectangular foundation having dimensions of B x L 

_ k Bx B 0- + B /L) 

1.5 . 


k-=- 


(5.42) 


Where K BxD is the coefficient of subgrade reaction for a square foundation with 
dimensions (BxB) 


Typical values for the coefficient of subgrade reaction koj for sandy and clayey 
soils are given in Table (5.3) 


Table 5.3 Values of the coefficient of subgrade reaction 


Soil 

_Type 

k 0 .3 (MN/m J ) 

Sand (dry or moist) 

Loose 

8-25 

Medium 

25-125 

Dense 

125-375 

Sand (saturated) 

Loose 

10-15 

Medium 

35-40 

Dense 

130-150 

Clay 

Stiff (q=100-200 kN/m' 1 ) 

12-15 

Very stiff(q=200-400 kN/m 2 ) 

25-50 

Hard (q>400 kN/m 2 ) 

>50 


An approximate estimate of the coefficient of subgrade reaction is obtained as 
follows: 

k s (kN /m 3 )- (100 —> 120) x soil bearing capacity (kN / m 2 ).(5.43) 

Figure 5.24 shows a plan of a raft foundation that is divided into plate bending 
elements of dimensions (0.50 m x 0.50 m). These elements are intersected at 
joints or nodes. The soil at each joint is modeled as a spring with stiffness K. 
The stiffness of each spring is obtained by multiplying the coefficient of 
subgrade reaction by the area served of each node as follows: 

K a =k s ^2. = 0.0625 * 

Kb =K = 0.125 k s 

K c = k s x y = °-25 k s 


The loads are applied to the raft at the columns’ locations. The structure is 
analyzed as plane grid system, in which only z, Rx, Ry are allowed. 


Area served 



Fig. 5.24 Finite element model for the raft foundation 



Photo 5.7 A raft on piles during construction 
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5.9.3.3 Analysis of the Computer Output 

The computer output of the raft foundation consists of bending moments acting 
in the two directions Mil and M22. Most of the available commercial 
programs represent the output in graphical forms. The graphical representation 
is usually in the form of contour lines, in which each contour line represents a 
certain bending moment value. It should be mentioned that closely spaced 
contour lines indicate concentration of stresses. This usually occurs at the 
locations of the columns. 

Typical output for Mu is shown in Fig (5-25). This bending moment requires 
reinforcement in the direction 1 of the shell. Basic top and bottom 
reinforcement meshes are usually provided throughout the raft and additional 
bottom reinforcement is usually provided under the columns. 



2 


1 


Fig. 5.25 Computer output 


When designing the bottom reinforcement of the raft one should use the value 
of the bending moment at the face of the column (Sec. 1-1 and Sec. 2-2) as 
shown in Fig. 5.26. In other words, the contour line located inside the columns 
should be ignored. 
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Fig. 5.26 Contours at column location 

The reaction at each joint spring can be determined from the computer output. 
However, it is important to note that the soil capacity should be checked using 
the classical stress equation (Eq. 5.21) and not using the spring reactions. This 
is attributed to the concentration of forces at the location of the columns. 



Photo 5.8 Placing the reinforcement of a raft foundation 
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Example 5.8: Raft using the Conventional Method 

Figure EX 5.8.1 shows a raft foundation for an office building. It is required to 
design the reinforced concrete raft foundations. The cross section of all columns 
is 400 x 400 mm. The allowable soil pressure is 125 kN/m 2 . The material 
properties for concrete and reinforcing steel are 25 N/mm 2 and 360 N/mm 2 , 
respectively. Columns working loads (unfactored) are also shown in figure. 

Solution 

Step 1: Check soil pressure 

P M x 

q =— H-— y 4-— x 

A I x I y 

Where 

A = area of the raft =15.4x12.4 = 190.96 m 2 

, BV 12.4x15.4 3 4 

I =-- = —-= 3774 m 

x 12 12 

r L B 3 15.4xl2.4 3 4 

I = -=-= 2446.8 m 4 

y 12 12 

The total vertical unfactored loads = 440 4- (1360 x 2) + 370 + (1150 x 2 ) + 
(2880 x 2) + 500 + 1360 +1440 + 440 = 15330 kN. 

The center of gravity of the applied loads can be obtained by taking moment of 
the loads about point D. 


X =-[0.2 (440 +1360 x 2 + 370) + 6.2 (1150 x 2 + 2280 x 2) 

15330 


+12.2 x (500 +1360 +1440 + 440)] 
X = 6.282 m 

e =X-~ = 6.282-—= 0.082 m 
x 2 2 

Similarly, in the y-direction, one can get: 


, -*4 


15.00 m 
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Y = ^[0.2 (370+ 1150+ 440)+ 5.2 (1360 + 2880 + 1440) 

+10.2 x (1360 x 2 + 2880) +15.2(440 + 1150 + 500)] 

Y =7.751 m 

15 4 

=7.751-— = 0.051 m 

* 2 

The resultant applied moments are given by: 

M x = Y*total =15330x0.051 = 781.83 kN. m 
M y = Ptota, e * =15330x0.082 = 1257.06 kN.m 

The soil bearing pressure can be obtained by applying the following equation: 

P , M x M 15330 781.83 1257.06 

q =—+-r-y +—— x =-+-v +-* 

A I x I y 190.96 3774 2446 

The results are summarized in the following table 


Point 

x (m) 

y(m) 


A 

- 6.2 

7.7 

78.69 

B 

0 

7.7 

81.87 

C 

6.2 

7.7 

85.06 

D 

- 6.2 

-7.7 

75.50 

E 

0 

-7.7 ■ 

78.68 

F 

6.2 

-7.7 

81.87 

M 

- 6.2 

2.5 

77.61 

O 

0 

2.5 

80.80 

N 

6.2 

2.5 

83.98 



The maximum soil pressure (85.06 kN/m 2 ) is less than the allowable soil 
pressure (safe). 
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Step 2: Calculation of the shear forces and bending moments 
Step 2.1: Strip ADHG (width= 3.2 m) 

The average soil pressure for the strip can be obtained by taking the average 
values of the pressures at points A and D. 


78.69 + 75.50 

lavs — r) 


= 77.09 kN/m 2 


The total soil reaction Radhg = q„ t B x L = 77.09x3.2x15.4 = 3799 kN 
On the other hand the total vertical on this strip equals: 


P adhc = 440 +1360 +1360 + 370 = 3530 kN 


Now, we shall use the average value o of the total reaction and Padhg 

a . , n Padhg + Padhg 3799 + 3530 ,, < , 

Average load = P mg = - _ adhg _ = ---= 3664.5 kN 

The modified soil pressure (per the strip) =-^_ = _ 237.95 kN/m' 

L 15.4 

The column loads are modified in the same manner by multiplying the load of 
each column by the ratio ( Pov/Padhg)■ 


a - 


3664.5 


P 3530 

1 ADHG 


= 1.0381 


Item 

Pactual (kN) 

Ptnodim 

1 

440 

456.77 

2 


1411.82 

3 

I 

1411.82 

4 

370 

384.1 


The shear force and the bending moment diagrams are shown in the figure 
given below. Three points of zero shears exist. They are calculated as follows: 


456.77 , _ 456.77 + 1411.82 „ oc 

x. =-= 1.92 m x, = ■ - . .= 7.85 m 


x, =- 


237.95 

456. 77 + 1411.82 + 1411.82 
237.95 


237.95 


: 13.79 m 
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Step 2.2: Strip GHJI (width =6.0 m) 

The average soil pressure for the strip can be obtained by taking the average 
value of pressures at points B and E. 


Qavt! 


81.87 + 78.68 


= 80.28 kN hn 2 


The total soil reaction R.GHJi-q mt , L = 80.28x6.0x15.4 = 7417.74 kN 

On the other hand the total vertical on this strip equals: 

p ghji -1150 + 2880 + 2880 + 1150 = 8060 kN 

Now, we shall use the average value of the total reaction and Padiig ■ 

Average load =P mg = + = l 4nj4 + m6 ° = 7738 . 87 kN 


■■ 7738.87 kN 


p 77 oo o 7 

The modified soil pressure (per the strip) =-^- =-^— = 502.52 kN lm' 

L 15.4 

The column loads are modified in the same manner by multiplying each column 
load by the ratio (P a v/Pcnji) 

a = 2=_ = I 28 £U 0 .9602 



Pactrnl (kN) 

/W(kN) 

1150 

1104.18 

2880 

2765.25 

2880 

2765.25 

1150 

1104.18 



The shear force and bending moment diagrams are shown in figure. Three 
points of zero shears exist. They are calculated as follows: 

1104.18 1104.18 + 2765.25 _ 

*i =2.20 m x -= 7.70 m 

502.52 2 502.52 


502.52 

1104.18 + 2765.25 + 2765.25 
502.52 


: 13.20 m 
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Step 2.3: Strip ACKL (width = 2.70 m) 

The average soil pressure for the strip can be obtained by taking the average 
value of the pressures at points A and C. 


878.69 + 85.06 


= 81.87 kN/m 2 


The total soil reaction R AC kl =q ms L { B = 81.87x2.70x12.4 = 2741 kN 
On the other hand, the total vertical on this strip equals: 

P Gim ~ 440 + 1150 + 500 = 2090 kN 

Now, we shall use the average value of the total reaction and Padhg ■ 


Average load=P OT 


R + P 

NACKL t T ACKL 


2741 + 2090 


= 2415.5 kN 


P 2415 5 

The modified soil pressure (per the strip) = —— =-— -194.8 kN Jm' 

B 12.4 

The column loads are modified in the same manner by multiplying each column 
load by the ratio ( Pclv/Pghji ) 

24ms 

P,„, 2090 


Pactual (kN) 


Pmodim 

508.54 

1329.14 


577.89 


The shear force and bending moment diagrams are shown in figure. Two points 
of zero shears exist. They are calculated as follows: 


508.54 „ 

x. =--= 2.61m , x 0 

194.8 2 


508.54 + 1329.14 


= 9.43 m 
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Step 2.4: Strip KLPR (width =5.0 m) 

The average soil pressure for the strip can be obtained by taking the average 
value of the pressures at points M and N. 


9m’j; 


77.61 + 83.98 


= 80.80 kN hn‘ 


The total soil reaction R klpr= <J mg L { B = 81.87x5.0x12.4 - 5009.4 kN 
On the other hand, the total vertical on this strip equals: 


P GHJ1 = 1360 + 2880 +1360 = 5600 kN 

Now, we shall use the average value of the total reaction and Padhc ■ 


R kckl +P ackl 5009.4 + 5600 

Average load = P mg = = ---= 5304.7 kN 

2 2 

P 5304.7 , 

The modified soil pressure (per the strip) =-— = = 427.80 kN Im 

B 12.4 

The column loads are modified in the same manner by multiplying each column 
load by the ratio ( P av /PcHJi ) 


a-- 


5304.7 

5600 


Item 

Pactual (kN) 

p„um 

1 

1360 

1288.28 

2 

,2880 

2728.13 

3 

1360 

1288.28 


The shear and moment are shown in figure. Two points of zero shears exist. 
They are calculated as follows: 


1288.28 

427.8 


= 3.01m 


1288.28 + 2728.13 
427.8 


= 9.39 m 
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1682.1 1682.1 



Shear 

(kN) 


Moment 

(kN.m) 


Shear and moment for strip KLMN 


Step 3: Design for flexure 

Step 3.1: Reinforcement for strip ADHG 

The maxi m um positive moment is equal to 933.2 kN.m. This positive bending 
moment needs bottom reinforcement. 

To obtain the reinforcement per meter divide the above value by the width of 

933 2 

strip (B=3.2 m) -» M' =-— = 291.63 kN .m I m' 

3.20 

To design this critical section, calculate the ultimate moment by multiplying M' 
by the load factor 1.5. 

M u = 1.5 M' = 1.5 x 291.63 = 437.45 kN .m 

Assuming that the distance from the c.g. of the reinforcing steel to the concrete 
surface is 70 mm and the total thickness is 750 mm. The effective depth equals: 

d —t —70mm =750 — 70 = 680 mm 

R. , = 437 - 45 * 10 ‘ , =0.«378 

f^xbxd 2 250xl000x680 2 

From the chart with R=0.0378, the reinforcement index ru=0.046 
A, = cox^-xb xd =0.046x — x 1000 x 680 = 2172 mm 2 


—b d = —xlOOOx 680 = 1133 mm 1 
d smiri = smaller of -j f y 360 

1.3A, =1.3x2172 = 2823 mm 2 


Use 7O20/m' (2199 mm 2 ) (Bottom) 


Similarly, the maximum negative moment is equal to 778.7 kN.m. 

770 70 

M ' =-— = 243.34 kN.m/m' 

3.20 

To design this critical section, calculate the ultimate moment by multiplying M' 
by the load factor 1.5. 


M = 1.5 M' = 1.5 x 243.34 = 365.02 kN .m 
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Photo 5.9 Reinforced Concrete building 


* = u - i ,- a -5. g . ; ,i.0‘ Q.o 315 

f cu x b x d 2 250 x 1000 x680 2 

From the chart with R=0.0315, the reinforcement index cu=0.038 
f 25 

A, =cox J -^-xbxd = 0.038x-x 1000x680 = 1794 mm 2 

fy 360 

— bd = — X 1000x680 = 1133 mm 2 
A smia = smaller of U y 360 

1.3A, =1.3x1794 = 2332 mm 2 

Use 7018/m' (1781 mm 2 ) with additional (3.5 O 16/m') (Top) 

Thus in this direction use a bottom mesh 7O20/m' and a top mesh 7018 /m' 
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Step 3.2: Reinforcement for strips GHJI, ACKL and KLPR 

To avoid lengthy calculations, the following table illustrates the required steps 
to obtain the reinforcement. 


Strip 

Strip GHJI 

Strip ACKL 

Strip KLPR 

Reinforcement 

Bottom 

Top 

Bottom 

Top 

Bottom 

Top 

M (kN.m) 

1273.2 

992.3 

692.9 

562.1 

492.6 


B(m) 

6.0 

6.0 

• 2.7 

2.7 

5.0 

■ErajBj 

M' (kN.m/m) 

212.2 

' 

165.4 

256.6 

208.2 

98.5 

336.4 

M u (kN.m/m) 

318.3 

248.1 

384.9 

312.3 

147,8 

504.6 

b (mm) 

1000 

1000 




1000 


680 

680 

680 

680 


680 

R 

0.0275 

0.0215 




0.0437 

CO 

0.0330 

0.0250 

0.0400 

0.0320 

0.0150 

0.0530 


1558 

1181 

1889 

1511 

708 

2503 


2026 

1535 

2078 

1964 

1020 

2078 


2026 

m 

2078 

1964 

1020 

2503 


7<J>20/m' 


7®20/m' 

7<F18/m' 

7®20/m' 

7$ 18/m' 

Additional 

- 

- 

- 

3.5<t>16/m' 


3.5 □ 18/m' 


** A bottom mesh of 7 O 20/m' (2199 mm 2 ) and a top mesh of 7 O 18 /m' 
(1718 mm 2 ) are provided (Refer to Fig. EX. 5.8.2). Additional reinforcement 
may be placed at the location of the larger capacity. 
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Step 4: Design for punching shear 

The maximum vertical load occurs at the column that carries 2880 kN. Thus, 
the ultimate load is obtained by multiplying this load by the load factor of 1.5. 

P u = \.5P nm =1.5x2880 = 4320 kN 

The critical perimeter is at d/2 from the face of the column. For the interior 
column, the critical perimeter equals: 

d = 680 mm 

a-c^+d =400 + 680 = 1080 mm 
b =c 2 +d =400+680 = 1080 mm 
U =2 (a +b) = 2 (1080 + 1080) = 4320mm 


C 2 —400 



L. 



b=1080 


Ci =400 


The pressure at point O (refer to the table) is equal to 80.8 kN/m 2 
Thus the ultimate soil pressure q stl =1.5x80.8 = 121.19 kN / m 2 
The punching load equals: 

Qu P = P u ~<Lu (axb) = 4320-121.19 (1.08x1.08) = 4178.6 kN 


<lu P 


Qup 

Uxd 


4178.6x1000 

4320x680 


= 1.42 N I mm 2 
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The concrete strength for punching the least of the three values: 


25 

1- =0.316 Y- 22 =0.316 J— =1.29 N / mm 2 <1,6. D.k 


7c 


1.5 


2. q =0.316(0.50+f) pL = 0.316(0.50 + —)J—= 1.94 N Imm‘ 
b \ y c 0.4 v 1.5 


3- q aip =0.8 (0.20 + ^-) E = 0.8fo.20 + ^^ 1/11 = 2.7177 /mm 2 
u \r c l 4.32 JV 1.5 

q cup - 1 -29 N/mm 2 

Since the applied pimching shear is larger than concrete punching shear 
strength, the raft is considered unsafe against punching failure. The designer 
may use one of two solutions: 

1- Increase raft thickness to 800 mm to decrease the punching stress to 1.26 
N/mm 2 . The reinforcement may be redesigned for more economic solution. 

2- Increase the concrete compressive strength to 31 N/mm 2 to increase q cup to 
1.42 N/mm 2 . 
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15.40 m 
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Example 5.9: Raft design using computer analysis 

Figure EX. 5.9 shows the axes and columns of a twelve-story building. The 
bearing capacity of the soil equals 200 kN/m 2 at F.L. The material properties 
are f cu =35 N/mm 2 and f y = 360 N/mm 2 Based on the recommendations of the 
geotechnical report, it is decided to use a rigid raft as a foundation system. 

The building is provided with relatively rigid shear walls in the two orthogonal 
directions to resist the lateral loads. Consequently, analysis of the building 
under lateral loads could be carried out in each direction independent of the 
other. The following data are available from the analysis of the building in the 
X-direction: 

1- The total unfactored moment (M y ) due to earthquake =16000.0 kN.m (reversible). 
The resultant of the unfactored gravity load at the foundation level = 68000.0 kN and 
is located as shown in Fig. EX 5.9a. 

2- Structural analysis of the building under the case of the earthquake acting in the X- 
direction and under the critical load combination has resulted in the following straining 
actions at the foundation level: 


Column 

Ultimate M y (kN.m) 

Ultimater load (kN) 

(A-l) 

0 

950 

(Wl) 

8000 

4200 

(A-4) 

0 

1350 

(B-l) 

0 

1850 

(B-2) 

0 

4050 

(B-3) 

0 

4950 

(B-4) 

0 

2750 

(C-l) 

0 

2150 

(W3) 

0 

6500 

(W4) 

0 

8900 

(04) 

0 

3200 

(D-l) 

0 

2150 

(D-4) 

0 

3200 

(E-l) 

0 

2150 

(E-2) 

0 

4750 

(B-3) 

0 

5800 

(E-4) 

0 

3200 

(F-l) 

0 

1300 

(W2) 

12000 

7000 

(F-4) 

0 

1900 


Analysis for the building for the case of the earthquake acting in the in Y-direction 
provides straining actions that are not given since the example will be worked out only 
for the case of the earthquake acting in the in X-direction. 


420 






























_ 23.75m _ 

3.875 , 4.50 5.50 4.50 5.375 
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Solution 

Step 1: Dimensions of the raft 

Wherever possible, it is recommended to extend the raft beyond the edge 
columns by a distance that ranges from 0.5 m to 1.0 m. In this building, it is 
decided to extend the raft by 0.75 m from all the edge columns, except those 
located near the property line as shown in Fig. Ex 5.9b. 

As a role of thumb, it is a common practice to assume the thickness of the raft 
for multistory buildings to be equal to the number of stories multiplied by (80 
mm to 100 mm). Accordingly, the thickness of the raft is assumed 1100 mm. 

Step 2: Check stresses on soil 

In order to check the stresses on the soil, one has to calculate the area of the raft 
(A), the moment of inertia about the X-axis and the moment of inertia about the 
Y-axis. 

A = 15.75 x 25.5 = 401.6 m 2 


15.75x25.5 3 


= 21763 m 4 


25.5xl5.75 3 


:8302.3 m 4 


The resultant of the gravity loads does not coincide with the center of gravity of 
the raft. It can be easily proved that the eccentricities e x md e y , as shown in Fig. 
EX 5.9b, are given by: 

e x = 0.3 m e y = 0.5m 

Since the moment due to the earthquake is reversible, one should consider the 
direction in which the moment due to the earthquake and that due to the 
eccentricity of the resultant of the gravity loads have the same sign. 

(M y ) to tai = Moment due to earthquake + Moment due to eccentricity of the 

resultant of the gravity loads 

M y )tot;ii = M y + (e x x N) 

(M y ),otai = 16000 + 0.3 X 68000 =36400 kN.m 

(M x )iotai = Moment due to earthquake + Moment due to eccentricity of the 

resultant of the gravity loads 

(M x )totai ~ M x + (e y x N) 

(M x ) to tai= 0+ 0.5 x 68000 = 34000 kN.m 
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/=" 

A I 


-y +- 


M, 


The coordinates of points A and B are (7.875,12.75) and (-7.875,-12.75), 
respectively. 


f A = 12.75 + 7.875 = 223.76 KN /m 2 < (1.3x200) 


/, 


401.6 21763 

68000 34000 


8302 


„ - -(-12.75)+ ^^(-7.875) = 114.87KN /m 2 <(1.3x200) 

s 401.6 21763 8302 


According to the Egyptian Code for Foundations, the allowable bearing 
capacity of the soil can be increased to 1.3 of its recommended value whenever 
the earthquake load is considered. Hence, the stresses on soil are safe. 
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Step 3: Computer analysis of the raft 
Step 3.1: Modeling the raft and the soil 

The raft was modeled using shell elements and the soil was modeled using 
spring elements. Many commercial computer programs are well documented 
and can be used. In this example, the well-known structural analysis program 
SAP-2000 was used in the analysis. Figure 5.9d shows the finite element mesh 
used in the analysis. 

The majority of the elements had dimensions 0.5m x 0.5m. At some locations, 
however, smaller element dimensions were used. 

An approximate estimate of the coefficient of subgrade reaction is obtained as 
follows: 

k s = 120x soil bearing capacity = 120 x 200 = 24000 N/m 3 
The soil at each joint is modeled as a spring having a stiffness K. The stiffness 
of each spring’is obtained by multiplying the coefficient of subgrade reaction by 
the area served of each node as follows: 

Stiffness of a spring at a comer node K -k s = 24000x0.0625= 1500 kN lm 

Stiffness of a spring at an exterior node k =k s = 24000x 0.125 = 3000 kN lm 
Stiffness of a spring at an interior node K = k s xArea = 24000 x0.25 = 6000 kN lm 

Step 3.2: Modeling the acting forces and moments 
A: Columns 

Interior columns were represented by three nodes to take into account their 
relatively large dimensions. Forces and moments acting on each column were 
assumed to be acting on the three nodes. Exterior and comer columns were 
represented by two nodes. 

B: Shear walls 

In order to model the forces and moments acting on the shear walls, it was 
assumed that the gravity load could be divided among all the points 
representing :he wall, whereas the moment could be represented by 
compression forces and tension forces acting at the nodes. 
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Distribution of loads on (Wi) 

The wall is subjected to a normal force (-4200 kN) and a bending moment 
(8000 kN.m). The force at each node is evaluated by the superposition principle 
as follows: 

A-Normal force 

This wall is modeled using 22 nodes. Hence, the share of each node is equal to: 

N. = - — -= = _i9o.i kN i 

No. of Nodes 22 

B-Bending moment 


bxt 3 0.25 x5 3 4 

I =-=-= 2.604 m 

12 12 

M 8000 

cr = —-x —- 

I 2.604 


2.5 = 7680 kN lm 2 


p = p =-x7680x0.25x2.5 = ± 2400 kN 
2 


Where P, and P c are the tension and compression forces, respectvely, resulting 
from the bending moment. Since we have two rows of nodes (2 Xll), the share 
of each row is given as (refer to the figure): 


P'-- 


-2400 


No.of rows 


= -1200 kN 


To distribute the forces along the nodes, a conservative approach shall be 
followed. It shall be assumed that the loads at the nodes are proportion to their 
distance from point of zero stress. 



Where P, is the force at node i and x,- is the distance from node i to the center 
of gravity of the wall. 

£x f = 2.5 + 2.0 +1.5 +1.0 + 0.5 = 1.5 ms 


P. = — x-1200 - -400 kN i 
1 7.5 
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P .' -—x-1200 = -320 kN 1 
2 7.5 

P. = — x -1200 = -160 i 
4 7.5 


C-Total force 


P, =—x-1200 = -240 JWI 
3 7.5 

P. =— x-1200 = -80 kN I 
5 7.5 


The total force at each node is given in Table EX 1. 

22 21 20 19 18 17 16 15 14 13 12 


Nodes numbering 


11 10 98765432 1 


Wall W1 


Stresses diagram and 
the resultant forces 


Transformation of 
moment into nodal 
forces 







5.0 m 




Pt 



HUH 



Transformation of moment into nodal forces for wall W1 
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Distribution of loads on (W 2 ) 

The wall is subjected to a normal force (-7000 kN) and a bending moment 
(12000 kN.m). The force at each node is evaluated by the superposition 
principle as follows : 

A-Normal force 

This wall is modeled using 26 nodes. Hence, the share of each node equals: 

N. =_it__ —7000 _ _ 2 69 2 4 

‘ No. of Nodes 26 

B-Bending moment 

_ b xr 3 0.30x6 3 
12 12 

M 12000 

a = —x =— - 3.0 

/ 5.4 


= 5.4 m 4 

= 6666.7 kN /m 2 


P=P = ix6666.7x0.3x3.0 = ±3000 kN 
c 2 

Since we have two rows of nodes (2 xl3), the share of each row is given by 
(refer to the figure): 


P/ = - 


-3000 


No.of raws 


= -1500 kN 


To distribute the forces along the nodes, it shall be assumed that the loads at the 
nodes are proportion to their distance from point of zero stress. 



=3.0+ 2.5+ 2.0+ 1.5+ 1.0+ 0.5 = 10.5ms 

P, z=^-x-1500 = -428.6 kN i P 2 =-^-x-1500 = -357.1 kN 1 
1 10.5 10.5 

P, z.—x-1500 = -285.7 kN 4^ P ' = -^x--1500 = -214.3 kN I 


10.5 


10.5 
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p s = ^T x-1500:=_142 - 9 kN i P 6 - -“X-1500 = -71.4 kN I 

XV/.j lU.j 

C-Total force 

The total force at each node is given in Table EX 1. 

26 25 24 23 22 21 20 19 18 17 16 15 14 

Nodes numbering J***********' 

13 12 11 10 9 8 7 6 5 4 3 2 1 


Wall W2 




Transformation of 
moment into nodal 
forces 


P7 P6 P5 P4 P3 P2 PI 


o o o o o 


. IH H H 


ttttt 

P13 P12P11P10 P9 



Transformation of moment into nodal forces for wall W2 
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0.30 m 


Table EX1 Total force for the shear walls at each node 



W1 

W2 

Node 

Force 

resulting 

form 

Normal 

force 

Force 

resulting 

form 

bending 

moment 

Resulting 
force at 
each 
node 

Force 

resulting 

form 

Normal 

force 

Force 

resulting 

form 

bending 

moment 

fi 

1 

-190.9 

g mm 

-590.9 

-269.2 

-428.6 


2 

-190.9 


-510.9 

-269.2 

-357.1 


3 

-190.9 

iwi 

-430.9 

-269.2 

-285.7 


4 

-190.9 


-350.9 

-269.2 

-214.3 

EES ■ 

5 

-190.9 

-80.0 


-269.2 

-142.9 

mm 

6 

-190.9 

0.0 


-M 

-71.4 

■ 

7 


80.0 

■ 


0.0 

i 

8 


160.0 

mm 

-269.2 

71.4 

B | 

9 

-190.9 

240.0 

49.1 

-269.2 

142.9 

■ 

m 

-190.9 

320.0 

129.1 

-269.2 

214.3 

Si ■ 

a 

-190.9 

400.0 

209.1 

-269.2 

285.7 


12 

-190.9 


-590.9 

-269.2 

357.1 


13 

-190.9 


-510.9 

-269.2 

428.6 

159.3 

14 

-190.9 


-430.9 

-269.2 

-428.6 

-697.8 

15 

-190.9 


-350.9 

-269.2 

-357.1 

-626.4 

16 

-190.9 



-269.2 

-285.7 

-554.9 

17 

-190.9 

0.0 


-269.2 

-214.3 

-483.5 

18 

-190.9 

80.0 

-110.9 

-269.2 

-142.9 

-412.1 

19 

-190.9 

160.0 

-30.9 

-269.2 

-71.4 

-340.7 


-190.9 


49.1 

-269.2 


-269.2 

21 

-190.9 

320.0 

129.1 

-269.2 

EE— 

-197.8 

22 

-190.9 


209.1 

-269.2 


-126.4 

23 




-269.2 

Essm 


24 




-269.2 

285.7 


25 




-269.2 

357.1 

M 

26 




-269.2 

428.6 


Total 

-4200.0 


-4200.0 

-7000.0 
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In the computer model, the forces and moments acting on the columns were 
assigned to the joints. For shear walls, however, the resulting forces given in 
Table EX 1 that represents the applied moments and normal force were 
assigned to the nodes of the shear walls. The output of the program is shown in 
Fig. EX 9.5d 

Step 4: Design of the raft 
Step 4.1: Check of punching 

d — 1100 - 70 = 1030 mm 


Qup = P u = 5800 kN 


0«p =1 


On 


up U xd 


a — c, +d = 450 + 1030 = 1480 mm 
b =c 2 +d = 800 + 1030 = 1830 mm 

U = 2 (a+b) = 2 (1480 + 1830) = 6620mm 

5800X10 3 


9up 6620x1030 


= 0.85 N 1mm 7 


C 2 —800 


Critical punching 
perimeter 


o 

00 

Tt 
. 1“l 

IA 




O 

in 

1 

o 


b=1830 


The concrete punching strength is the least of the three values: 

La =0.316 =0.316 J—= 1.527/ I mm 2 <1.6. N/mm 2 . ok 

p V r c v 1.5 


If a 


0.45, 35 


2. q cup =0.316 (0.50+-) 4 pL =0.316 (0.50 + -—), — =1.62 N/mm 


b Vr c 


0.80 V 1.5 


3 . q = 0.8 (0.20 + —) ^ =0.8 fo.20 + - 4xLQ3 I f— = 3.17 N lmm 2 
,up U \K \ 6 62 JV 1.5 


q cup = 1.52 N/mm 2 —»•—> q cup > q up .ok 


Step 4.2: Flexural Design 
Step 4.2.1: Critical sections 

The computer output of the raft foundation consists of bending moments acting 
in the two directions Mu (x-direction in this case) and M 22 (y-direction in this 
case). The graphical representation is in the form of contour lines, in which 
each contour line represents a certain bending moment value as shown in Fig. 
EX. 9.5d . It should be mentioned that closely spaced contour lines indicate 
concentration of stresses. This usually occurs at the locations of the columns. 

When designing the bottom reinforcement of the raft one should use the value 
of the bending moment at the face of the column. 
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Fig. EX 9.5d Computer output 
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Step 4 . 2 . 2 : Design of sections 

The design for flexure for a critical section of 1.0 m width is carried out as 
follows : 

Using the design aids (Cl-J) curve 


d = C t 



1030 = C, 


35x1000 


Get Ci from (Cl-J) curve and the corresponding value of J. 


1 f y Jd 360x7x1030 

A jmin =~~b d =— xlOOOx 1030 = 1716 mm 2 (5<£22/m ') 

J y 360 

It is decided to use a mesh 5 <P 22 /m' top and bottom, and use addtioal 
reinforcement where needed. 


It should be mentioned that the above procedure should be repeated for the case 
in which the earthquake load acting in the X-direction but in the reversed 
direction. In such a case, the moments acting on the shear walls will be reversed 
and the procedure described for transforming the moments and the normal 
forces acting on the shear walls into nodal forces will be followed. 

Moreover, the raft should be analyzed for the case in which the earthquake load 
is actin in the Y-direction (straining actions are not given for that case). 

The final reinfocement of the raft should cover all the cases. 
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Fig. 5.9d Reinforcement of the raft(cont.) 

































































5.10 Design of Pile Caps 
5.10.1 introduction 

Piles are structural members used to transmit surface loads to lower levels in 
the soil mass. This transfer could be made by a vertical distribution of the load 
along the pile shaft or by a direct application of load to a lower stratum through 
the pile base. A direct load application is made by an end-bearing pile as shown 
in Fig. 5.27a and a vertical distribution of the load is made using & friction pile 
as shown in Fig. 5.27b. In general, most piles carry loads as a combination of 
side resistance and point bearing except when the pile penetrates an extremely 
soft soil to a solid base. 


Pile 


Pile Cap 



a) End-bearing Pile 



b) Friction Pile 

Fig. 5.27 Friction and end bearing piles 
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Photo 5.10 Reinforcement of a pile 

Piles are commonly used for the following purposes: 

• To carry the superstructure loads into or through a soil stratum. 

® To resist uplift such as for basement rafts below the water-table. 

• To resist overturning such as for tower legs subjected lateral loads. 

• To control settlements in case the structure is underlain by a highly 
compressible stratum. 



Photo 5.11 Construction of pile caps 
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5.10.2 Configurations of Pile Caps 

Unless a single pile is used, a cap is necessary to spread the vertical and 
horizontal loads and any overturning moments to all the piles in the group. Pile 
caps take different shapes according to the number of piles used as shown in 
Fig. 5.28. The pile cap has a reaction that is a series of concentrated loads at the 
locations of the piles. 

The acting loads on the pile cap includes the column loads and moments, any 
soil overlying the cap (if it is below the ground surface), and the weight of the 
cap. 



c) 6 Piles 


Fig. 5.28 Pile cap shapes according to the number of piles 
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5.10.3 Design of Pile Caps 

Pile caps may be designed using one of the following methods: 

1. Conventional design method. 

2. Finite element method. 

3. Strut and Tie method 


5.10.3.1 Design using the conventional Method 

Step 1 : Determine the load of each pile 

For a concentrically loaded pile cap, the load per pile is given by: 

n l.OSxN n 

P P ile =- ^allowable .-.(5-43) 

n 

in which 

P = Pile working load 

1.05 = factor taking into account the pile cap self weight (5% of the load) 

n = Number of piles 

N. = Working load of the column 
pallowable = Allowable pile load 

For eccentrically loaded pile caps, the load per pile is given by: 


p 


where 


~y ZP* 


(5.44) 


M x ,M y 

x,y 



5> 2 


= moments about x and y axes, respectively 
= distances from y and x axes to any pile 

= summation of the square distance from pile group center. 


Step 2 : One-way shear strength of pile-caps 


The critical section is located at d/2 from the face of the column; where d is the 
depth of the pile cap. 

With reference to Fig 5.29, the computation of the one-way shear on any 
section through a footing supported on piles shall be in accordance with the 
following: 

• The entire reaction from any pile whose center is located 0/2 or more 
outside the critical section shall be considered (case (a)). 
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Step 3 : Two-way (Punching) shear strength of pile caps 

The calculation of the punching load for a pile cap is minimally addressed in 
the literature. The ECP 203 does not give explicit procedure for calculating the 
punching load for pile caps. In this text, an approximate procedure is proposed. 
It should be emphasized, however, that such an approximate procedure does not 
reflect the actual complicated behavior. 

Consider the pile cap shown in Fig. 5.30. The critical section for punching is 
located at d/2 from the face of the column. It will be assumed that parts of the 
piles located inside the punching perimeter shall participate in reducing the 
punching load. Referring to Fig. 5.30, the punching load can be calculated as 
follows: 


hatched area of the pile 
gross area of the pile 


(5.45) 



Fig. 5.30 Critical section for punching 


Qup =(Column ultimate load+o.w. of pile cap within the punching perimeter)- 2x/lxpileload 

The punching stress q up - - — up .(5.46) 

1 1 xd 
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The concrete punching strength is given as the least of the following values: 


1. q cup =0.316 <1.6 N /mm 2 . (5.47a) 

2. =0.316(0.50 + ^) El .(5.47b) 

3. =0.8 (0.20 + ^.)^. (5.47c) 


where q cup is the punching shear strength provided by concrete; (a/ b) is the 
ratio of long side to short side of column, a= 4, 3, and 2 for interior, edge, and 
comer columns, respectively, d is the effective shear depth of the pile cap 
(average flexural depth in the two directions), U is the perimeter of the critical 
section, and/ cu is the concrete compressive strength. Check of punching should 
be performed around the individual pile. 

Step 4 : Design for Flexure 

The ECP 203 requires the critical section for flexure to be taken at the face of 
the column as shown in Fig. 5.31. Pile caps must be reinforced in two 
perpendicular directions. In most cases, an isolated centrally-loaded pile cap 
supporting a single column needs only bottom reinforcement. However, 
eccentrically loaded pile caps and pile caps supporting more than one column 
might need top reinforcement as well. 

The minimum cover for the reinforcement is 70 mm (concrete cast against soil). 
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5.10.3.2 Finite Element Analysis of Pile Caps 

The number of piles can be determined using the procedure mentioned in step 1 
of the conventional method. Pile cap bending moments can be obtained using 
the FEM. Such a procedure can be carried out using commercially available 
computer programs. It should be mentioned, however, that one-way shear and 
punching shear can not be obtained from such an analysis. One-way shear 
punching shear calculations should be made according to the procedures 
mentioned in the conventional method. 

The pile cap is modeled using shell elements while the piles are modeled using 
spring elements as shown in Fig. 5.32. Due to the fact that pile caps are usually 
thick, the use of shell elements that do not consider the effect of shear 
deformation is not advisable. Past experience, however, proved that the use of 
ordinary (thin) shell elements is adequate for design purposes. Deign moments 
should be calculated at the face of the column. 

It is a common practice to calculate the spring constant of piles based on the 
permissible settlement of the pile during the pile load test. In other words, the 
pile spring constant K pitc is calculated as follows: 



Fig. 5.32 Modeling of the pile cap 
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5.10.3.3 Design using The Strut and Tie Method 

The Egyptian Code ECP 203 allows the use of the Strut-and-Tie method for 
designing pile caps. The structural action of a four-pile group is shown in Fig. 
5.33. The pile cap is a special case of a deep beam and can be idealized as a 
space truss with four compression struts transferring load from the column to 
the piles, and four tension ties equilibrating the outward components of the 
compression struts. The tension ties have constant force in them and must be 
anchored for the full horizontal tie force outside the intersection of the pile and 
the compression strut. Hence, bars must either extend a distance equal to the 
anchorage length past the centerlines of the piles, or they must be hooked 
outside this point. For the pile cap shown in Fig. 5.33, the total tie force in one 
direction can be calculated from the force triangular shown. 



(C) Force in tie A-B 


Fig. 5.33 Strut and Tie method for a pile cap 
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Example 5.10 

Design and give complete reinforcement detailing for a pile cap that constitutes 
a part of a deep foundations system of a high-rise building. The design data are 
as follows: 

Column dimensions = 900 mm x 900 mm 

Unfactored column load = 5000 kN 

Factored column load = 7500 kN 

Pile diameter = 800 mm 

Pile working load = 1400 kN 

f cu = 40 N/mm 2 

f y = 360 N/mm 2 


Solution 

Step 1 : Dimensions of the pile cap 

In order to determine the dimensions of the pile cap, one has to determine the 
number of piles. 


Number of plies = 


Unfactored load of column x 1.05 _ 5000x 1.05 
Pile working load 1400 


Choose 4 piles. It should be noted that the multiplier 1.05 takes into 
consideration the own-weight of the pile cap. 

The spacing between the piles is usually taken (2.5 (j) — 3 (j>). In this example, 
the spacing between piles is taken = 2.2m. The distance from the centerline of 
the pile to the edge is taken (0.8 <p -1 <j>). 

The dimensions of the pile cap are shown in the following figure. The thickness 
of the pile cap shall be assumed equal to 1.0 m. 

Unfactored own-weight of the pile cap = 3.8 x 3.8 x 1.0 x 25 = 361 kN 


Exact pile load = 


unf actored column load+own weightof pilecap 
number of piles 


5000+361 

4 


= 1340.25 kN <1400 kN ...ok 
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Step 2 : Design for shear 
Step 2 . 1 : One-way shear 


Ultimate load of pile = 


factored load of column + factored O.W . of pile cap 
- - 


Ultimate load of pile = — < ^ >+ *' 4x3< ^ - 2001.35 kN.m 

4 

d. =1000 — 70 = 930 mm 

The critical section for one-way shear is at d/2 from the face of the column as 
shown in the following figure. 



SEC(l-l) 

According to the ECP-203, the pile load that should be considered when 
checking the shear strength of pile caps can be reduced depending on the 
location of the center of the pile with respect to the critical section. 

Preduced = reduced pile load for checking shear strength 

Preduced = reduction factor x ultimate load of pile 


-x 2001.35=1463.487 kN 
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Q u =2x reduced pile load - O.W. of pile cap outside of the critical section (hatched 
area) 

Q u =2x1463.487 - 1.4x25x3.8x0.985x1.0 =2796 kN 



«.-o.i6^ = ai6 

Since q u < q cu , the thickness of the pile cap is considered adequate for one-way 
shear. 

Step 2 . 2 : Punching shear 

The critical section is at d/2 from the column face as shown in the figure below. 
tZj =c t +d =900 + 930 = 1830 mm =1.83 m 
b x —c 2 +d = 900 + 930 = 1830mm = 1.83m 
U - 2x(a l +/>,) = 4x1830= 7320mm 

The ECP 203 does not give explicit procedure for calculating punching load for 
pile caps. However, it can be assumed that the punching load equals to the 
column load minus the parts of the piles' loads located within d/2 from the face 
of the column. It will further be assumed that the load resisted by a certain area 
of a pile is equal to the total load resisted by the pile multiplied by the ratio of 
that area to the gross area of the pile. 


,/—= 0.826 N /mm 2 
V 1.5 
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Referring to figure, it can be noted that very small area of each pile is located 
inside the critical punching area (3.5%). According to the previous procedure, 
the punching load could be calculated as follows: 

, hatched area of the pile „„„ 

A =-:-= 0.035 

gross area of the pile 




\ 1 / 
V / 



\ ' / 
N / 


punching surface 


Q up = (Column load+0.1+ .of pile cap within the punching perimeter)- 4xXxpile load 
Qw = (7500+1.4x25x1.83x1.83xl.0)-4x0.035x2001.35 =7337 kN 


Qu,, 7337x1000 
U xd ~ 7320x930 


= 1.07A /mm 7 


Column load= 
7500 kN' 


Own weight 
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The concrete strength for punching is the least of the three values: 


1- <1 cup =0.316 J— =0.316 = 1.63N/mm 2 > 1.6 N/mm 2 ->=1.6 N/mm 2 


2. q = 0.316(0.50+^X^ = 0.316(0.50 + —)J^ = 2.44N/mm 2 
b V Y c 0.90 v 1.5 


3. q =0.8(0.20 + ^-) ^=0.8 f0.20 +^^l p= 2.92/V/mm 2 
u ir c l 7.32 J V 1.5 


q C u P - 1.60 N/mm 2 

Since q up ( q cup , the thickness of the pile cap is adequate for punching shear. 

Note: The reader might notice that the reduction of the punching load due to the 
existence of the parts of the areas of the piles within the perimeter of punching 
complicates the calculations. Accordingly, the designer could conservatively 
neglect such a reduction in cases where it has trivial effect on the results. 

Check of punching for individual piles 

Pile load = 2001.35 kN 
From the figure U=3.40 m 

_ _ Qup 2001.35x1000 , 2 

q UD ~Tr —r=- = 0-63N /mm —> safe 

"" Uxd 3400x930 


U=3.4 m 
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Step 3: Design for flexure 

The critical section for flexure is at the face of the column. 


M u = 2 x factored load of pile x 0.65 - moment developed due to the O.W. of 
the hatched part of the pile cap 

1 45 2 

M = 2 x 2001.35 x 0.65 -1.4 x 25 x 3.8 x-= 2462 kN m 

“ 2 


Critical section 




C, =7.3 —> Take c/d=0.125 —> J = 0.825 

M 2462X10 6 a 

A =- - —=-=8902 mm 

1 f .J A 360x0.825x930 

j y 

QQ02 

A lm= -=2342 mm 2 lm' 

3.8 

Check the minimum steel requirement 


A min = —x b x d =—x 1000 x 930 =1550 mm 2 < A 
J ' mm f 360 

J y 

Choose 5^25 lm' (2454 mm 2 ) 
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Photo 5.12 Reinforcement arrangement of a pile 
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Example 5.11 

Design and give complete reinforcement detailing for a pile cap that constitutes 
a part of a deep foundations system of a factory. The design data are as follows: 

Diameter of circular Column = 850 mm 
Unfactored column load = 4500 kN 

Factored column load = 6750 kN 

Pile diameter = 800 mm 

Pile working load = 1750 kN 

f cu = 35 N/mm 2 

fy = 400 N/mm 2 


Solution 

Step 1: Dimensions of the pile cap 

In order to determine the dimensions of the pile cap, one has to determine the 
required number of piles. 

T , „ Unfactored load of column x 1.05 4500x1.05 

Number of plies =-—---- =-=2.7 

Pile working load 1750 

Choose 3 piles. The multiplier 1.05 takes into consideration the own weight of 
the pile cap. 

The spacing between the piles is usually taken (2.5 <j> - 3 <)>). In this example, 
the spacing between piles is taken = 2.2 m. The distance from the centerline of 
the pile to the edge is taken (0.8 <j> -1 <|>). 

The plan dimensions of the pile cap are shown in the following figure. The 
thickness of the pile cap shall be assumed equal to 1.3 m. 

Unfactored own weight of the pile cap = 5.0 x 4.33/2 x 1.3 x25 = 351.8 kN 


Exact pile load : 


unfactored column load+own weight of pile cap 
number of piles 

= 4500+351.8 = 16i7 _ 35 kN _ _ <1750 kN . ok 
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Pile cap arrangement 


Step 2: Design for shear 


Step 2.1: One-way shear 

factored load of column + factored O.W. of pile cap 
_ __ 


Ultimate load of pile = 


ttu- j * •, 6750+1.4x351.8 „ 

Ultimate load of pile =-= 2414.2 kN 

3 

d =1300 - 70 = 1230 mm 


There are two possible sections for one-way shear as follows: 


Critical section 1 

The critical section for one-way shear is at d/2 from the face of the column as 
shown in the figure below. 




According to the ECP-203, the pile load considered when checking the shear 
strength of pile caps can be reduced depending on the location of the center of 
the pile with respect to the critical section. 

From the figure, the distance (x) from the center of gravity of the column to the 
center of gravity of the pile equals = 1.1/cos 30° =1.27 m. 

Priced = reduction factor x ultimate load of pile 

/TOA 

=-x 2414.2=1901.2 kN 

800 

Q u = reduced pile load - O.W. of pile cap outside of the critical section (hatched area) 

0 85 

y, = 2.88-—0.615 = 1.83 
2 

1-83 „ „ 

x, =-= 2.11 m 


O.W. of the pile cap = O.W. of the hatched part in the following figure 
=1.4x2.11x 1.83/2 x 1.3x25 = 87.8 kN 


456 












Critical section 


Xi=2.11 



_d/2=0.615 

0/2=0.85/2 


Q u =1901.2 - 87.8=1813.4 kN 


bxd 2110x1230 


=0.16 =0.16 J— =0.77/V /mm J 

^ r c V 1.5 


Since q u ( q cu , the thickness of the pile cap is adequate for one-way shear. 


Critical section 2 

From the figure below, it is clear that Q u at the center of gravity of the pile is 
almost equal to zero. Therefore, the section is considered adequate. 




M 



100 % 

Critical section for shear 
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Step 2.2: Punching shear 

The critical section for punching shear is at d/2 from the column face as shown 
in the figure below. 

D, =D column +d = 850 + 1230 = 2080 mm =2.08 m 
U = n Dj = nx 2080= 6535mm 

A 

/ \ 

/ \ 

/ \ 



The punching load could be calculated as follows: 

, hatched area of the pile _ . , . , , . , 

A = --— = 0.12 (hatched area is calculated using 

gross area of the pile 

AutoCAD) 

Q up = (Column load + O. W. of pile cap within the punching perimeter)- 3xXx pile load 
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The concrete strength for punching is the least of the three values 


1. q = 0.316 is- = 0.316. — = 1.531V Imm 2 <1.6 N I mm 2 


2. qcw =0.316 (0.50 + —) ^ =0.316 (0.50 + 1). — = 2.29N Imm 2 


b V Y t 
<xd.\F a 


3. * = 0.8 (0.20 +-) J si- = 0.8 0.20 + 

u \y c { 


4x1.23 s ! 35 


6.535 m.5 


— =3.68 N Imm 


q cup = 1.53 N/mm 2 


Since q up ( q cup , the thickness of the pile cap is adequate for punching shear. 


Check of punching for individual piles 

Pile load = 2414.3 kN 
From the figure U=2.90 m 


9 up 


Qup 

Uxd 


2414.3x1000 

2900x1230 


= 0.681V Imm 2 —»safe 
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Step 3: Design for flexure 

The critical section for flexure is at the face of the column 
2.455 

x n =-= 2.83 m 

2 sin 60 

M u = factored load of pile • y - moment developed due to the O.W. of the 
hatched pile cap 

M u =2414.2x0.845-1.4x25xl.3x -' 455 | :2 ' - 8 —x^Y^- = 1910.6 kN .m 



Critical section a. 


y= 0.845 



■Pile load= 
2414.3 


Mu=1910.6 


x2=2.83 


d = C { 



1230=C, 


1910.5xl0 6 

35x2830 


C,=8.86^ Take c/d=0.125—> J = 0.825 

_ M_u —_ 1910.5x1 0^ =4701 mm 2 

5 f .J A 400x0.825x1230 

A /m=^^=1658 mm 2 /m' 
s 1 2.83 

Check the minimum steel requirement 

A =M^xfcxd =M*xl000xl230=1845 mm 2 

s ’ ma f 400 

J y 

Since As A-smin-t nse A-smin 
Choose 6<h20/m'(1884 mm 2 ) 
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Reinforcement details for the pile cap 


Example 5.12 

Design and give complete reinforcement detailing for a pile cap that constitute a 
part of a deep foundations system of an office building. Design data: 


Column dimensions 
Unfactored column load 
Factored column load 
Pile diameter 
Pile working load 

feu 

fy 


= 600 mm x 1200 mm 
= 7000 kN 
= 10500 kN 
= 800 mm 
= 1350 kN 
= 35 N/mm 2 
= 360 N/mm 2 


Solution 

Step 1: Dimensions of the pile cap 

In order to determine the dimensions of the pile cap, one has to determine the 
number of piles. 


Number of plies = 


Unfactored load of column x 1.05 
Pile working load 


7000x1.05 

1350 


=5.44 


Choose 6 piles. The multiplier 1.05 takes into consideration the won weight of 
the pile cap. 


The spacing between the piles is usually taken (2.5 <|> — 3 <|)). In this example, 
the spacing between piles is taken = 2.0m. The distance from the centerline of 
the pile to the edge is taken 0.80 m. The plan dimensions of the pile cap are 
shown in the following figure. The thickness of the pile cap shall be assumed 
equal to 1.4 m. 


Unfactored own weight of the pile cap = 25x5.6 x 3.6 xl.4 - 705.6 kN 


Exact pile load = 


unfactored column load+own weight of pi le cap 


7000+705.6 


number of piles 


= 1284.3 ZN <1350 ....ok 
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Pile cap arrangement 


Step 2: Design for shear 
Step 2.1: One-way shear 

Ultimate load of pile = factored load of column +factored O.W.of pile cap 

6 

TTU- * 1 jo., 10500+1.4 x 705.6 

Ultimate load of pile =-=1914.6 kN 

6 

d = 1400 —70 = 1330 mm 

The critical section for one-way shear is at d/2 from the face of the column ; 
shown in the following figure. 


Critical section 1-1 

The distance between the C.G. of piles and the critical section for one-way 
shear is more than d/2 (0.665). Hence, no reduction in pile loads. 

Q u =2x1914.6 - 1.4x25x3.6x(l.535)xl.4 =3559 kN 


Critical section 1-1 



Since q u <q cu , the thickness of the pile cap is considered adequate for one-way 
shear 

Critical section 2-2 

Preduced = reduction factor x ultimate load of pile 

= — xl914.6=1041.1 kN 
800 

Q u = 3 x reduced pile load - o. w. of pile cap outside of the critical section(hatched area) 
Q u =3x1041.1 - 1.4x25x5.6x0.835x 1.4=2894.1 kN 
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0.665 



Since q u <q cu , the thickness of the pile cap is adequate for one-way shear 



0.80 


2.0 


2.0 


Step 2.2: Punching shear 

The critical section for punching shear is at d/2 from the column face as shown 
in the figure below. 

a, =c, +d = 600+1330 = 1930 mm = 1.93 m 
b x =c 2 +d = 1200 + 1330 = 2530mm = 2.53m 
U =2x(a, +b l ) = 2 (1930 + 2530)=8920 mm 

Referring to figure, it can be noted that the areas the piles that are located inside 
the critical punching area (X-45%) of two piles. According to the previous 
procedure, the punching load could be calculated as follows: 



critical punching surface 


Q = (Column load + O.W. of pile cap within the punching perimeter)- 2 A.pile load 
<2 = (10500 +1.4 x 25 x 1.93 x 2.53 x 1.4) - 2 x 0.45 x 1914.6 = 9016.1 kN 


Q up _ 9016.1x1000 
Uxd ~ 8920x1330 


- = 0.76 N /mm 2 

Column load= 
10500 kN 



Own weight 
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The concrete strength for punching is the least of the three values: 

1. q cUD =0.316 4 pt- =0.316 =1.53A/ /mm 2 <1.6 N /mm 2 

P V Vc V 1.5 

2. -0.316 (0.50+-)J— =0.316 (0.50 + —)—=:2.23W /mm 2 

p b \y e 1.20 V 1.5 


3. =0.8(0.20 + — X — = 0.8 fo.20+^^1, — = 3.08 JV /mm 2 

c " p // ]jy c l 8.92 J V 1.5 


q cup = 1.53 N/mm 2 

Since q up ( q cup , the thickness of the pile cap is adequate for punching shear. 

Step 3: Design for flexure 

The critical section for flexure is at the face of the column. There are two 
critical sections: 


/ \ 

(- -1 - 

\ / 
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Section 1 

M u = 2-factoredload of pile- x f - moment developed due to the O.W. of the 
hatched pile cap (=1.4xj' c xB xt Xx w 2 12) 

x f =2.0- — = 1.40m 
f 2 

x =2.8-— = 2.2 m 
2 


M = 2x 1914.6 x 1.4 -1.4 x25x 3.6x1.4 x 


2.2 


= 4934 kN .m 


d=Ci 


M,. 


fcuB 


1330 =C, 


4934X10 6 
V 35x3600 


C, =6.72 —» Take c/d=0.125 -> J = 0.825 


A. =- 


M, 


4934x10 s 


/ .J.d 360x0.825x1330 


-=12476 mm 2 


, 9032.6 .... 2 > 

,4 m = -—-=3465 mm !m 

s/ 3.6 


Check the minimum steel requirement 

A . = —xfcxd=—xl000xl330=2217 mm 2 
f y 360 

Choose 6$28 1m' (3695 mm 2 ) 


Critical section 1-1 













Section 2 


M u = 3 • factored load of pile • x f - moment developed due to the O. W. of the 
hatched pile cap (= 1.4 xy c xB xtxx w 2 / 2) 

x f =1.0-—= 0.70 m 
f 2 

jt =1.8-— = 1.5 m 
2 

M = 3 x 1914.6 x 0.70 - 1 .4 x 25 x 5.6 x 1.4 x 1.5 x — s 3877 kN m 

2 


fcuB 


1330=C, 


3877x10 
I 35x5600 


C, =9.46 —> Take c/d=0.125-> J = 0.825 


M u 3877 xlO 6 

-J-d ”360x0.825x1330" 


-=9802 nun ‘ 


, / 9802 irycn 2 

Ajm- -=1750 mm 2 m < A. mi „ 

Use A S =A S m i n -22 17 mm 2 


Choose 6020 1m' 



Plan 


Reinforcement details of the pile cap 














Photo 6.1 Yokohama Bay Bridge 


STRUT- AND -TIE MODEL 


a structure, forces tend to follow the shortest possible path to transfer loads, 
a beam subjected to concentrated loads, the shortest paths to transfer load are 
; straight lines connecting the points of loading and the supports. 


.1 Introduction 
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For deep beams, those shortest paths are possible paths, see Fig. 6.1a. The load 
is directly transferred to the supports through compression struts with 
reasonable inclination. 

For slender beams, however, those shortest paths are not possible paths as 
shown in Fig. 6.1b. In such beams, the compression struts would be very flat. In 
order to develop a vertical component that is large enough to equilibrate the 
applied force, the actual force in the strut will be too large to cause concrete 
crushing. Vertical web reinforcement (ties) provides possible paths, as shown 
in Fig. 6.Id, since it increases the inclination of the struts. 

Comparison between Fig. 6.1c and Fig. 6.Id indicates that the strut-and-tie 
model is a special case of the truss model in which no vertical ties are statically 
needed. 



a)The shortest path in deep beam b)The shortest path in slender beam 



C)' Strut and tie model for deep beam d) Truss model for slender beam 


Fig. 6.1 Possible load paths for beams 


6.2 Principle of B and D Regions 

B-region 

A portion of a member in which the Bernoulli hypothesis of plane strain 
distribution is assumed to be valid. 

Discontinuity 

A discontinuity of the stress distribution occurs at a change in the geometry of a 
structural element or at a concentrated load or reaction. St. Venant’s principle 
indicates that the stresses due to axial load and bending moment approach a 
linear distribution at a distance approximately equal to the overall height of the 
member away from the discontinuity (See Fig. 6.2). For this reason, 
discontinuities are assumed to extend a distance h from the section where the 
load or change in geometry occurs. 

D^region 

It is the portion of a member within a distance equal to the member height h 
from the face of discontinuity. The plane section assumption is not valid in such 
regions. Those disturbed portions are designated D-regions, where D denotes 
discontinuity or disturbance. Typical structures in which D-region behavior 
dominates are brackets and deep beams. 

Figure 6.2 shows some typical D-regions. The regions between D-regions can 
be treated as B-regions. At disturbed or discontinuous regions of a structure 
such as comers, openings or concentrated loads and supports, plane sections do 
not remain plane, and the behavior is very different from that in B-regions. In 
such members the load carrying mechanism may be idealized as a trass made 
up of concrete compression struts and steel ties. Crashing of the concrete struts 
is one of the major failure modes for D-regions and the ultimate load is very 
dependent on the compressive strength of concrete. Because of transverse 
tension and cracking in the region of the strut, an effective concrete strength 
generally less than the cube strength, must be used in the design of the concrete 
strut. 
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A- At locations of concentrated loads 



C- Sudden variation in beam thickness 


D-Region 


D-Region 


F- Deep beam 


G- Short cantilever 


Fig. 6.2 Typical D-regions (contd.) 













6.3 Components of the Strut- and -Tie Model 


The Strut-and-Tie model consists of: 


* Major diagonal compression diagonals (struts) 

■ Tension ties (or Ties) 

■ Truss nodes. 



Fig. 6.3 Strut-and-Tie model for a deep beam 

In Fig. 6.3, the concentrated load, P, is resisted by two major inclined diagonal 
struts, shown by the light shaded areas. The horizontal component of the force 
in the strut is equilibrated by a tension tie force, T. The three darker shaded 
areas represent truss nodes. These are wedges of concrete loaded on all sides 
except the side surfaces of the beam with equal compressive stress. The loads, 
reactions, struts, and ties in Fig. 6.3 are all laid out such that the centroid of 
each truss member and the line of action of all externally applied loads coincide 
at each joint. 


The strut-and-tie shown in Fig. 6.3 can fail in one of three ways: 

• The tension tie could yield. 

• One of the struts could crush when the stress in the strut exceeds the 
effective compressive strength of concrete. 

• A truss node could fail by being stressed greater than the effective 
compressive strength of concrete. 

Since a tension failure of the steel will be more ductile than either a strut failuie 
or a node failure, a deep beam should be proportioned so that the strength of the 
steel governs. 

According to the Strut-and-Tie Model shown in Fig. 6.3, the shear strength can 
be calculated as: 

Q = A strut f ce sin0 . (61) 

where A strut is the cross sectional area of the strut, f ce is the effective 
compressive strength of concrete and 9 is the angle of inclination of the strut. 



Photo 6.2 A Cable-stayed bridge during construction 
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The validity of a Strut-and-Tie model for a given member depends on whether 
the model represents the true situation. Concrete beams can undergo a limited 
amount of redistribution of internal forces. If the chosen Strut-and-Tie model 
requires excessive deformation to reach the fully plastic state, it may fail 
prematurely. 

An example of an unsuitable model is given in Fig. 6.4 that shows a deep beam 
with two layers of longitudinal reinforcement. One layer is located at the 
bottom and the other at mid-depth. A possible Strut-and-Tie model for this 
beam consists of two trusses, one utilizing the lower reinforcing steel as its 
tension tie, the other using the upper reinforcing steel. For an ideally plastic 
material, the capacity would be the sum of the shears transmitted by the two 
trusses Q x + Q 2 . It is clear, however, that the upper layer of reinforcing steel 
has little effect on strength. When this beam is loaded, the bottom tie yields 
first. Large deformations are required before the upper tie can yield. Before 
these can fully develop, the lower truss will normally fail. 



478 


6.4 Design of the Struts 

In the design using Strut-and-Tie models, it is necessary to check that crushing 
of the compressive struts does not occur. The cross-sectional area of the 
compressive struts is highly dependent on the details at their ends. 

6.4.1 idealization of the Strut 

The most common types of struts utilized in design are: 

Prismatic Strut 

Struts could be idealized as prismatic compression members 
(prismatic struts) as shown by the straight line outlines of the 
struts in Fig. 6.3. A 

Tapered strut 

If the effective compression strength at the two ends of the strut 
differs due to different bearing lengths (See Fig. 6.5), the strut is 
idealized as a uniformly tapered compression member (tapered 
strut). 



Fig. 6.5 Tapered strut. 
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Bottle-shaped strut 


Is a strut located in a part of a member where the width of the 
compressed concrete at mid-length of the strut can spread 
laterally. The curved solid outlines in Fig. 6. 6 approximate the 
boundaries of the bottle-shaped stmts. A split cylinder test is an 
example of a bottle-shaped stmt. The spread of the applied 
compression force in such a test leads to a transverse tension that 
splits the specimen. 

To simplify design, bottle-shaped stmts are idealized either as 
prismatic or as uniformly tapered. Crack-control reinforcement 
is provided to resist the transverse tension. The amount of such 
reinforcement can be computed using the Strut-and-Tie model 
shown in Fig. 6.6 with the struts that represent the spread of the 
compression force acting at a slope of 1:2 to the axis of t^e 
applied compressive force. 



Photo 6.3 Double short cantilevers supporting a composite bridge 




Fig. 6.6 Bottle shaped strut:(a) bottle-shaped strut in a deep beam, (b)cracking of 
a bottle-shaped strut; (c) strut-and-tie model of a bottle-shaped strut 
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6.4.2 Strength of Un-reinforced Struts 

The compressive strength of an un-reinforced strut ( F c ) shall be taken as the 


smaller value of the compressive strength at the two ends, given as: 

Fc=fcd-A c ...( 6 - 2 ) 

where 

A c = cross-sectional area of the strut at the strut end under consideration 
f cd = the smaller of (a) and (b): 

(a) The effective compressive strength of the concrete in the strut; i 

(b) The effective compressive strength of concrete in the nodal zone. 

The compressive strength of concrete in the strut is given by: 

/cd =0.67 fi s f cu /y c ..(6.3) 


The strength coefficient, (0.67 fj y c ), in Eq. 6.3 represents the cube concrete 
strength under sustained compression. The factor j3 s is a factor that takes into 
account the stress conditions and the angle of cracking surrounding the strut. 
The value of J3 S is given in Table 6.1. The strength coefficient 
(0.67 /? f cu / Y e ) represents the effective concrete strength of the strut. The 
material strength reduction factor y c is taken 1.6. 


Table 6.1 Values of the Coefficient fi s 


Strut condition 

Ps 

A strut with constant cross-section along its length 

(for example a strut equivalent to the rectangular stress block 

in a compression zone in a beam) 

1.0 

Bottled-shape strut parallel to the direction of the cracks (Fig. 
6.7a) provided that there are reinforcing bars normal to the 
center-line of the strut to resist the transversal tensile force. 
Such force can be assumed spreading with inclination of 26 
degrees to the centerline of the strut. 

0.70 

Bottled-shape strut that is not parallel to the direction of the 
cracks (Fig. 6.7b). 

0.60 

Struts in tension members or the tension flanges of members. 

0.40 

All other cases 

0.60 






Fig. 6.7 Types of struts 
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If the value of fi s =0.70 specified in Table 6.1 is used, the axis of the strut shall 
be crossed by reinforcement proportioned to resist the transverse tensile force 
resulting from the compression force spreading in the strut as shown in Fig. 6.8. 
Otherwise, one has to use fi s =0.60. 

The designer may use a local strut-and-tie model to compute the amount of 
transverse reinforcement needed in a given stmt. In the American Concrete 
Institute Code (ACI318) , for concrete strengths not exceeding 40 N/mm 2 , the 
requirement is considered to be satisfied if the axis of the stmt being crossed by 
layers of reinforcement satisfies the following equation: 

Y^-sinjq > 0.003 ..(6.4) 

b Sj 

where A si is the total area of reinforcement at spacing 5, in a layer of 
reinforcement with bars at an angle y t to the axis of the stmt. 



Fig. 6.8 Reinforcement crossing a strut. 
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6.4.3 Strength of Reinforced Struts 

In order to increase the strength of the stmt, it is permitted to reinforce it with 
compression reinforcement that satisfies the following requirements. 

• The compression reinforcement should be placed within the strut and 
parallel to its axis. 

• The reinforcement should be properly anchored. 

• The reinforcement should be enclosed in ties or spirals satisfying the 
conditions applied to columns. 

An example of a deep beam with reinforced struts is given in Fig. 6.9. The 
strength of a reinforced strut is given by: 


F^AJa + A,/,^. . (65) 

0.67 f 0 

Where f cd = -—A 

Y c 

Y =13 ) y c =1.6, A is obtained from table 6.1, A s is the area of the 
reinforcing steel parallel to the direction of the strut and f y is the yield strength. 
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6.5 Design of Ties 
6.5.1 Strength of the Tie 

The strength of the tie is calculated as 

T u& =A J y /y s ..( 6 . 7 ) 

where 

T U d = design tension force. 

A s = cross-sectional area of steel. 
fy = yield strength of steel. 

Y, =U5 

The width of the tie is determined to satisfy safety conditions for compressive 
stresses at nodal points for struts and ties meeting at that node. Such a width can 

approximately be taken not more than 70% of the width of the largest strut 
connected to the tie at the node. 

6.5.2 Development Length of the Reinforcement 

The reinforcement in a tie should be developed with a length equal to L bd at the 
ends of the tie as shown in Fig. 6.10. 


strut 



Fig. 6.10 Calculation of the development length at nodal zone 
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6.6 Design of Nodal Zones 
6.6.1 Types of Nodal Zones 

The locations of the intersection of the truss members are called the nodes of 
the truss. They represent regions of multi-directionally stressed concrete or 
nodal zones of the Strut-and-Tie model. 

The compressive strength of concrete of the nodal zone depends of many 
factors, including the tensile straining from intersecting ties, confinement 
provided by compressive reactions and confinement provided by transverse 
reinforcement. 

To distinguish between the different straining and confinement conditions for 
nodal zones, it is helpful to identify these zones as follows: 

a) CCC - nodal zone bounded by compression struts only (hydrostatic 
node) 

b) CCT - nodal zone bounded by compression struts and one tension tie 

c) CTT - nodal zone bounded by a compression strut and tension ties 

d) TTT - nodal zone bounded by tension ties only 

Figure 6.11 illustrates the different types of nodal zones. 

C C 

\ / 


\ / 
\ / 



T 

(c) C-T-T Node (d) T-T-T Node 


Fig. 6.11 Classification of nodes 
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6.6.2 Strength of the Nodal Zones 

The compressive strength of a the nodal zone is given by 

Fen =A ca ■ fi n (0.67fjr e ) .-(6.6) 


in which 

A cn = the area of the face of the nodal zone taken perpendicular to the direction 
of the strut. 

Yc = material strength reduction factor for concrete = 1.6. 

p n = factor that takes into account the stress conditions at the nodal zone 


Table 6.2 Values of J3 n 


Type of Node 

fin 

c-c-c 

1.0 

C-C-T * 

0.80 

C-T-TOrT-T-T 

0.60 


* In C-C-T nodes, the value /3 n = 1.0 can be utilized if the tie is extended 
through the node and is mechanically anchored as shown in Fig. 6.12 



Fig. 6.12 Mechanical anchorage of tie reinforcement 


In order to determine the dimensions of nodes subjected to tension and 
compression (CCT or CTT), the height U of the tension tie can be calculated as 
follows: 

• In case of using one row of bars without providing sufficient 
development length beyond the nodal zones (Fig. 6.13a): 

U = 0..'.(6.7a) 

• In case of using one row of bars and providing sufficient development 
length beyond the nodal zones for a distance not less than 2c, where c is 
the concrete cover (Fig. 6.13b): 

U =<p + 2c .(6.7b) 

Where <j) is the bar diameter. 

• In case of using more than one row of bars (Fig. 6.13c) and providing 
sufficient development length beyond the nodal zones for a distance not 
less than 2c, where c is the concrete cover: 

U =<p + 2c + (n-l) s .(6-7c) 

Where n is number of bars and s the center line distance between bars. 





c)U = <f> + 2c + (n - 1)j 


Fig. 6.13 The height (U) used to determine the dimensions of the node 
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6.7 Applications 

The choice of a Strut-and-Tie model is a major issue and different engineers 
may propose various models for the same application. Figure 6.14 presents 
some applications of the Strut-and Tie model for designing deep beams. Struts 
are indicated as dashed lines; solid lines represent ties. The struts and ties are 
positioned by considering the likely paths' of the loads to the supports and the 
orthogonal reinforcement pattern. The? forces in the stmts and ties are 
determined by equilibrium. As long as the resulting model satisfies equilibrium, 
and the struts, ties and nodal zones satisfy the provisions previously discussed 
in his chapter, the structure should develop the ultimate strength required. 

Figure 6.14-a shows a simply supported deep beam that supports two planted 
columns and contains two web openings. The locations of the openings do not 
interfere with shortest load path between the loads and the supports. Hence, a 
simple Strut-and -Tie model, similar to that developed in a solid deep beam, 
can be proposed. It should be noted that the existence of the openings might 
limit the width of the strut. 

Figure 6.14-b shows a simply supported deep beam that supports two planted 
columns and contains two web openings. The locations of the openings 
interfere with shortest load path between the loads and the supports. Hence, the 
vertical load of each column has to travel around the opening. Accordingly, a 
tie has to be located above the openings, together with the traditional one 
located at the bottom part of the beam. 

Figure 6.14-c shows a deep beam having an opening near the left-hand side 
support. The beam supports a planted column. The Strut-and-Tie model for 
such a beam is developed based on engineering judgment about how the force 
paths might flow around the opening. The model demonstrates that the main 
reinforcement of the beam shall follow the directions of the ties. The designer 
should provide light reinforcement mesh on both sides of the beam to control 
cracking and to enhance the performance of the struts. 

Figure 6.14-d shows a deep beam that is bottom loaded through two hangers. A 
simplified Strut-and-Tie model that is suitable for design is also shown. It is 
assumed that the bottom load is transferred to the beam by bond stresses 
between the vertical stirrups, that hang-up the load, and the concrete. 

Figures 6.14-e-f-g show Strut-and-Tie models for cantilever and continuous 
beams subjected to different loading conditions. - 


Finally, Fig. 6.14-h shows a Strut-and-Tie model for a box girder bridge 
supported on a pier and a shallow foundation. In spite of the fact that such a 
bridge structure can be easily analyzed using simpler tools; the shown model 
gives some insight into the flow of forces. 




b) Deep beam with openings interfering with the shortest load path. 
Fig. 6.14 Typical Strut-and-Tie applications. 
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c) Deep beam with an eccentric opening 











Example 6.1 

A transfer girder supports two planted columns, each having a factored load of 
1500 kN as shown in the figure given below. The material properties are 
f cu = 30N / mm 2 and / = 400A /mm 2 . Design the beam using the Strut-and- 
Tie method presented in the ECP 203. 


1500 kN 


1500 kN 



Step 1: Check bearing capacity at loading points and at supports 

The area of the cross section of the column is (450 mm x 500 mm). The bearing 
stresses at points loading and at supports are: 

, P„ 1500x1000 2 

f i =— =- = 6.66 N /mm 

A c 450x500 

The nodal zones beneath the loading locations are (C-C-C) Nodes. The 
effective compressive strength of such type of nodes (p„=1.0) is limited to: 
f an 

f cd = 0.61'xfi x J - 2L - = 0.67xl.0x— = 12.56 N /mm 2 
Yc !-6 









The nodal zone over the support location is a compression-tension (C-C-T) 
Node. The effective compressive strength of this node (p n =0.80) is limited to: 

f, = 0.67 x B x^- = 0.67 x 0.80 x — = 10.05 N I mm 2 
Jci Y c 1.6 

Since the applied bearing stresses (6.66 N/rnm 2 ) are less than the limiting 
values at the loading locations and at the supports, the area of contact is 
considered adequate 

Step 2: Establish the Strut-and-Tie model 

A simple Strut-and-Tie model is shown in the figure below. It consists of a 
direct strut AB (or CD) from the applied load to the support. To equilibrate the 
truss, tie AD and strut BC needs to be established as shown in figure. From 
equilibrium: 

K.BC ~ ^u.AD 

The horizontal position of nodes A, B is easy to determine, but the vertical 
position of these nodes must be calculated. 

To fully utilize the beam, the positions of these nodes have to be as close to the 
top of the beam. In other words, the lever arm (jd) of the force couple must be 
set to the maximum and this means that the width of strut BC, w*, and the width 
of the tie AD, w t , must be minimum. 

1500 kN 1500 


' B Fu,bc "c^s 


6 s <^D 


6000 mm 
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To minimize w s , strut force BC, F u BC must equal its capacity as follows: 
f 

F BC = 0.67 x/? x— bw s where p s =1.0 for prismatic struts 

Yc 

To minimize w t , the force in the tie F u AD must reach the node capacity to 
anchor the tie as follows: 

F =0.67x/? x— bw. where p s =0.80 for (C-C-T) node 

r c 

Since F u BC = F u AD , it can be easily proven that: 
w , =1-25 w s 

The distance between the compression and the tension force yd equals: 


w . w, w, 1.25 w, 


. , YV „ Y V . vv x nXmt-j rr 1 

jd =t - 5 - - = t ---‘- -=t -1.125w, 

2 2 2 2 

The moment of the forces about point A gives: 

I J u ~ K.bc x jd 

P u xL x =0.67xy6? x— bw s (t -1.125W,) 

r c 


1500 (1000) x 1900 = 0.67 x 1.0 x ^500 w s (2200 -1.125 w s ) 

1.6 

The previous equation is quadratic in >v s . Solving for w. r gives: 
w s = 234.3 mm 

w, - 1.25=1.25x234.3 = 292.9mm 


Choose w s -250 mm and w, =300 mm 
The depth of the deep beam equals: 

d —t = 2200-^^ = 2050 mm 
2 2 

The distance jd equals: 

, w. w. 250 300 _ 

jd =t - i - - = 2200 ----= 1925 mm 

2 2 2-2 
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The force in the strut and the tie equals: 

F ec =?^= l500X ™°=US0.5kN 
“ Bt jd 1925 

The angle of the strut AB equals: 




45.37° 



P u 150 0x1000 
sin# sin 45.37 


=2107.6 kN 



Step 3: Select the tie reinforcement 

The tie reinforcement can be obtained as follows: 

Fuad =4 Xfy I Vs 
F u,ad = F u,sc =1480.5 kN 
1480.5x 1000 = A s x400/1.15 
A s = 4256.5 mm 2 

Choose 9 d> 25 mm (2 layers ) A s = 4417mm 2 
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Step 4: Design the nodal zones and check the anchorages 

The 90° standard hook is used to anchor tie AD. The required anchorage is 
given by: 

aPvfJYs 


L d can also be directly obtained from the tables provided in the ECP 203. 


Ld = 50 <f> for/ t „ =30 N/mm 2 


L d = 50 <5 = 50x 25 = 1250 mm 


The Egyptian code requires measuring the development length from the point 
where the centroid of the tie reinforcement leaves the nodal zone and enters the 
span. However, for simplicity, it can be measured from the end of the column. 
The distance from the column to the end of the beam is about 400 mm as shown 
in figure below and the bent part is about 850 mm. 





300 mm 


Step 5: Check the diagonal struts 

The force in the diagonal strut AB equals: 

F u AB = = 150QxlQQ0 =2107.6 kN 

sin# sin 45.37 

Referring to the figure below, the width at the top of the strut is given by: 
w „ =csin#+w, cos# 


w... =450sin 45.37+ 250 cos45.37 = 495.89 mm 
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The width at the bottom of the strut is given by: 
w sb =csin<2+w, cos# 

w sb = 450sin 45.37 + 300 cos45.37 = 531.01 mm 
w s is taken as the smaller of w s b and w st 

The Strut AB is expected to be a bottle-shaped strut. By assuming that 
sufficient crack control reinforcement is used to resist the bursting force in the 
strut (P s =0.7), the capacity of strut AB is limited to: 

F u ab =0.67x/? s x— b w s 
Yc 

F uAB = 0.67x0.7x— 500x495.89 = 2180.36 kN 

1.6 

Because this is higher than the required force, strut AB (or CD) is considered 
adequate. 


1500 kN 1500 



Step 6: Provide minimum web reinforcement 

The minimum vertical web reinforcement required by the code is given by: 

= 0.0025 b s 

The minimum horizontal shear reinforcement required by the code is given by: 
A vh = 0.0015 b s 
Choose s =200 mm 


A„ = 0.0025 500 (300) =250 mm 2 

For one leg, A JV =125 mm 2 —*A S for <3> 14 = 154 mm 2 

Choose <j> 14 @ 200 mm 

A sh = 0.0015 b (300) = mm 2 

For one leg, A sh = 150mm 2 —*A S for <F10 = 78.5 mm 2 
Choose <|> 10 @ 200 mm 

The arrangement of the reinforcement is shown in the following figure. 
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Example 6.2 


Give a complete design for the bracket shown in figure using the Strut-and-Tie 
method presented in the ECP 203 according to the following data: 

f cu -3QN I mm 2 and f y =400/*/ I mm 2 

Factored vertical load Q u = 240 kN 
Factored horizontal load N u = 56 kN 

P„=1450 kN 



400 500 mm 400 



Column cross-section 
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Step 1: Determine the bearing plate dimensions 

The nodal zone underneath the bearing plate is a compression-tension (C-C-T) 
node (P„=0.80). The effective compressive strength of this node is limited to: 

f 30 ' 

f . =0.61x0 x—-0.67x0.8x — = 10.05iV /mm 2 
Jed Y 1.6 



240x1000 

10.05 


= 23880 mm 2 


Choose a (300 mm x 150 mm) bearing plate (A c =45000 mm 2 ). 



400 500 400 

Step 2: Establish the Strut-and-Tie model 

The figure below shows the geometry of the Strut-and-Tie model. The location 
of the tie AA' is assumed to be 50 mm from the top of the corbel. 

d - 650-50 = 600mm 

As shown in the figure, the column axial load, P u is resolved into two equal 
loads acting in line with strut CB. The location of the centerline of strut CB can 
be found by calculating its width, w s . This width can be obtained from: 
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The corbel is subjected to a vertical force of a value 240 kN and a horizontal 
force of a value 56 kN. The resultant of these forces shall be used in 
establishing the Strut-and-Tie model. The direction of the resultant can be 
obtained from the triangle of forces. 


t 56 1 

0 2 = tan -1 — = 13.13° 
l240j 


The distance X 2 form the concentrated load to the node A equals: 


x 2 -50tan 13.13 = 11.66mm 


This fixes the geometry of the Strut-and-Tie model. 


Step 3: Determine the required truss forces 


6 = tan -1 -—-—- = 63.66 

l 200+ 11.67+ 170.7/2 J 


Q u _ -240 
sin# sin 63.66 


-267.8 kN .(compression) 


F aa ■ = F ab cos 0 + N u =267.8 cos63.66 +56 = 174.82 kN .(tension) 

F bb . = F ab sin 9 = 267.8cos 63.66 = -118.8 kN .(compression) 

The following table summarizes the forces in all members. Note that positive 
sign indicates tension and negative sign indicates compression. 


Member 

AA' 

AB 

BB' 

CB 

BD 

Force (kN) 

174.8 

-267.8 

-118.8 

-965.0 

-725.0 
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Step 4: Select the tie reinforcement 

Fu,AA' = A s Xfy / Y, 

=174.8 kN 

174.8x1000 = A s X400/1.15 

t 

A s = 502 mm 2 

f QA 

A = 0.03 J - B -bd =0.03 x-x 450 x 600 = 607.5 mm 2 

f 400 

J y 

Choose 6 <3> 12 mm —> A s =678mm 2 

Step 5: Design the nodal zones and check the anchorages 

The width w,of the nodal zone B was determined to be 170.7 mm (refer to Step 
2). Therefore, only nodal zone A is checked in this section. 

To satisfy the stress limit of nodal zone A, the tie reinforcement must engage an 
effective depth of concrete w, that can be obtained from: 

F u AA . =0.67 x/3 n x^bw, -~P n =0.80 

y c 

30 

174.8x1000 = 0.67x0.8x—450 w t -> w, =38.65 mm 

1.6 

As shown in figure, this limit is easily satisfied because the nodal zone 
available is 2x50=100 mm. 

Step 6: Check the struts 

Step 6.1: Strut AB 

Strut AB shall be checked based on the sizes determined by nodal zones A and 
B. Other struts shall be checked by computing the strut widths and verifying 
whether they will fit within the space available 

F„ - 0-67 x fi s x^y- b w st 

w s , is taken as the smaller width at the two ends of the strut as shown in figure. 

The width at the bottom of the strut can be accurately computed using 
AutoCAD program as shown in figure below or approximately as follows: 
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W S ,=W S sind -4 w a = 170 sin63.33 -> w sl =152.98 mm 

Strut AB is expected to be a bottle-shaped strut. By assuming that sufficient 
crack control reinforcement is used to resist bursting force in the strut (P s =0.7), 
the capacity of strut AB is limited to 

30 

F„ = 0.67x0.7x— 450x152.98 = 605.38 kN 

1.6 

Since the node strength F ns is higher than the required force F uAB (=267.8, refer 
to the table in step 3), strut AB is considered adequate. 


D D 1 



Dimensions of the Strut-and-Tie model components 


508 


Step 6.2: Strut BD 

F u ,bo = 0.67x4 x^ bw sBD 
P s =1.0 (inside the column zone) 

30 

F BD = 725.0x1000=0.67 x 1.0 x— 450w lflD 

1.6 

w sBD = 128.24 mm 

Since the required width for strut CB is less than the available for the node 
(170.3 mm), the design is considered adequate. 

Step 6.3: Strut BB' 

F u.bb = 0.67x£ x^s- b w s BB ->^->Ps=l-0 

30 

F uBD = 118.8xl000=0.67xl.0x— 450w jSa - 
w 0 „, = 21 mm >Choose 50 mm width for strut BB' 

S,DD 


Step 7: Calculate the minimum reinforcement 

Step 7.1: Vertical reinforcement 

Assume that the spacing of the vertical stirrups is 200 mm. 


„ , 0.4 , 0.4 

A = u ■ b s= - xbxs= - 

“ Mmn f 240 


x 300 x 200 = 100 mm ‘ 


Choose vertical stirrups with diameter =8 mm (two branches) spaced at 200 mm 
The available area = 50 x 2 = 100 mm 2 (O.K.) 
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Step 7.2: Horizontal reinforcement 

A h =(A s -A n ) 

N u 56xl0 3 , 

A =-—-— =-= 161.0 mm 

f y lY, 400/1.15 

A h =0.50 (A, -AJ = 0.50(502-161) = 170.5 mm 2 
Choose 4 closed stirrups with diameter = 10 mm (two branches) 
A h = 78.5x2x4 = 628 mm 2 > 170.5 mm 2 (O.K.) 

. . d 600 „„„ 

Avg.spacing =-=-= 200 mm ~^o.k 

n- 1 4-1 


@ 200mm 


6 12 



6 #12 




Reinforcement details of the corbel 
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Example 6.3 

Design and give complete reinforcement detailing for a pile cap that constitutes 
a part of a deep foundations system using the Strut-and-Tie method. Design 
data: 

Column dimensions = 750 mmx 750 mm 

Unfactored dead column load = 2200 kN 
Unfactored dead column load = 1100 kN 
Pile diameter = 500 mm 

Pile working load = 750 kN 

f cu = 30 N/mm 2 

f, = 360 N/mm 2 


Solution 


Step 1: Arrangement of piles 

The total loads acing on the pile cap are given by: 


P=P DL + P LL = 2200 + 1100 = 3300 kN 


The required number of piles is given by: 


1.05xP 1.05x3300 

n =-- =-= 4.62 piles 

750 


Choose 5 piles. The arrangement is shown in the following figure. 
Assume that the thickness of the pile cap is 1200 mm. 

The ultimate applied load is given by: 

P u =1.4 P DL + 1.6 P LL = 1.4x2200 + 1.6x1100 = 4840 kN 


P u / P iu =—j—= 968 kN 
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Step 2: Establish the Strut-and-Tie model 

The column load is divided into 5 equal loads of 968 kN each. Each of these 
loads is connected to the center of one pile through an inclined strut as shown in 
the figure. 


968 968 



968 


The location of each load at the column cross-section should be determined in 
order to establish the Strut-and-Tie model. Such locations are determined based 
on satisfying the stress limits of the stmts. 

The figure given below shows the cross-section of the column divided into 5 
areas, each of them is connected to one stmt. The area A; of the vertical stmt 
(Bottle -shaped strut) at the top node can be found from: 

A = -^-=- 968 X 10 -= 110078 mm 2 =(332 mm x 332 mm) 

1 0.67 /? f c / y c 0.67x0.7x30/1.6 

Accordingly, the area A 2 of the intersection of the inclined stmt with the top 
node (with the cross-section of the column) is found from: 

(700 2 - 332 2 ) 

A, =--= 113069 mm 2 

2 4 
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A2^ 

y^A2 

_/ At \_ 


A2 

750 


The center of gravity (C.G.) of the area A 2 can be easily obtained as shown in 
figure (calculations not shown). 

c =160.88 mm 

x c =700-2x160.88 = 428.24 mm 

It is assumed that the center-line of the inclined strut connects the C.G. of the 
area A2 and the C.G. of the pile. 


c=160.88 x c =428.24 160.88 
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Step 3: Calculate the forces 

Assume a clear concrete cover of 70 mm, and that the distance from the centei- 
line of the bottom tie to the bottom concrete fibers is 150 mm. 

Assume that the thickness of the top horizontal struts is 300 mm. Hence, the 
distance between the bottom tie and top horizontal strut equals: 

ec = 1200 -150 - 300/ 2 = 900 mm 
ab^ad =1250-428.24/2 = 1035.88 mm 

ac = Jl035.88 2 +1035.88 2 = 1465 mm 


,, -1 ec 

9 = tan — 


: 31.56“ 


The force in the strut Fj =—-—r = 1849 kN 

sin 31.56 

The force in the tie is obtained as follows: 

F". = F, cos 6 = 1849x cos31.56 =1575.6 kN 
F,. = F cos45 = 1575.6 cos 45 = 1114Z7V 


Similarly, F 2 =l 114 kN 


(compression) 


Step 4: Select the tie reinforcement 

The tie reinforcement can be obtained from the following equation: 
F lic =A s xf y /y s 


1114x1000 = A, x360/1.15 


A, = 3559 mm" 


Choose 8 25 mm in 2 layers 


A. = 3927 mm 


Provide A smin at locations other than the ties. 


. 0.6 
^ .min =J- b d 
J y 


(d =1200-100 = 1100 mm) 


—x 1000x1100 = 1833 mm 2 /m' -» UseS^lS/m' 
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Step 5: Check the struts 

Step 5.1: Strut FI 
At bottom node 
w t = 2c +<p 

Since it has been assumed earlier that the distance from C.G. of the tie to 
bottom outermost concrete fibers is 150 mm —> w t = 300 mm. 

w sb = c sin 6+W' cos# 

w sb = 500 sin 31.56 + 300 cos 31.56 = 517.3 mm 


The capacity of the inclined strut is given by: 


F a = 0.67 X /? X — w si) x A 
Yc 


. (b is the pile diameter) 


/? =0.60 for bottle-shaped strut inclined with the cracks without special 
reinforcement 

30 

F = 0.67x0.60x—x500x517.3 = 1949.6 kN 

1.6 

Because this is higher than the required force (1849 kN), strut FI is considered 
adequate. 



F, ie =il 14 kN 
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At top node 

Required area of the strut at the top node 
F, = 0.67x x ~~ A CsT 

30 

1849.2 x 1000 = 0.67 x 0.60 x — A CsT 

1.6 

A csr = 245337.9 mm 2 

Assume that the diagonal struts are square in shape. The side dimensions of the 
struts (h 2 ) can be obtained as follows: 

h 2 = -v/245337.9 = 495.32mm 


Step 5.2: Strut F2 

The top node is the node where the inclined struts, the horizontal top struts and 
the top load meet. At this node, the horizontal area A 2 and the inclined area of 
the inclined strut form parts of the nodes. 

To calculate the thickness hi, an average width (h 3 ) for the area A 2 is used. 
Thus, 


. A 2 113069 OOQ _ 

h= — = —-= 228.2 mm 

3 h 2 495.32 

h 2 = h 2 sin 6 + h, cos 0 

495.3 = 228.2 sin 31.56 +A, cos 31.56 

A, =AA\mm 

_ FJ^cos_# _^1849xl000xcos_3L56 _ 7 ^ 2 ^r / mm 

Jc 7. w QO 


A, xA : 


441x495.32 


f 30 

f =0.61x0 x—= 0.67xl.0x— = 12.56 N/mm 

Jcn Hn y c 1.6 

(P„=1.0 for (C-C-C) node) 


2 


2 


Since f c is less than f cn , the design is consider adequate. 
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Step 6: Reinforcement arrangement 

Section 6-7-1-4 of the ECP 203 states that when the Strut-and-Tie model is 
used for designing pile caps, the tie reinforcement must be distributed in a 
distance greater than three times the pile diameter if the distance between the 
centerlines of the piles is more than 3D where D is the pile diameter. 

In this example, the distance between the centerlines of the piles is less than 3D. 
The reinforcement of the tie is arranged such that the distance between the bars 
is 100 mm (the minimum accepted distance). 

Other locations should .be reinforced with the minimum reinforcement 
calculated in Step 5. 
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INTRODUCTION TO 
PRESTRESSED CONCRETE 



Photo 7.1 Prestressed concrete girder during grouting 

7.1 Introduction 

The idea of prestressing was introduced to overcome the main disadvantage of 
concrete which is the low tensile strength. Introducing compressive longitudinal 
force, called prestressing, prevents the cracks from developing by reducing or 
even eliminating the tensile stresses at critical sections. Thus, prestressing is a 
technique of introducing compressive stresses of a pre-determined magnitude 


520 







into a structural member to improve its behavior. Therefore, all sections can 
reach the full capacity of concrete in compression. 

Although prestressed concrete has many benefits, it requires more attention to 
specific design considerations that are not usually considered in construction of 
ordinary reinforced concrete. 

Prestressed concrete is used in buildings, towers, tanks, underground structures, 
and bridges. The wide spread use of prestressing is mainly due to the new 
technology of developing high strength steel or fiber reinforced plastics (FRP) 
and the accumulated knowledge of computing the short and long-term losses. 
Prestressing significantly reduce the dead weight of flexural members. The 
small span-to-depth ratio accompanied by short construction time makes 
prestressed concrete very attractive solution as a construction material. 

The idea of prestressed concrete can be traced back to 1872, when P.H Jackson, 
an engineer from California, USA, developed a prestressing system that used a 
tie rod to build beams and arches from individual blocks. Early attempts of 
prestressing were not successful because of prestressing losses over time. In 
1920s, the concept of circular prestressing was introduced but with a little 
progress because of the unavailability of high strength material that can 
compensate the long-term losses. 

Linear prestressing continued to develop in Europe especially in France through 
the work of Eugene Freyssinet. In 1928 he proposed the use of high strength 
steel to overcome the losses. P.W. Abeles of England introduced the concept of 
partial prestressing. The work of T. Y. Lin of developing the load-balancing 
technique simplifies the design process particularly in indeterminate structures. 
Since 1950s, the number of buildings and bridges constructed of prestressed 
concrete has grown enormously. 


7.2 Systems off Prestressing 

Prestressed members are classified into two main groups; pre-tensioned and 
post-tensioned. The member is called pre-tensioned, if the steel is stressed 
before casting the concrete. The member is called post-tensioned, if the steel is 
stressed after hardening of the concrete. 


7.2.1 Pretensioned Concrete 

Figure 7.1 illustrates the procedure for pre-tensioning a concrete member. Such 
a procedure can be summarized as follows: 

1- The prestressing tendons are initially tensioned between fixed rigid 
walls and anchored. 

2- With the formwork in place, the concrete is cast around the stressed 
steel tendons and cured. 

3- When the concrete has reached its required strength, the wires are cut 
(or released from the rigid walls). 

4- As the tendons attempt to contract, the concrete is compressed. Prestress 
is transmitted through bond between the steel and the concrete. 

Pretensioned concrete members are often precast in pre-tensioning yards that 
are usually long enough to accommodate many identical units simultaneously. 



a) Stressing the tendons before pouring the concrete 


Concrete is poured 



b) The concrete is poured over the stressed tendons 


Wires are cut 



c) The wires are cut and the prestressing force is transferred to concrete 


Fig. 7.1 A Pre-tensioned beam during manufacturing 
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7.2.2 Post-tensioned Concrete 

The procedure for post-tensioning a concrete member is shown in Fig. 7.2. 

1. With the formwork in position, the concrete is cast around the hollow 
ducts, which are fixed to any desired profile. 

2. The steel tendons are usually in place, unstressed in the ducts during the 
concrete pour, or alternatively may be threaded through the ducts later. 

3. When the concrete has reached its required strength, the tendons are 
tensioned. Tendons may be stressed from one end with the other end 
anchored or may be stressed from both ends. 

4. The tendons are anchored at each stressing end. In post-tensioning, the 
concrete is compressed during the stressing operation and the 
prestressing is maintained after the tendons are anchored by bearing of 
the end plates onto concrete. The ducts containing the tendons may be 
filled with grout under pressure. In this way, tendons are bonded to the 
concrete and are more efficient in controlling the cracks and providing 
ultimate strength. Bonded tendons are also less likely to corrode. 

It should be mentioned that most in-situ prestressed concrete is post-tensioned. 

Post-tensioning is also used for segmental construction of large-span bridge 

girders. 



(b) Tendons stressed and prestress transferred 



(c) Tendons anchored and grouted 


Fig. 7.2 A post-tensioned beam 
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7.3 General Design Principle 

Flexural stresses in prestressed members are the result of internal prestressing 
force P, the internal moment due to eccentric cable configuration (P. e), and the 
external applied moments (M). The prestressing force results in stresses that are 
opposite to those resulting from the external loads. The entire section is mainly 
subjected to compression stresses and is free from cracks. Fig. 7.3 illustrates the 
distribution of the stresses at mid-span. It is clear that the tensile stresses that 
result from the applied loads are eliminated by the compressive stresses due to 
prestressing 


wkN/m' 



Beam prestressing eccentricity external loads resultant 


b-Stresses 

Fig 7.3 Distribution of stresses in a prestressed beam 
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7.4 Materials 


7.4.1 Concrete 

The Egyptian Code ECP 203 presents an idealization for the stress-strain curve 
of concrete in compression. The initial part of the curve is a parabolic curve up 
to a strain of 0.002 and the second part is a straight horizontal line up to a strain 
of 0.003, as shown in Fig. 7.4. Referring to Fig. 7.4, the equation of the 
concrete stress (f c ) in terms of the concrete strain (e c ) can be expressed as: 



for e c < 0.002 
for 0.002 < e c < 0.003 


(7.1) 


where f* = 


0-67 f cu 
Y c 


To take the full advantages of prestressed concrete, concrete with high 
compressive strength is usually used. The ECP 203 specifies the concrete grade 
that should be used in prestressed concrete as shown in Table 7.1 


Table 7.1 Concrete compressive strength used in prestressed concrete 
(N/mm 2 ) 




Concrete strain e c 

Fig 7.4 ECP 203 idealized stress-strain curve for concrete 
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The advantages of using high-strength concrete in prestressed concrete 
construction can be summarized in the following points: 

1. Due to its speed in gaining strength, the shattering can be removed 
faster reducing time and cost. 

2. It minimizes losses in prestressing force by reducing creep, elastic 
shortening and shrinkage. 

3. It reduces the size and weight of the member. 

4. It reduces the required area for shear reinforcement. 

5. It produces the high bond strength required to anchor the strands used 
in pre-tensioned construction. 

7.4.2 Non-prestressing Reinforcement 

The behavior of the non-prestressing steel reinforcement is idealized by the 
Egyptian code as an elasto-plastic material as shown in Fig 7.5. The reinforcing 
steel stress can be calculated using Eq. 7.2. 

f, = e , x E s when S s <£ y ! y s ^ 

fs=fy / Vs when £ s >e y ly s . 



Fig 7.5 Idealized stress-strain curve for non-prestressed steel 
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7.4.3 Prestressing Reinforcement 

Prestressing reinforcement is available in different forms such as cold drawn 
wires, cables, and alloyed steel bars. The most common type of prestressing 
reinforcement is the seven wire strands cable as shown in Fig. 7.6. The ultimate 
tensile strength of these cables is several times that of non-prestressing 
reinforcement. For example, the ultimate strength of wires and cables ranges 
from 1700-1900 N/mm 2 (about 4-5 times that of high grade steel). This high 
strength is attributed to adding alloying elements (manganese and carbon), and 
by the use of heat treating and tempering. The favorable high tensile strength is 
accompanied by a loss of ductility and toughness. Therefore steel reinforcement 
with yield point above 1900 N/mm 2 is not commonly used because of their 
extremely brittle nature. 

A typical stress-strain relation for prestressing reinforcement is shown in Fig. 
7.6. It is clear that the prestressing steels lack a sharply defined yield point. 
Therefore, most codes including the ECP 203, specifies the yielding point as the 
stress associated with a 1% strain. For high strength bars, the yield strength is 
frequently specified as the stress associated with the intersection of the curve 
and a line parallel to the initial slope starting at strain of 0.002. The yield stress 
f py for stress relieved steel equals to approximately 85% of f pu and equals to 90% 
of f pu for low relaxation steel. 

The modulus of elasticity E ps can be taken as 200 GPa (200,000 N/mm 2 ) for 
bars and wires and 180 GPa (180,000 N/mm 2 ) for strands. 



Fig. 7.6 Stress-Strain curve for prestressing reinforcement 
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7.5 Losses in Prestressed Members 

7.5.1 Introduction 

The applied prestressing force after jacking undergoes a number of reductions. 
Some of these reductions occur immediately and others occur over a period of 
time. Therefore it is important to establish the level of prestressing at each 
loading stage as shown in the diagram below. Following the transfer of force 
from the jack to the member, a loss in tendon stress ranging from 10-15% of the 
initial force occurs. 

Prestressed losses can be categorized in two groups. 

Immediate losses: These are the losses that occur during fabrication, including 
elastic shortening Af pe , anchorage loss A f pA and frictional losses A f pf . 

Time-deponent losses: These are the losses that increase over time, including 
creep A f pcr , shrinkage A f psh , and steel relaxation A f pR . 

Immediate Time-dependent 

losses losses 

Pj ->• Pi --► P ‘ 

Jacking Prestressing Final or effective 

force force immediately prestressing force 

after transfer 

Some types of these losses occur only in post-tensioned members. An example 
of such losses is the friction losses that develop between the tendon and the 
concrete at the time of jacking. The following is a summary for the losses that 
need to be considered for each type. 

Pretensioned members 

A/„ r - A / pe + A f psh + A f pcr + A f pR .(7.3) 

Post-tensioned members 

A f pT = A f pA + A f pe + A f pw + A / pf + A f psh + A f pcr + A f pR .(7.4) 
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where 


A f pA = anchorage slip losses 
A/ = Elastic shortening losses 

A/ = wobble friction losses 

A f pf = curvature friction losses 
A f h = shrinkage losses 
A f pcr = creep losses 
A f R = steel relaxation losses 

In the following sections, each type of losses is briefly discussed, and step by 
step examples for losses calculations are given. 



Photo 7.3 Prestressed concrete girders during construction 


531 


7.5.2 Anchorage Slip Losses (A) 

At transfer in post-tension construction, when the jack is released, a small 
amount of tendon shortening occurs because of the anchorage fitting and 
movement of the wedges. The magnitude of this slip is function of the 
anchorage system and specified by the manufacturer. It usually varies from 2-6 
mm. From Hook’s law, the loss of stress in the cable A/ p a due to slippage is 
given by: 



(7.5) 


where 

Aa = magnitude of slip 

L = tendon length (the horizontal distance can be used) 

E p = modulus of elasticity of the prestressing steel 

The loss in prestressing steel stress due anchorage slip is inversely proportional 
to the length of the cable. Hence, the loss of stress due to slippage decreases as 
the length of the cable increases. At, transfer, if the tendon can be stressed by 
additional increment of length equal to the predicted anchorage slip without 
overstressing the cable, the loss in stress due to slippage can be eliminated. 



Photo 7.4 Prestressing tendons at the anchorage plate 
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7.5.3 Elastic Shortening Losses(e) 

When the prestressing force is transferred to the concrete, the concrete shorten 
and part of .the prestressing is lost. To establish the loss of tendon stress due to 
elastic shortening, we shall consider the deformations of pre-tensioned member 
stressed by a tendon at the centroid of the beam (Fig. 7.8). Since the concrete 
and the tendon are fully bonded, the strain experienced by concrete must equal 
to that in the prestressing steel. This compatibility of strain can be expressed as: 


where ea is the concrete strain and Ae s is the reduction in steel strain due to 
elastic shortening. Applying Hook’s law to the previous equation gives: 

f A f 

= .(7.7) 

Ed E p 

whereTci is the concrete strain at the centroid of the tendons, E C i is the concrete 
modulus of elasticity at the time of transfer, and Af pe is the loss in prestressing 
force as a result of elastic shortening of the beam. 

Rearranging, Eq. 7.7 gives: 


4/p, =- 


If eccentric tendon is used, the eccentricity of the tendon and beam self-weight 
should be taken into account. The stress in concrete at the level of prestressing 
steel is given by: 



after shortening 


Fig. 7.8 Elastic shortening of a concrete member 
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For post-tensioned members, the calculations of the elastic shortening losses is 
more complicated because the losses vary with the greatest losses occurring in 
the first strand stressed and the least losses occurring in the last strand stressed. 
For this reason the ECP 203 requires that for post-tensioned members to use 
only half the value calculated for pre-tensioned members as follows: 


A f =- — f pei (for post-tensioned members). 


(7.10) 


This type of losses equals to zero if all tendons are jacked simultaneously 
because the jack that elongates the tendon simultaneously compress the 
concrete and the elastic shortening takes place before the tendon is anchored. 


7.5.4 Wobble Friction Losses (W) 

This type of losses exists only in post-tensioned members due to the friction 
between the tendons and the surrounding ducts. When the ducts are positioned 
in forms, some degree of misalignment is unavoidable because of 
workmanship. Actually, it is impossible to have a perfectly straight duct in post- 
tensioned construction, and the result is friction. Fig. 7.9 shows the 
misalignment in a duct for a straight tendon. These deviations occur both in 
elevation and in plan. At each point of contact a normal force, which is 
proportional to the tendon force, develop between the tendon and the 
surrounding material. Because of the normal force, frictional forces develop at 
the point of contact. This type of friction is called the length effect. 

If the variation of the tension in the cable is neglected and the cable force is 
taken equal to the tension at the ends of the cable, the loss in force due to 
friction can be expressed as: 

P x =P 0 -e~ kx .(7.11) 

Where, P x is the force at a distance x, P 0 is the required force to produce P x at 
any point x along the tendon profile, x is the distance from the end. k is 
coefficient of friction between the tendon and the surrounding due to wobble 
effect. It equals 0.0033 for ordinary cable and equals 0.0017 for fixed ducts. 

The wobble losses equal: 

4 f pw =P 0 ~P x .(7.12) 
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Fig. 7.9 Wobble friction losses 

7.5.5 Curvature Friction Losses (F) 

This type of losses is also limited to post-tensioned members. The resulting loss 
is due to the friction between the cables and the duct. These friction losses are a 
function of the curvature of the tendon axis and the roughness of the 
surrounding material. As a result, the force in the tendon decreases with the 
distance from the jack. If a certain force is required at any desired section, the 
friction force between that section and the jack must be estimated and added to 
the required force to establish the jacking force. It should be noted that the 
maximum frictional losses occur at the far end of the beam. Although, friction 
losses vary along the beam span, such calculation is not usually performed and 
the maximum value is used. 

The ECP 203 gives the following formula to estimate the force at distance x 
produced by jacking force P 0 as follows: 
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where r ps is the radius of ducts that contain the tendons as shown in Fig. 7.10 
and p is the friction coefficient and can be assumed as: 

p = 0.55 case of friction between steel and concrete 

p = 0.30 case of friction between steel and steel 

p = 0.25 case of friction between steel and lead 

It is worth noting that the quantity (ju-x/r ps )represents the losses due to 
curvature. The code permits the use of a simplified expression for calculating 
that type of losses if (ju ■ x / r ps ) < 0.2. Such an expression is given by: 


P X =P„ 1-^L .(7.14) 

v V y 

Thus, the curvature losses equal to: 

A f pf =P 0 ~P x ...(7-15) 

Furthermore, the code permits combining the wobble and the curvature losses 
in one formula by approximating the logarithmic relation by straight line given 
by: 



(7.16) 

(7.17) 

(7.18) 

(7.19) 
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To evaluate the radius of curvature for a parabolic tendon, the following 
formula is assumed: 

(7.20) 



where a is a constant to be evaluated by applying the boundary conditions 
at x = 0 —> y = A m 


A ^ 

A « _a T . 

.(7.21) 

4 A m 

n- m . 

.(7.22) 

L 2 


. 

.(7.23) 
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Differentiating the previous equation gives the angle a at any point. 


y' = tan a = — 
y L 2 


L 

x - 

2 


. (7.24) 


Since the ratio of the depth of the beam to its span is small, it is sufficiently 
accurate to assume that cc = tan a and L= length of the arc. 


At x = 0, a=- 


& at x = L, a =- 


6 - 2a = - 


(7.25) 


Assuming the curvature of the tendon is based on that of circular arc, then 


L ~ r px ■ 9 


L V 


r?i 0 8 A„ 


. (7.26) 


7.5.6 Shrinkage Losses (sh) 

The losses in tendon stress due to shrinkage in a prestressed member depend on 
many factors They include the amount of mixing water, the relative humidity, 
the curing period, and size and shape of the cross section. The shrinkage losses 
are approximately 7% in pre-tensioned members and 5% m post-tensioned 

ones. 

Approximately 80% of the shrinkage takes place in the first year. The code 
specifies an average value of the ultimate shrinkage m Code Table 2.8.A 
according to the size of the member and the relative humidity. In cases where 


Table 7.2 Values of the shrinkage strain £si. 


Prpstressinp svstem 

Shrinkage strain . 

Pre-tensioned members (3-5 days after 
castine) 

300 x I0'° 

Post-tensioned members (7-14 days after 
casting) 

200 x 10'° 


In case of stage construction, the code permits assuming that half the amount o! 
shrinkage occurs in the first month and 75% during the first six months, the 
shrinkage losses are given by the following-equation: 
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A fpsh =e+xE r 


(7.27) 

For post-tension members, the loss in prestressing force due to shrinkage is less 
than that for pre-tensioned members. The code states that the only amount of 
shrinkage that needs to be considered is that occurred after transferring the 
force to the member. 



Photo 7.5 Prestressed concrete bridge during construction 


7.5.7 Creep Loss (CR) 

Experimental research over the years indicates that deformations continue to 
increase over time. This deformation under constant longitudinal force is 
termed creep. The amount of creep depends on the applied load, duration, 
properties of concrete, curing conditions, the age of element at first loading, and 
environmental conditions. It should be emphasized that losses due to creep 
result only from sustained loads during the loading history of the structural 
element. 

Since the relationship due to creep is linear, it is possible to relate the creep 
strain s cr to the elastic strain 8 e i such that a creep coefficient <j> can be defined as 

0 = ^2-.(7.28) 

e* 

The creep strain £ cr can be taken from Table 2-8-b in the code or from Table 7.3 
in the absence of environmental factors. The value of the creep coefficient <j) 
ranges from 1.5 to 3. The Egyptian code permits the use of <j>=2.0 for pre- 
tensioned members and <j>=1.6 for post-tensioned members. 


Table 7.3 Values of creep strain Scr 


Prestressing system 

e cr for every N/mm 2 of the working stress 

Concrete stress at the time of prestressing/ c ; 

fc> 4 0 

fci - 40 

Pre-tensioned beams 
(3-5 days after casting) 

48 x 10" 6 

48 x (40 /fa) xlO -6 

Post-tensioned beams 
(7-14 days after casting) 

36 x 10 ^ 

36 x (40//„•) xlO -6 


If the working concrete stresses at service loads is greater than 1/3 the concrete 
strength f cu , the creep strain should be increased by the factor a determined 
from Fig. 7.11. This increased strain value (e* cr ) is given by the following 
formula: 

£*cr=e cr -a .(7.29) 
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0.25 0.30 0.35 0.40 0.45 0.50 0.55 0.60 

Mcu 

Fig. 7.11 Values of a with respect to concrete stress 


Another formula for determining creep losses for bonded prestressed members 
is given by: 

.( 7 - 30 ) 

E c 

where E p = the prestressing steel modulus of elasticity. 

E c = the concrete modulus of elasticity. 

f cs = the stress in concrete at the level of centroid of the prestressing 
tendons. 

In general, this loss is a function of the stress in the concrete at the section 
being analyzed. The ECP 203 expression for f cs is; 

l .(7-3D 


where 

f cs = stress in concrete at level of steel eg immediately after transfer. 
f csd = stress in concrete at level of steel eg due to all sustained loads applied 
after prestressing is completed. 

Equation 7.30 can be expressed as: 

v,„=t-Af:-rJ .< 7 . 32 ) 

Ec 


7.5.8 Steel Relaxation Losses (R) 

Relaxation is defined as the loss of stress under constant strain, while creep is 
defined as the change in strain under constant stress. This type of losses occurs 
under constant loading due to the elongation of the tendons with time. A typical 
relaxation curve showing relaxation losses as a function of time for a specimen 
that is initially loaded to 70% of its ultimate strength and held at a constant 
strain, is shown in Fig. 7.12. The loss in stresses due to relaxation depends on 
the duration and the ratio of initial prestressed f p i to the yield strength f py . 



10 100 1000 10000 10 s 10 6 
Time (hours) 

Fig. 7.12 Typical stress relaxation losses . 


The ECP 203 gives the following equation to estimate the relaxation losses: 


where 

Afpr 

fpi 

t 

kj 


A f pR = 


fpi xlog t 
k , 


/ • ^ 

-^--0.55 

\fpy J 


(7.33) 


= steel relaxation losses due to relaxation 
= initial prestressing stress before time dependent losses 
= time elapsed since jacking (max 1000 hrs.) 

= coefficient depends on prestressing steel type and is taken: 

* 10 for normal relaxation stress relieved strands. 

■ 45 for low relaxation stress relieved. 
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This relationship is applicable only when the ratio f P iff py is greater than 0.55. If a 
step-by-step loss analysis is necessary, the loss increment at any particular 
loading stage can be determined from : 


4 = 


/ P , x ( lo g h~ lo s O f fpi 


— —0.55 .(7.34) 


where tj is the time at the beginning, and t 2 is the time at the end of interval 
from jacking to the time being considered. 

Examples 7.1 and 7.2 illustrate the procedure for calculating the losses in 
pretensioned and post-tensioned beams respectively. 
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Example 7.1: Calculations of losses for a pre-tensioned beam 

The prestressed beam shown in the figure below is pre-tensioned. Calculate 
the prestressing losses knowing that the beam is prestressed with normal 
relaxation stress relieved tendons. 

(Note: calculate relaxation losses after 200 days) 


Data 


f P 

= 1360 N/mm 2 

Aps 

= 2097 mm 2 

feu 

= 40 N/mm 2 

feui 

= 30 N/mm 2 

Ep 

= 190000 N/mm : 


Cover =100 mm 

Unfactored super-imposed load = 4 kN/m' 








Solution 

Step 1: Calculation of elastic shortening losses 

The cross sectional area (A) equals: 

A = 2x700x200 + 800x150 = 400000 mm 2 

Since the section is symmetrical; y top = ybottom= 600 mm 

7 = 2xf 7Q0X2 °° 3 - + 700x200x(600-100) 2 1 + 150X8 °° = 7.733x 10 10 mm 4 

^ 12 J 12 

The modulus of elasticity at the time of prestressing E cl equals: 

E ci = 4400= 4400 V30 = 24099.8 N /mm 2 
p =f xA' =1360x2097/1000 = 2852 kN 

The concrete stress at the level of the prestressing tendons is given by: 
r P Pxexe M ow xe 

fpci ~~~a 7 + 7 


/ ■ = 
J PCI 


2852x1000 2852x1000x500x500 605 x10 6 x500 


400000 


7.73x10“ 


7.73 x 10“ 


= -12.44 N/mm 2 


The loss of prestressing force due to elastic shortening is given by: 


A f = —- f . = 

J pe r, j pci 


190000 | 
24099.8 


12.44 = 98.08 N / mm 2 


Step 2: Calculation of creep losses 

The modulus of elasticity of concrete at full strength equals: 

E c = 4400-Jf^ = 4400V40 = 27828 N/ mm 2 

The moment due to the superimposed dead load equals: 


_ w sd L 2 4X 22 2 


: 242 kN.m 


The additional stress due to the superimposed dead load is given by: 


M si xe 242x10° x 500 2 

: —— -=--— = 1.56 N/mm 

I 7.73 xlO 10 
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The initial prestressing stress f pi equals to the prestressing stress after the 
occurrence of immediate losses. 


f p . = f p -Af pe = 1360-98.06 = 1261.94 N/mm 2 
1261.9x2097 

p = f x A --= 2646.4 KN 

‘ Jp ‘ ps 1000 


foci =~ 


2646.4x1000 2646.4x1000x500x500 605x10° x500 


400000 


7.73x10" 


7.73x10“ 


/ ci =-11.26 N/mm 2 


For pre-tensioned beams, <>=2.0. Hence, the loss of the prestressing force due to 
creep is given by: 




= 20 (u 26-1.56) = 132.46 N/mm 2 

27828 v ; 

Step 3: Calculation of shrinkage losses 

For pre-tensioned beams, the shrinkage strain e sh is equal to 300x10 °. 

A/ = e sh xE v = 300x10"° x 190000 = 57 N/mm 2 

Step 4: Calculation of steel relaxation losses 

Ki=10 —> stress relieved tendons 

Time (t) = 200 day = 200 x 24 = 4800 hours 

The Egyptian Code ECP 203 requires calculating the relaxation losses at a time 
of not more than 1000 hours. Hence, assume t = 1000 hour. 


4 f„r = 


f pi XlOg(0( f pi 


Ki [f 


--0.55 = 


1261.9 x log(lOOO) ( 1261.9 


A f = 72.8 N /mm 2 
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The total losses can be summarized in the following table 


Type of loss 


Elastic shortening losses 

98.08 

Shrinkage losses 

132.46 

Creep losses 

57.00 

Relaxation losses 

72.80 

Total losses 

360.34 

Stress before losses 

1360.00 

Stress after losses 

999.66 

Losses (%) 

26.5% 


Stress (N/mm 2 ) Percent of total losses 


27.22% 


36.76% 


15.82% 


20.20% 


100 . 00 % 
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Example 7.2: Step by step computation of losses in post- 
tensioned beam 

A simply supported post-tensioned beam is shown in the figure below. The area 
of the prestressing tendons is 1200 mm 2 and/ p *=1900 N/mm . Compute the 
prestressing losses at the critical section of the beam'at 100 days knowing that 
normal stress relieved strands are used inside steel ducts. 


wdl - 3.5 kN/m' 
f cu = 35 N/mm 2 
f cui = 26.25 N/mm 2 
E p = 193000 N/mm 2 
Anchorage slip = 4 mm 
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Solution 


Step 1: Calculate section properties 

A = 400 X1200 = 480000 mm 2 

, bxt 3 400X1200 3 , 0 

/=——- =-—-= 5.76x10 0 mm 4 

x Zu 

v _ / 5.76X10 10 _ _ 6 

~ z ,cp - -= •-—-= 96x10 mm 

y b o, 600 

e = 600 — 80 = 520 mm 

w o W = Yc xA = 2 5x— °000 =12 kN/m 
1000000 

For normal relaxation stress relieved stands, the ECP 203 specifies the yield 
stress as: 

f„ = 0.85x/ p „ =0.85x1900 = 1615 N/mm 2 

The initial prestressing force at the time of jacking equals: 


f pi = smaller of 


0.70 fpu = 0.7X1900 = 1330 N/mm 2 
0.80 / = 0.8x1615 = 1292 N/mm 2 


f P i =1292 N/mm 2 

Step 2: Anchorage slip Losses 

The strain due to anchorage slip is£, =^- =-—-= 1.818x10“ 

L 22x1000 

The loss in stresses due to anchorage slip is given by: 
a 4a =£a xE ps =1.818x10“ 4 x193000 = 35.09 N/mm 2 


Step 3: Wobble friction losses 

The code specifies k=0.0033 for normal conditions, thus the stress at the end of 
the beam equals: 

P xl = P a -e kx = 1292.e ( ~°' 0033x22) = 1201.5 N/mm 2 
Losses = 1292-1201.525 =90.47 N/mm 2 ' 
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Step 4: Curvature friction losses 

The radius of curvature r ps can be approximated by: 

1 2 22 1 

r = —=-—-= 116.35 m 

ps 8xe 8x (520/1000) 

The stress after frictional losses equals: 


P x2 = P„-e l rpi) =l292£ 


! 0.3x22 ^ 
( 116.35 J 


= 1220.75 N/mm 7 


Losses = 1292-1220.75 =71.25 N/mm 2 

Total frictional losses = Af p j — 90.47+71.25 =161.73 N/mm 2 

Net force = P x = 1292-161.73 =1095.18 N/mm 2 


Alternative method 


The quantity a = k -x +—— = 0.0033x22 + 


0.30x22 

116.35 


0.1293 


Since this quantity a is less than 0.2, the net force after the frictional losses is 

P x =P o d-a) = 1292(1 -0.1293) = 1124.9 N/mm 2 

Step 5: Elastic shortening losses 

The modulus of elasticity at the time of prestressing E ci equals: 

E c . = 4400^7 - 4400 V26.25 = 22543.3/7 /mm 2 

At transfer, the beam self weight is the only acting moment that equals: 

M = XZ/2 = = 726 kN.m 

° w 8 8 

The tTotal losses including (anchorage + Wobble + friction losses) equals: 

=35.09+161.73=196.82 N/mm 2 
Net prestressing stress =1292-196.82 =1095.18 N/mm 2 

P.=/ .xA = 1095 - 18Xl20 -^ = 1314.22 k/V 

1 J p' p* mnn 


The concrete stress at the level of the prestressing tendons is given by: 
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f ■=— L 

J pa a 


P, Pxexe Mxe 


-+- 


. 1314.22x1000 1314.22x1000x520x520 726xl0 6 x 520 

f pci =--—---+ - 


480000 
f pd - -2.35 N/mm 2 


5.76x10“ 


5.76x10“ 


The loss of prestressing force due to elastic shortening is given by: 


A/„ 


E„ 


-f . 

J PCI 


193000 


2.35 = 20.15 IV /mm 7 


pe E " pa 22543.29 

f pi = 1095.18-20.15 = 1075.03 N / mm 1 

Step 6: Calculation of creep losses 

Pi =/ xA, = 1Q75 - 03Xl20Q = 1290.04 kN 
' Jpt pi 1000 

The modulus of elasticity of concrete at full strength: 

E c = 4400-Jf^ = 4400V35 = 26030.7 N/mm 2 

The moment due to the superimposed dead loads equals: 

,, w rf L 2 3.5 x22 2 

M — =-= 211.75 kN.m 

sd 8 8 

The additional stress due to this load is given by: 

M sd xe 211.75x10 s x520 , n] 2 

/ ad = — - -=-m -= 1.91 N/mm 

J / 5.76 xlO 10 

1290.04x1000 1290.04x 1000x520 2 726x10 s x520 


f* =■ 


-+- 


480000 5.76x10 5.76x10 

For post-tensioned beams, <j>=1.6. The creep loss equals: 

E 

~E 


= -2.19 N/mm 2 


A/„ -f,:) = L6jS^(2.19-1.9l) = 3.30 N/mm* 
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Step 7: Calculation of shrinkage losses 

For post-tensioned beams, the shrinkage strain £ s j, is 200x10 ^. 

Af psh = e sh xE p = 200x 10 _s x 193000 = 38.6 N/mm 2 

Step 4: Calculation of steel relaxation losses 

Ki=10 for normal stress relieved tendons & t= 100 day = 100 x 24 =2400 hours. 

The code requires calculating the relaxation losses at a time not exceeding 1000 
hours. Thus, t = 1000 hour. 


J_slA^1\IsL-0.55 

J P r JS f 

[Jpy 


= lOTS.OSxloggOOO) /!^_ ^ 7 3Q 

Jpr 10 l 1615 ) 

The itemized losses can be summarized in the following table _ 

I Type Stress (N/mm 2 ) \ % of total losses 


Anchorage slip losses 

35.09 

11.8% 

Wobble friction losses 

90.48 

30.5% 

Curvature friction losses 

71.25 

24.1% 

Elastic shortening 

20.15 

6.8% 

Shrinkage losses 

38.60 

13.0% 

Creep losses 

3.30 

1.1% 

Relaxation losses 

37.30 

12.6% 

Total immediate losses 

216.97 

73.3% 

Total time dependent losses 

79.20 

26.7% 

Total losses 

296.16 

100.0% , 

Stress before losses 

1292. 


Stress after losses 

995.84 

Losses (%) 

22.92% 
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7.6 Anchorage Zones 
7.6.1 Introduction 


In prestressed concrete structural members, the prestressing force is usually 
transferred from the prestressing steel to the concrete in one of two different 
ways. In post-tensioned, construction , relatively small anchorage plates transfer 
the force from the tendon to the concrete immediately behind the anchorage by 
bearing. In pre-tensioned members, the force is transferred by bond between the 
steel and the concrete. In either case, the transfer of the prestressing force occurs 
at the end of the member and involves high local pressures and forces. 

The length of the member over which the concentrated prestressing force 
changes into a uniformly distributed over the cross section is called the transfer 
length (in the case of pre-tensioned members) and the anchorage length (for 
post-tensioned members). The stress concentrations within the anchorage zone 
in a pre-tensioned member are not usually as sever as in a post-tensioned 
anchorage zone. In pre-tensioned beams, there is a more gradual transfer of 
prestressing. The prestressing force is transmitted by bond over a significant 
length of the tendon and there are usually a number of tendons that are well 
distributed throughout the anchorage zone. In addition, the high concrete 
bearing stresses behind the anchorage plates in post-tensioned members do not 
occur in pre-tensioned construction. Only post-tensioned concrete anchorage 
zone are given attention in design and will be treated in details in this text. 



Photo 7.6 Anchorage zone of a prestressed concrete beam 
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7.6.2 Stress Distribution 

In post-tensioned concrete structures, failure of the anchorage zone is perhaps 
the most common cause of problems arising during construction. Such failures 
are difficult and expensive to repair and might necessitate replacement of the 
entire member. 

Anchorage zones may fail due to. uncontrolled cracking or splitting of the 
concrete from insufficient transverse reinforcement. Bearing failures 
immediately behind the anchorage plates are also common and may be caused 
because of the inadequate dimensions of the bearing plates or poor quality of 
concrete. 

Consider the case shown in Fig. 7.13 of a single square plate centrally 
positioned at the end of a member of depth t and width b. In the region of length 
L a immediately behind the anchorage plate (i.e. the anchorage zone), plane 
sections do not remain plane and beam theory does not apply. High bearing 
stresses at the anchorage plate disappear throughout the anchorage zone, 
creating high transverse stresses. The spreading of stress that occurs within the 
anchorage zone is illustrated in Fig. 7.13. The stress trajectories are closely 
spaced directly behind the bearing plate where the compressive stresses are 
high, and become more widely spaced as the distance from the anchorage plate 
increases. In order to enhance the compressive strength of concrete, spiral 
reinforcement is usually provided as shown in Fig. 7.14. The confinement of 
concrete due to the spiral reinforcement enhances its strength and ductility. 



Fig. 7.13 Idealized stress paths in end block with single load 
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grouting tube 


spiral reinforcement 



mm 




Steel duct protecting tendons 


Stress 


St Venant’s principle suggests the length of the disturbed region for the single 
centrally located anchorage is approximately equal to the thickness of the 
member t. The high compressive stresses vanish after a short distance and 
tensile stresses form as shown in Fig. 7.15. The transverse tensile forces (often 
called bursting or splitting forces) need to be estimated accurately so that 
transverse reinforcement within the anchorage zone .can be designed to resist 



Fig. 7.15 Stress distribution at the center line of an anchorage zone 


On the other hand, the stress trajectories for an eccentrically loaded member are 
not equally spaced as shown in Fig. 7.16. The length of the disturbed zone L a is 
approximately equal to twice the distance of the prestressing force to the edge. 
High bursting tensile stresses developed along the axis of the plate. Moreover, 
end tensile stresses develop at the edge above the bearing plate. These tensile 
stresses called the spalling stresses and are usually exist in eccentrically loaded 
end zone. 



Fig. 7.16 Stress contours for an eccentric loading 
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7.6.3 Methods of Analysis 

The design of the anchorage zone for a post-tensioned member involves both 
the arrangement of the anchorage plates, to minimize transverse stresses, and 
the determination of the amount and distribution of reinforcement to carry the 
transverse tension after cracking of the concrete. The ECP 203 states that the 
anchorage zone should be designed to withstand a force equals to 1.2 the 
jacking force. 

The spreading of the prestressing forces occurs through both the depth and the 
width of the anchorage zone and therefore transverse reinforcement must be 
provided within the end zone in two orthogonal directions. The reinforcement 
quantities required in each direction are obtained from separate two- 
dimensional analyses, i.e., the vertical transverse tension is talculated by 
considering the vertical spreading of forces and the horizontal tension is 
obtained by considering the horizontal spreading of forces. The methods of 
analysis are: 

1. Strut-and-Tie method 

2. Beam analogy 

3. Finite element method 

7.6.3.1 Strut-and-Tie Method 

The internal flow of forces in each direction can be visualized in several ways. 
A simple model is to consider truss action within the anchorage zone. For the 
anchorage zone of the rectangular beam shown in Fig. 7.17, the truss analogy 
shows that transverse compression exists directly behind the bearing plate, with 
transverse tension, often called the bursting force at some distance along the 
member. The truss analogy can be used in T-beams for calculating both the 
vertical tension in the web and the horizontal tension across the flange. 



Fig. 7.17 Strut and Tie model for an anchorage zone 


7.6.3.2 Beam Analogy 

An alternative model for estimating the internal tensile forces in the anchorage 
zone is to consider it as a deep beam loaded from one side by the bearing 
stresses immediately under the anchorage plate and resisted on the other side by 
the statically equivalent, linearly distributed stresses in the beam. The depth of 
the deep beam is taken as the anchorage length L a . 

The beam analogy model is illustrated in Fig. 7.18 for a single central 
anchorage, together with the bending moment diagram for the idealized beam. 
Since the maximum moment tends to cause bursting along the axis of the 
anchorage, it is usually denoted by M b and called the bursting moment. 

By considering the free-body diagram of one-half of the end block, the bursting 
moment Mb required for the rotational equilibrium is obtained from statics. 
Referring to Fig. 7.18 and taking moment about any point on the member axis, 
one gets: 





(7.35) 


The lever arm between C b and T b is approximately equal to t/2. Hence, 



Side elevation Idealized Beam Bursting Moment 



Fig. 7.18 Bursting moment at the end zone 
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Expressions for the bursting moment and the horizontal transverse tension 
resulting from the lateral dispersion of the bearing stresses across the width b 
are obtained by replacing the thickness t in Eqs. 7.35 and 7.36 with the width b. 


Photo 7.8 Increasing beam width at the anchorage zone area 

7.6.3.3 Finite Element Method 

Computer programs are commonly used to analyze the anchorage zone. These 
programs are based on the finite element method. The anchorage zone is 
modeled using the shell element and the external prestressing is applied through 
a series of concentrated loads. Typical output is shown in Fig. 7.19. 




Fig. 7.19 Stress distribution in the anchorage zone 


559 


Example 7.3 

The figure given below shows the anchorage zone of a flexural member. The 
square bearing plate is 315 mm x 315 mm with a duct diameter of 106 mm. It is 
to design such an anchorage zone according to the beam theory 

Data 

Pj = 3000 kN 
f cu = 60 N/mm 2 
f y = 280 N/mm 2 
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Solution 



f = n 67 I— = 0.67 —xl.59 = 42.8 N I mm 2 < 39.8 ok 

Jbcu ' 1.5]] A, 1.5 

Step 2: Design of transverse reinforcement 
Step 2.1: Vertical plane 

Consider moments in the vertical plane (vertical bursting tension). 
The forces and bursting moments in the vertical plane are given by: 


M b = — (r -h) = ^(1000-315) x 10' 3 =257.0 kN m 
8 8 



Bursting in the vertical plane 
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The allowable stress for f y =280 N/mm 2 is 160 N/mm 2 . The amount of vertical 
transverse reinforcement equals: 


„ T„ 514.0x10 s 2 

A , =-=3211 mm 

f, 160 

This area of transverse steel must be provided within the length of the beam 
located from (0.2 t) to (1.0 t), i.e. (=800 mm) from the loaded end face. Two 12 
mm diameter stirrups (four vertical legs) are to be provided. 

A sb =4x112=448 mm 2 

, . 3211 

The number of stirrups n = --= 7.16 

448 

800 ,., . 

The spacing between stirrups s = — = 111 mm —> use 100 mm 

Use Two 12 mm @ 100 mm 

Step 2.2: Horizontal plane 

Now, consider the moments in the horizontal plane (horizontal bursting 
tension). The forces and bursting moments in the horizontal plane are obtained 
by replacing t with b = 480 mm. The bursting moment and horizontal tension 
are: 

M b =—{b- h) = ^^(480-315) x 10" 3 =61.9 kN m 
8 8 


M^ = 6L9X101= 258 0 kN 

b b/2 480/2 


9.52KN/tnm 


6.25KN/mm 



Cb^_ 


/ 

Tb 


Mb=61.9 kN.m 


Bursting in the horizontal plane 
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The amount of horizontal transverse reinforcement equals: 


„ T b 258.0X10 3 2 

A tb =— =-——=1611 mm 

f. 160 


Such an amount is required within the length of the beam located between 96 

mm (0.2 1 ) and 480 mm (1.0 1 ) from the loaded face. Try 2-12 mm stirrups. 

A sb =4x112=448 mm 2 

The number of stirrups n = 1^11 - 3 59 

448 

0 8x480 

The spacing between stirrups s= ' — = 106 mm —>use 100 mm 
Use Two 12 mm @100 mm 


Four pairs of closed 12 mm stirrups (i.e. four horizontal legs per pair of stirrups) 
at 100 mm centers (A sb =1760mm 2 ) are provided. To satisfy horizontal 

bursting requirements, this size and spacing of stirrups should be provided from 
the loaded face for a length of at least 480 mm. 


11-12mm dim. stirrups at 
at 100mm centres 


closed tB 

open (|j 

stirrups 

stirrups 


12mm stirrups 
at 100mm centres 


V 



Elevation 


Section 
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Example 7.4 

The figure given below shows the anchorage zone of a T-beam. The jacking 
force equals 2000 kN, f y =280 N/mm 2 , and the concrete strength is 60 N/mm 2 . 
Design the anchorage zone using: 

• Beam analogy 

• Strut-and-Tie method 



Solution 

Step 1: Check of bearing 
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fucu =0-67 ~ = 0.67 -^-xl.32 = 35.4 N /mm 1 < 34.17 ....ok 

1.5 V A, 1.5 

Step 2: Design of transverse reinforcement (using beam method) 

Step 2.1: Vertical plane 

= 2000 ^ 

1 265 


A =1000x150 + 350x550 = 342500 mm 2 
P, 2000 

f -=T = ^o =OM5i39kNlmm2 


=5.839N/mm 2 < 


0.56 f d 0,56(0.75x60) 
Yr 1.5 


< 16.8 N I mm 2 ....o .k 


ffiange =f mg xB = 0.005839x1000 = 5.84 kN /mm (Refer to Fig. EX. 7.4.1b.) 
f„ eb =f ms *b =0.005839x350 = 2.044 kN /mm 


The distributed region distance L e equals twice the distance of the prestressing 
zone to the top edge. L e = 2x271.7 = 543mm 

Referring to Fig. EX 7.4.1d, the maximum moment occurs at point of zero shear 
(x). Such a point is obtained as follows: 

2.044x = 7.547 (x -295.8) -*• x =405.7 mm 


Taking moment about point (o) gives the maximum moment M b ■ 


M„ =(2.044 x 405.7 2 /2 - 7.547x(405.7 - 295.8) 2 /2)/1000 = 122.6 kN.m 


LJ 2 


122.6x1000 

543/2 


= 451.7 kN 


The allowable stress for f y =280 N/mm 2 is 160 N/mm 2 . The amount of vertical 
transverse reinforcement in the web equals: 


T b 451.7x1000 

fs - 160 


= 2823 mm 2 
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Fig. EX.: 









This area of steel must be distributed within the length of the beam between 0.2 
(L e =109 mm) and (L e =453 mm) from the loaded surface. Use stirrups with 
diameter of 16 mm over the full depth of the web and 12 mm stirrups 
immediately behind the anchorage as shown in Fig. EX. 7.4.3. 

A sb , pmided = 2x 201 + 2x113 = 628 mm 

2821 

The number of stirrups equals --= 4.5 

628 

. , 453-109 

The required spacing =———— = 96 mm —> use 90 mm spacing 
Use d> 12 mm + d> 16 mm @90 mm 

Step 2.1: Horizontal plane 

Referring to Fig. EX. 7.4.1c, the stresses in the flanges equal: 

/„ =/ xr = 0.00584x150 = 0.876UV I mm 

J 2 J avg s 

f 3 =f wg xt =0.00584x700 = 4.088 kN /mm 

Due to symmetry, the point of zero shear is located at the middle. Thus the 
bursting moment in the horizontal direction equals; 

,, ( 4.088x175 . „ . ooc ,n\ n eAn „ (265 IT) V.,™ 


M b = 


+ 0.876 x 325 x (175 + 325 / 2) - 7.547 x - 


/1000 


M b = 92.4 kN .m 


The bursting moment is resisted by horizontal tension and compression in the 
flange. 


Mh_ = 92^x1000 ^85^ 
b B/2 500 


The area of the horizontal reinforcement required in the flange equals: 

T b 185x1000 %te£ a 
A u „ = —=-=1156mm 

sb flange j 


Using top bars of 16 mm, the total number required is: 


1156 <-7< 

n =-= 5.75 

201 
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This area of steel must be distributed within the length of the beam between 
(0.2 B=200 mm) and (B=1000 mm) from the loaded surface. 


The required spacing = 


1000-200 


: 139mm —»130mm 


Use <£> 16 mm @ 130 mm 

Step 3: Design of transverse reinforcement (using strut-and-tie) 
Step 3.1: Distribution of forces 

Another approach for solving the same previous problem is the strut-and-tie 
approach. In this approach, the prestressing force is distributed to the flange and 
to the web through a series of struts and ties as shown in Fig. EX. 7.4.2. 

The area of the cross section equals 

A =1000x150 + 350x550 = 342500 mm 2 

The average stress equals 

P 9000 

f — —L = -= 0.005839 kN /mm 2 

A 342500 


F — f xA 

x flange J avg flange 


= 0.005839x1000x150 = 876 kN 


The force in the flange is located at the c.g of the flange (75 mm from the top) 


F =p -F 

web flange 


2000-876 = 1126 kN 


The force in the web is divided into two forces, each equals 563 kN. 

Each force is located at quarter points of the web depth t web l4 = 550/4=137.5 
mm 

The truss extends from the bearing plate into the beam for a length about the 
distance of the prestressing zone to the edge=271.7=272 mm 
The forces at the bearing plate must equal those in the flange and the web but 
with different spacing as shown in figure. 

2000 JT~ 876 J” 


= 116.1 mm 


5^-= -^- = 74.5 mm 


The distance between the force in the flange and the web=(y/+y 2 )/ 2 = 95.3 mm 




(a)Vertical dispersion of prestress (elevation) 



Fig. EX. 7.4.2 Stress dispersion of the prestressing force 


Step 3.2: Vertical direction 

The inclination of the bottom strut equals 
333-137.5 

0. = tan -= 35.706' 

1 272 

563 


272 

The force in the strut equals; 


= 693 kN 


cos 35.706 

The tension in the tie equals= 693x sin 35.7 = 405 kN 
The area of steel required to carry the force in the tie 


A = — 

™sb 


405x1000 


= 2531 mm‘ 


/, 160 

This area of steel must be distributed within the length of the beam between 0.2 
L e =109 mm and L e =453 mm from the loaded surface. Use stirrups with 
diameter of 16 mm over the full depth of the web and 12 mm stirrups 
immediately behind the anchorage as shown in Fig. EX. 7.4.3 

= 2x201 +2x113 = 628 mm 


*sb ,pmvided 


2531 


The number of stirrups equals = 4.03 

628 

453-109 

The required spacing =—— = 107 mm —> use 90mm spacing 


Step 3.3: Horizontal direction 

The horizontal spreading of the forces into the flange is shown in Fig EX. 7.4.2. 
The total force is applied at the quarter point of the flange (250 mm for the 
edge). The location of the horizontal force is at 272 mm from the edge. The 
distance at which the truss is formed equals B/2=500 mm. 

At the bearing plate the force is located at the quarter points =(265/4=66.25 
mm) 

The inclination of the stmt equals 


6> = tan~ l 25 ° 662 - = 20.18° 
500 

The force in the stmt equals^ 


438 


cos 20.18 


= 467 kN 


The tension in the tie equals=467xsin 20.18 = 161UV 
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The area of steel required to carry the force in the tie 

. T b 161x1000 2 

A. = — = ——-= 1006mm 2 

/, 160 

Using top bars of 16 mm, the total number required is n 


1006 

201 


This area of steel must be distributed within the length of the beam between 0.2 
B=200 mm and B=1000 mm from the loaded surface. 


1000-200 

s =- 

5 


= 160 —> take 130 mm 



Elevation Cross Section 



Plan 


Fig. EX. 7.4.3 Reinforcement details for the anchorage zone 
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FLEXURE IN PRESTRESSED 
CONCRETE BEAMS 



Photo 8.1 Prestressed box -girder bridge during construction 


8.1 Introduction 

The basic principles used in the flexural design and analysis of prestressed 
concrete beams are presented in this chapter. Two steps are considered in the 
analysis and design of prestressed beams in flexure namely; 

• The analysis under service loads. 

• The analysis at the ultimate state- 
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The fundamental relationships used in the service load analysis are based upon 
the basic assumptions of elastic design. However, at the ultimate stage, stresses 
and strains are not proportional and the ultimate limit analysis should be carried 
out. Deflections under service loads together with the prestressing forces should 
be calculated to confirm the compliance with the applicable design criteria. 

8.2 Analysis of Prestressed Concrete Members 
under Service Loads 


8.2.1 General 

Flexural stresses in prestressed members are the result of the prestressing force 
P, the internal moment due to eccentric cable configuration, and the external 
applied moments (M). Calculations of stresses are based on the properties of the 
gross concrete section. The resulting stresses at any point in the beam caused by 
these forces can be written as: 



Pxe 

I 


y + 


Mxy 

I 


( 8 . 1 ) 


where y is the distance from the C.G. of the section to a certain point* A is the 
cross sectional area, / is the gross moment of inertia of the section, P is the 
prestressing force and M is the external applied moment. 

The resulting stresses should be checked against the allowable values specified 
by the code and given in Tables 8.1 and 8.2. For calculation of stresses at the 
extreme fibers, it is usually more convenient to express the quantity I/y as the 
section modulus (Z). For non-symmetrical members such as T-sections, the 
section modulus at the top Z top is different from the section modulus at the 
bottom Z bol . For a simply supported beam, as the one shown in Fig. 8.1, the 
stresses, at the top and bottom fibers of the beam can be calculated from: 



Pxe ^ M 


bot 


(8.2) 


In which. 


f, 


top 


_P_ Pxe M 
Z top Z, op 


(8.3) 


/ 

y b0 , 



It should be clear that the stresses induced due to ( P.e ) are opposite to those 
induced due to the external applied moment M. 


w kN/m' 


3 

M III ! 1 

l 




2 

^ ■ 1 

i F t 


a- Loading 




c- Stresses 

Fig. 8.1 Stress distributions in a concrete section due to 
The prestressing and the applied loads 
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8.2.2 Allowable Concrete and Steel Stresses 


8.2.2.1 Allowable Steel Stresses 

Prestressing steel is most commonly used in the form of wires or strands. The 
code specifies the ratio of the yield strength f py of the prestressing steel to its 
ultimate strength f pu as follows: 

fpy/fpu = 0.80 for deformed bars. 

f Pi Jf pu = 0.85 for normal relaxation stress-relieved strands, wires and bars. 
f P y/f P u = 0.90 for low relaxation stress-relieved strands and wires. 

The strength reduction factor y ps for prestressing steel is taken the same as non- 
prestressed steel. Hence, the strength reduction factor for flexure y ps is taken as 
1.15. 

The tensile stresses allowed by the ECP 203 for prestressing wires, prestressing 
strands, or prestressing bars are dependent upon the stage of loading. At 
jacking, the maximum allowable stress is the lesser of 0.75 f pu or 0.90 f py . 
When the jacking force is first applied, a stress of 0.70 f pu is allowed. 
Immediately after transfer of the prestressed force to the concrete, the 
permissible stress is 0.70 f pu or 0.80 f py whichever is smaller. The previous 
values are applied also in case of post-tensioned members. The ECP 203 
allowable stresses in prestressing steel are summarized in Table 8.1 


Table 8.1 Allowable tensile stresses for prestressing steel 

Maximum stress produced by jacking (before transfer)* 

0.90 f P y or 0.75 f pu 

Maximum tendon stress at tensioning process 

0.70 f pu 

Maximum tendon stress immediately after transfer not to 

0.80 f py or 0.70 f pu 

exceed the smaller of 


Maximum stress in post-tensioned tendons at anchorages 

and couplers immediately after anchorage of the tendons 

not to exceed the smaller of 

0.80 f py or 0.70 f pu 


Not to exceed the stress recommended by the manufacturer of the prestressing system 


575 


8.2.2.2 Allowable Concrete Stresses 


Concrete with high compressive strength is normally used in prestressed 
members. This is because of its high modulus of elasticity (less creep and 
elastic shortening losses). In addition, its high bearing capacity permits the use 
of small anchorage zone. The allowable stresses in concrete are dependent on 
the stage of loading. The ECP 203 gives these stresses in two stages namely; at 
transfer and at service loads. The allowable stresses at transfer are given in 
Table 8.2. 

At the service load stage, the ECP-203 classifies prestressed concrete elements 
into 4 cases depending on the tensile stresses developed in the section. These 
cases are as follows: 

Case A: (Full prestressing) 

These are elements in which there is no tensile stresses are allowed 
(developed tensile stress equals to zero). These elements are: 

• Structural elements subjected to cyclic or dynamic loads. 

• Structures with tension side severely exposed to corrosive 
environment of strong chemical attack which cause rusting of steel 
(category four according to ECP 203). 

Case B: Uncracked sections 

These are elements in which the tensile stresses due to all loads are less 
than: 

0.44 .(8.4a) 

Examples of structural elements deigned according to case B are: 

• Solid slabs and flat slabs. 

• Prestressed concrete elements with unbonded tendons. 

• Structures with severely exposed tension side (category three 
according to ECP 203). 

Case C: An intermediate case between full and partial prestressing 

Structural elements are subjected to tensile stresses larger than Case B 
but less than the cracking strength of concrete given by: 

far = 0-6^ * 4.0 N I mm 2 .(8.4b) 

Case D: Cracked sections (Partial prestressing) 

These are elements in which the tensile stresses due to all loads (using 
uncracked sections properties, I g ), are less than 0.85 . 
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In addition, the tensile stresses developed in the section due to 
permanent loads , which might include permanent live loads, should be 

less than 0.6 -Jf^ . 

For cases C and D, ordinary reinforcing steel or non-prestressed 
strands are provided to resist the tension force developed in the section 
at the working stage. 


Case A 


Case B 




Maximum Zero 

tension 



fcu 

(N/mm 2 ) 

Full 

prestressing 

Uncracked 

Section 

Transition 

Partial 

Prestressing 

40 

0 

2.78 

3.79 

5.38 

45 

0 

2.95 

4.02 

5.70 

50 

0 

3.11 

4.24 

6.01 

55 

0 

3.26 

4.45 

6.30 

60 

0 

3.41 

4.65 

6.58 



Fig. 8.2 Maximum allowable tension at full service loads 


Table 8.2 Allowable concrete stresses (N/mm 2 ) 


At the time of initial tensioning before time dependent losses produced by 
creep, shrinkage, or relaxation have occurred (At Transfer) 

1. Maximum compressive stress 

0.45 f cui 

2. Maximum tensile stress except as permitted in 

item 3 

0-22 

3. Maximum tensile stress at the ends of simply 

supported members 

0-44,/Z“ 

Service load flexural stresses, assuming all prestressed losses 
have occurred (At Service Loads)____ 

1. Maximum compressive stress due to prestressed 
plus sustained loads 

0.35 f C u 

2. Maximum compressive stress due to prestressed 

plus total loads 

0.40 f cu 

3. Maximum tensile stress in pre-compressed zone 

tensile zone 

Case A- zero 

Case B- 0.44 VZ7 
CaseC- 0.60^7 

<4iV /mm 2 

CaseD- 0.85^ 

Axial compression 

1. Maximum compressive stress 

0.25 U 


where 

f cui is the concrete characteristic strength at the time of transfer (N/mm ) 
f cu is the concrete characteristic strength at service load (N/mm ). 
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8.2.3 Calculations of Stresses at Transfer 


After applying the prestressing force to the beam, the beam deflects upward 
(camber) and the only external applied moment is due to the self-weight of the 
beam M ow as shown in Fig. 8.3. The bottom fibers are subjected to high 
compression stresses while, the top fibers are subjected to tension stresses. The 
concrete strength / c „,- used in the calculation of the permissible stresses should 
be at the time of transferring the force to the concrete. Furthermore, the 
prestressing force (P,-) used in stress expressions is the initial prestressing force 
before losses. 



ftop< 0.22 -Jf— 
t 

I - ” - " *■} fbot<0.45 fcui 

b 

Stresses at mid section 

Fig. 8.3 Stress distribution and allowable stresses at transfer 
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8.2.4 Calculations of Stresses at Full Service Loads 

After the application of the superimposed dead loads and the live loads, the 
prestressed member shall be subjected to the total service moment M to tai ■ The 
full intensity of such loads usually occurs after the building is completed and 
some time-dependent losses have taken place. Therefore, the prestressing force 
used in the computation of stresses is the effective prestressing force (P e ) as 
shown in Fig. 8.4. The total unfactored load on the beam is given as: 


=w m +w DL +w LL .(8.7a) 

P c = P t x [l — losses (%)] . (8.7b) 


The maximum bending at mid span for simple beam equals: 



Stresses at mid section 

Fig. 8.4 Stress distribution and allowable stresses at full service loads 
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The stresses are calculated using Eq. 8.8 and Eq. 8.9. The stresses at mid-span 
section should not exceed the limits allowed by the code and given in Table 8.2. 


/. 


top 


. P. , P e 
A Z m 


Z 


total 


top 


( 8 . 8 ) 


A 



A Xe | M .o,d 

Zbot Zbill 


(8.9) 



Photo 8.2 Tendon placement in a bridge box-section 
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8.2.5 Summary 

Equations for stress computation are used to determine the concrete stress at the 
extreme fibers for positive and negative bending moments as summarized in 
Table 8.3. It is important to verify that the stresses for both load cases (at 
transfer and at full service load) are within the allowable limits. 


Table 8.3 Stress calculations at top and bottom of sections subjected to 
either negative or positive bending moments 



In the following example problems, the allowable stresses are usually available 
and the determination of one unknown (the prestressing force, the span, or the 
loads) is required. For a certain load case (transfer or service load), two values 
can be obtained by solving the stress equations at the top and the bottom for the 
required unknown. Care should be given to the appropriate choice as given in 
Table 8.4. 


Table 8.4 Analysis of prestressed sections 
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Example 8.1 

For the prestressed beam shown in figure and knowing that the beam is fully 
prestressed determine, 


1. The required force at transfer. 

2. The amount of prestressing steel. 

3. The stresses at final stage. 


Data 

feu = 40 N/mm 2 

f cu i = 30 N/mm 2 

f py = 1700 N/mm 2 

fpu = 2000 N/mm 2 

LL =18 kN/m' (unfactored) 

Flooring weight = 4 kN/m' (unfactored) 
cover =100 mm 
Losses = 15% 



£ 

L_ 

L=22 m 

-J 



o 

o 

<N 


i 


1 

| 

l 

1 

\ 




Solution 

Step 1: Calculate Section Properties 

The cross sectional area (A) equals: 

A = 2x700x200 +800x150 = 400000 mm 2 

Since the section is symmetrical; y top = ybottom= 600 mm 


/ = 2x 


700X200 3 

12 


+ 700 x 200 x (600 -100) 2 


150X800 3 

12 


7 =- 

^bot 


v bottom 


7,7 3 3 x1^ = i 289xiob mm 3 
600 


7.733xlO 10 mm A 


Z top = Z bo t = 1.289x10 s mm 3 


w. 


= y c xA = 25x 


400000 

10 6 


= 10 kN/m' 


The allowable compression stress f c i and allowable tension stresses /„• can be 
obtained using the compressive strength of concrete at the time of pre-stressing 
f C ui as follows: 

f ci = 0.45 x fcui = 0.45 x 30 = -13.5 N/mm 2 


f u = 0.22 Jf~ = 0.22V30 = 1.2 N/mm 2 


o 

o 

00 


200 


200 
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Step 2: Calculate the initial prestressing force at transfer 

At transfer, the self-weight of the beam is the only applied load, thus: 


w ow L 2 10x22 2 


: 605 kN.m 


The eccentricity of the cable from the C.G. of the section equals: 
e =y bot — cover = 600 -100 = 500 mm 

The initial prestressing force should stratify the allowable stresses at transfer at 
the bottom and top fibers. 

f L p ‘ xe i 

J bottom A 7 7 

A **bot **bot 

Assuming that P, is in kN, and applying in the previous equation gives P,y 

P n X1000 P„ x 1000 x 500 _ 605 x10 s 
13 5 _ 400000 1.289x10 s + 1.289x10 s 

Pu = 2852 kN 

A second value Pa is obtained from the analysis of the top fibers as follows: 


f P ‘ | p t xe 
J to P A 7 7 

/a ^ top ^ top 


P i2 X1000 1 P a x 1000x500 605x10 s 

400000 1.289x10 s 1.289x10 s 


P i2 = 4281 kN 



prestressing eccentricity external . resultant 

load 


The chosen initial prestressing force is the smaller of the two values, because it 
will give stress at the opposite fiber that is less than the allowable. In this case, 
the critical load is 2852 kN giving -13.5 N/mm 2 at the bottom fiber. Applying 
this load at transfer will give stress at the top fiber of -7.6 N/mm (calculation 
is not shown), which is less than the allowable stress at transfer. 

Final design PpPa-2852 kN 


Step 3: Calculate the required prestressing steel 

The allowable prestressing stress at time of transfer is given by: 

f0.70= 0.7 X 2000 = 1400 N /mm 2 
f - - smaller of i , 7 

p ‘ jO.8/^ = 0.8x1700 = 1360/V/mm 2 

f pi - 1360 N/mm 2 

P, 2852x1000 


1360 


= 2097 mm ' 


"PS f 
J pi 

Step 4: Calculate the stresses at the service load stage 

The total load is the summation of dead and live loads, 
vy =i v +w „ +w,, = 10 + 4 +18 = 32 kN /m 

vv total r ow flooring LL 
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The total moment at the mid-span equals: 
w , L 2 32 x 22 2 


M lol = 


■ = 1936 kN.m 


8 8 

The effective prestressing force at the time of applying all service loads equals: 
P e = (1-losses) Pi -> P e = (1-0.15) x 2852 = 2424.2 kN 

The allowable stresses at service load stage equals 

fie = zero (no tension is allowed in fully prestressed beams) 

/„ =0.40 f m = 0.40x40 = -16 N /mm 2 


/, 


bottom 


-+- 


Pxe M, 


/, 


4 7 

^ top top 

2424.2x1000 2424.2x1000x500 1936x10 s 

+ - 


,op 400000 1.289 x10 s 

/ =-11.67 N Imm 2 ...<-16 (safe) 


1.289 x10 s 


f =- 

J bottom A 


P ' P. xe M 




total 


J bot 


^ bot 


fb, 


2424.2x1000 2424.2x1000x500 1936xl0 6 

-+- 


400000 


1.289 x10 s 


1.289 x10 s 


/bottom = -°- 44 N /mm 2 ...< zero ( safe ) 


The beam is considered safe because non of the extreme fiber stresses exceed 
the allowable stresses. 
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Loads at the service load stage 

fto P =-H-67 



Stresses at mid section 








Example 8.2 

Figure EX 8.2 shows the cross-section of a simply supported post-tensioned 
beam. Determine the maximum span of the beam based on the stresses at the 
transfer. Assume that the beam is made of normal strength concrete with/ c «=40 
N/mm 2 , and the concrete strength at transfer (f cu ) is 75% of the cube strength. 
Assume also that the time dependent losses are 12% of the initial prestressing 
and that the yield strength and the ultimate strength of the tendons are 1700 and 
2000 N/mm 2 , receptively. 

Knowing that the beam is categorized as case D, check stresses at full service 
stage if the beam is subjected to an unfactored live load of 12.5 kN/m' and 
unfactored superimposed dead load of 4 kN/m'. Calculate the required non 
prestressed steel (/y=400 N/mm 2 ). 


A ps =1800 mm 


100 mm 


hH 

350 mm 



Fig. EX 8.2 Beam elevation and cross section 


Solution 


Step 1: Calculate Section Properties 

The cross sectional area (A) equals: 

A = 350x1300 = 455000 mm 2 

Since the section is symmetrical; y top = ybottom= 650 mm 

T 350X1300 3 ... , Al0 4 

I =-= 6.41x10 mm 

12 


6.41x10" 


= 98.583x10 s mm 3. 


Z t0 p= Zbot = 98.583 x 10 6 mrn 


( __ 455000 ,. ,, . , 

- Y. xA = 25x- - —- = 11.375 kN/m 

OW • C 10” 


The allowable compression stress /„• and the allowable tension stress /„• can be 
obtained using the compressive strength of concrete at the time of pre-stressing 
fad as follows: 

f cul =0.75 xf cu =0.75x30 = 22.5 N/mm 2 
fa = 0.45 x fad = 0.45 x 22.5 = -10.125 N/mm 
f t = 0.22 Jf~ = 0.22V2Z5 = 1.04 N/mm 2 


100 mm 
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Step 2: Calculate the prestressing force 

The allowable prestressing stress at time of transfer is given by: 


/ . = smaller of 


0.70 f pu = 0.7 x 2000 = 1400 N / mm 2 
0.8 f = 0.8x1700 = 1360 N / mm 2 

j ny 


f pi = 1360 N/mm 2 

i8oo^ =2448W 

‘ /* 2 p ‘ 1000 

Step 3: Calculate beam span 

At transfer, the self weight of the beam is the only applied load. Since the span 
is unknown the bending due to own weight equals: 

I? 11.375xL 2 , r2 , Ar 
M = —-=-= 1.42 xL kN.m 


The eccentricity of the cable from the c.g of the section equals: 
e = y bgl - cover = 650 -100 = 550 mm 

Analysis of the stresses at the bottom fiber, which is compression, gives: 

f p i p t Xe , M o» 

J bottom a ry ry 

^bot ^bot 

2448X1000 2448x1000 x 550 , 

455000 98.583X10 6 98.583xl0 6 

M ow = 878.64 kN.m 
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Analysis of the stresses at the top fiber, which is tension, gives: 


f .... P i | P i Xg 

2 ,op 4 7 7 

^ top ^ top 


+ 1.04 = 


2448x1000 2448x1000x550 M ow x 10 6 

455000 98.583 x10 s 98.583 x10 s 


M ow = 713.12 kN.m 

The allowable stresses at the bottom and top fibers of the cross-section are - 
10.125 N/mm 2 and + 1.04 N/mm 2 , respectively. The calculation of the span of 
the beam should be based on the larger of the two values of the bending 
moments obtained from the analyses of the stresses at the bottom and top fibers 
(M ow = 878.64 kN.m). This is attributed to the fact that at the case of transfer the 
self-weight moment produces stresses that are of opposite sign compared to the 
allowable stresses, both at the bottom and top fibers as shown in the following 
table. 

M ow =878.64 = 1.42 xL 2 
L=24.858 m 


Item 


Allowable stress N/mm -10.125 


M ow (kN.m) 
Span(m) 


stress at opposite fiber 
N/mm 2 


condition 



bottom condition 

Top condition 

-10.125 

+1.04 

878.64 

713.124 

24.858 

22.395 

-0.635(top)<+1.04 

-11.804(bottom)>-10.125 

safe 

unsafe 

f top =0.635 

A fbnttnm = ~10.125 

fop—+1-04 

v unsafe 

\ r 

fbottom—11 ■ 804 
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Step 4: Calculate stresses at the service load stage 

The total load is the summation of dead and live loads, 
w =w +w ni +w LL = 11.375 + 4 +12.5 = 27.875MV/m 

vv total ow DL LL 

The total moment at the midspan equals: 

= 27.875 X24 _858^ = 2153 2 ^ 

8 8 

The effective prestressing force at the time of applying all service loads is 
P e = (1-losses) Pi —> P e = (1-0.12) x 2448 = 2154.24 kN 

For case D, the allowable stresses at service load stage equals: 

f te = 0.85= 0.85 a/40 = 5.4 N /mm 2 

f a = 0.40 f cu = 0.40x40 = -16 N /mm 2 

f Pe ^ P e x e M tola[ 

Ji°p ~ a 7 7 

n ^top ^top 


f too 


2154.24x1000 2154.24x1000x550 2153.2x10 s 


455000 


98.583 xlO 6 


98.583x10 s 


f lop = -14.56 N / mm 2 ... < -16 ( safe) 

f P < P - Xe | M »« 

J bottom A 7 7 

A ^hot ^hot 

2154.24x1000 2154.24x10 00 x 550 , 2153.2xl0 6 

f bottom 455000 98.583xl0 6 98.583x10 s 

f bcon, =+5.09 N /mm 2 ...<5.4 (safe) 

The beam is considered safe because both extreme fiber stresses (at top and 
bottom ) are less than the allowable stress. 


Step 5: Calculation of non-prestressed steel (As) 

Since the stresses at the bottom (+5.09 N/mm 2 ) exceeds the tensile strength of 
concrete (0.6 a/40 =3.79 N I mm 2 ), the beam must be reinforced with non- 
prestressed steel. The depth of the tension zone y, en equals: 

y - -5^?-xl300 = 336.8 mm 

ten 5.09 + 14.56 

The tension force equals: 


T=-f, xv xb = -x5.09x336.8x350/1000 = 300fc/\/ 

* ^ J bottom J ten ^ 

The allowable working stress f s for the non-prestressed steel (f y = 400 N/mm 2 ) is 
obtained from Table 5.1 of the ECP 203. —> f s =200 N/mm 



Loads at the service load stage 


f op =-14.56 



1—1 


Stresses at mid section 





Example 8.3 

Calculate the required prestressing force at the service load stage if the 
beam shown in the figure is subjected to dead loads of 8 kN/m'(not 
including own weight) and live loads of 20 kN/nf. The beam is prestressed 
with unbonded tendons and the losses may be assumed 16 %. It is also 
required to check the stresses at transfer. 

Assume that f cu = 45 N/mm 2 , f m i = 34 N/mm 2 



Solution 

Step 1: Calculate Section Properties 

The cross sectional area (A) equals: 

A = 1200x 150 + 250 x 750 = 367500 mm 2 

Since the section is not symmetrical, calculate the location of the center of 

1200x150x75 + 250x750x525 _ n . , 

pravi tv —> v — ——-—-304-.U itiifl 

y ‘ y 367500 


= 304.6 mm 


7 = 1200 X 15 ° 3 -+ 1200x150 x (304.6-75) 2 + 


250 x 750 s 


I =2.77 x 10 10 mm 4 


y top = y = 304.6 mm 

y bol -t -y, op =(150+ 750)-304.6 = 595.4 mm 


+ 250 x 750 x (525 - 304.6) 2 


^ lop ~ 


I 2.77x10“ 


= 91.02x10® mm 3 


^ 7 2.77x10’° in6 3 

Z u = -=-= 46.6x10 mm 

y b0! 595.4 

w - Y xA = 25x-= 9.1875 kN / m 

° w ,c 1000000 


1200 mm 


1D =304.6 


0 A 


e=495 - 4 y b ot=595.4 
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Since the beam" is prestressed with unbonded tendons, the beam is categorized 
as case B. The allowable compression stress/« and the allowable tension stress 
fte at full service load (case B) can be obtained using the compressive strength 
of concrete f cu as follows: 

f ce = 0.40 x fcu = 0.40 x 45 = -18.0 N/mm 2 

fte = 0.44^ = 0.44a/45 = 2.95 N/mm 2 


Step 2: Calculate prestressing force at service load stage 

W t0tri =w flW +w OL +w LL = 9.1875 + 8 + 20 = 37.19 kN /m' 

The total moment at the mid-span equals: 


M tot =- 


37.19X15 2 


= 1045.9 kN m 


e —y bot —cover = 595.4 — 100 = 495.4 mm 

The prestressing force should satisfy the allowable stresses at the top and 
bottom fibers. The first value for the prestressing force is obtained from the 
condition at the bottom fibers, which is given by: 

P, P.xe 


+2.952 = 


P e xlOOO P e x 1000x495.4 1045.9x10° 


367500 


46.6x10 


46.6x10 


P e /=1460.3 kN 


w tot ai=37.19 kN/m' 


Stresses at mid section 
at service load 



The second value for the prestressing force is obtained from the critical 
condition at the top fibers, which is given by: 

f - P e , P e Xe M total 

J { °P A 7 7 

" ^top ^top 


P xlOOO P x 1000x495.4 1045.9x10° 

—£--j— -:- 


367500 91.02x10° 


91.02x10° 


P e 2 = -2391 kN (negative) 

The previous load value is negative and means that the prestressing force is 
tension and therefore it is rejected. Thus, the prestressing force is taken equal to 
1460.3 kN (still the principle of choosing the bigger is valid). 

Step 3: Check stress at transfer 

At transfer, the self-weight of the beam is the only 


„ v>„ L 2 9.1875 xl5 2 

- - =——-- = 258.4 kN m 


P e = Pj (l - losses) 
1460.3 = P f (1-0.16) 


Pi- 1738 kN 

The allowable stress at transfer is given by: 
fd = 0.45 x feui = 0.45 x 34 = -15.3 N/mm 2 

fa = 0-22 Jf~ = 0.22a/34 = 1.283 N/mm 2 


P Pxe M 

f — 1 i I ow 

J bottom . rj ' rj 

A ^bot ^hot 


1738x1000 1738x1000x495.4 258.4x10° 

- -—:—:——;-1-:-r - 


367500 


46.6x10° 


46.6x10° 


-17.67 N/mm 2 > -15.3 N/mm 2 ( unsafe ) 
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, Pj p , Xg 

/(op 4 7 7 

-^/op ^ top 

1738x1000 , 1738x1000x495.4 258.4 x10 s 

f ,op ~ 367500 + 91.02x10 s 91.02xl0 6 

f lap = +1.89 N/mm 2 > +1.283 N/mm 2 (unsctfe) 


The beam is considered unsafe because both the extreme fiber stresses exceed 
the allowable stresses. 




."1 







fbouom=- 17.67 


Stresses at transfer 
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Example 8.4 

The cantilever beam shown in figure supports a balcony in a stadium. It is 
required to determine the cross sectional area for low relaxation stress relieved 
strands based on the allowable stresses at transfer. Assume that f pu = 1900 
N/mm 2 ,/ c „ =50 N/mm 2 , f cui = 38 N/mm 2 . 

Calculate the service load stress if the unfactored superimposed dead load is 8.0 
k N/m' and the unfactored live load is 14 kN/m'.Assume losses of 15% and that 
the beam is considered as case B. 



Beam cross section 


Prestressed steel 
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Solution 

Step 1: Calculate section properties 

A = 900 x 150 + 600 x 200 + 400 x 150 = 315000 mm 2 

Since the section is not symmetrical, one should calculate the C.G. 

_ 900 X 150 X 75 + 600 x 200 x 450 + 400 x 150 x 825 = 36Q ? mm 
y ~ " 315000 


j = 900xl5tf +900 x1 5 0x (3 60 .7- 75 ) 2 + 200 + 200 x 600 x (450 - 360.7) 

12 12 
+ 400x150 3 _ + 4oo x 150 x ( 82 5 _ 360.7) 2 = 2.887 x 10'° mm 4 

y,op= y =360.7 mm 

•y =c-y = (150 + 600+ 150)-360.7 = 539.3 mm 


200 x 600 3 


^ top 


2.887x10“ 


: 80.053X10 6 mm 3 


S'bot 


2.887 xlC 1( 


= 53.546x10 s mm 3 


w = v xA = 25 = 7.875 kN/m' 

ow /c 1.000000 



\ 
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The allowable compression stress / CI - and the allowable tension stress fu can be 
obtained using the compressive strength of concrete at the time of pre-stressing 
f CU i as follows: 

f ci = 0.45 xf cui = 0.45 x 38 = -17.1 N/mm 2 
/„. = 0.22 = 0.22-Ss = 1.365 N/mm 2 

Step 2: Calculate the initial prestressing force at transfer 


At transfer, the self-weight is the only load that acts on the beam at transfer. 


L 2 7.875 x6 2 


= 141:75 kNm 


The eccentricity of the cable from the C.G, of the section equals: 
e = y top “ cover — 360.7 —100 = 260.7 mm 

The first prestressing force is obtained from the critical condition at the bottom 
fibers, which is tension as shown in figure and is given by: 


Assuming that P, is in kN, and applying in the previous equation, one gets: 


1 265 _ FnXlOOO | 'F„x 1000x260.7 141.75xl0 6 

+ ' ~ 315000 53.546 x10 s 53.546 xlO 6 

P u =2367.7 kN 



prestressin eccentricit external resultant 

load 
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The second prestressing force is obtained from the critical condition at the top 
fibers, which is compression as shown in figure and is given by: 


f jj p i Xe | M o» 

J,op A z wp Z wp 


-17.1 = 


p,x 1000 P.,x 1000x260.7 141.75xl0 6 

t L ___ — - 4 - —. . . 


315000 

P a = 2934.2 kN 


80.053 XlO 6 


80.053 xlO 6 


The allowable stresses at the bottom and top fibers of the section are -17.1 
N/mm 2 and + 1.356 N/mm 2 , respectively. The calculation of the prestressing 
force should be based on the smaller of the two values obtained from the 
analyses of stresses at the bottom and top fibers (P ( /=2367.7 kN.m). This is 
attributed to the fact that at the case of transfer the self-weight moment 
produces stresses that are of opposite sign compared to the allowable stresses. 

Final design Pi=Pii =2367.7 kN 


A summary of the calculations is given in the following table. 

Item bottom condition Top condition 

+1.36 -17.1 


+1.36 


2367.7 


-13.46 


Allowable stress N/mm 


Actual stress 


Force (kN) N/mm 


Stress at opposite fiber 
N/mm 2 


Condition 



safe 


ftop—-13-46 


fbottom— 4 1-36 


-17.10 


2934.2 


2.32 


unsafe 

fo P =-17.1 

1 - 7 

unsafe 

/ 

fbottom = ~2.32 - 
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Step 3: Calculate the required prestressing steel 

For low relaxation stress relieved strands, the code specify the yield stress as 

/ =0.9 xf pu =0.9x1900 = 1710 N/mm 2 

The allowable prestressing stress at time of transfer is given by: 


/ = smaller of 


f pi =1330 N/mm 2 


0.70 f pu =0.7x1900 = 1330 N/mm 2 
0.8 / = 0.8x1710 = 1368 N / mm 2 


P. 2367.7x1000 2 

A = —— = ——-= 1780 mm 

f . 1330 

J pi 

Step 4: Calculate stresses at the service load stage 

The total load is the summation of dead and live loads: 
w ,=w +w n , +w„ = 7.875 + 8 + 14 = 29.875 WV /m' 

The total moment at the support equals: 

M = ”'sJL = 29 ~ 875 X 6 -- = 537.8 kN.m 
•°‘ 2 2 


The effective prestressing force at the time of applying all service loads is: 
P e = (1-losses) Pi 

P e = (1-0.15) x 2367.7 = 2012.5 kN 

The allowable stresses at service load stage for stage B equals; 


/,e = 0.44 yjf^ = 0.44 V50 = 3.13 N I mm 2 
f ce = 0.40f cu =0.40x50 = -20 N / mm 2 


f =— L - 

J tOD A 


P. P. xe . M u 


2012.5 xlOOO 2012.5 x 1000 x 260.7 i 537.8xlO 6 
f' op= 315000 80.053 xlO 6 80.053 xlO 6 

f top = |-6.23j N I mm 2 ... < |-20| (safe ) 
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605 


Example 8.5 

Assuming that the cantilever beam shown in Example 8.4 may be categorized 
as case D and based on the service load stage, calculate the maximum value of 
the live load that can be added to the beam. 

Data: 

fpu =19 N/mm 2 
f cu =50 N/mm 2 
fcui= 38 N/mm 2 
Losses 15% 

L= 6.0 m 



Beam cross section 
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Solution 

Step 1: Calculate the maximum moment at service load stage 

w ,o, =w ow + w DL +w LL +w add =7.875 + 8 + 14 +w ^ = 29.875+w ^ 

The total moment at the support equals: 

lrx total 2 2 101 

The allowable stresses at service load stage for case D equals: 
f u =0.85^//^ = 0.85 a/50 =6.01 N I mm 2 
f a = 0.40 f cu = 0.40 x 50 = -20 N I mm 2 

The first critical moment is obtained from the critical stress at the bottom fibers. 


w tot =29.875+w a ddi 


f bol =-20 



-I> =2012.5 


f = -£- + 

J bottom a 


P. P. xe 


A Z h 


2012.5 X1000 2012.5 x 1000x2 60.7 M loldl x 10 
_20 “ 315000 + 53.546 xlO 6 53.546x10 s 

Mtotal,.i=1253.5 kN.rn 

The second critical moment is obtained from the critical stress at the top fibers. 


fmp-6.01 


Wtot=29.875+w a dd2 



2012.5 x1000 2012.5 xlOOOx260.7 [ M lolata xlO 
315000 80.053 xlO 6 80.053 xlO 6 

Mtotai,2=1517.2 kN.m 

The chosen moment is the smaller of the two moments, because it will result in 
opposite fiber stress that is less than the maximum allowable stress (see the 
comparison table below). 

Mtotai —Mtotai, 1253.3 kN.m 


M, otal = 1253.3 


w,„,x6 2 


w lol =69.6 kNIm' 
w lol - 69.6= 29.875 + w iuld 

Thus the load that can be added to the beam equals: 
wadd = 39.8 kN/m' 


Item both 

Actual stress N/mm 2 -20.01 

w to t (KN/m') 69.64 

w add (KN/m') 39/76 

Stress at opposite fiber* 2.72 
N/mm 2 


bottom condition Top condition 


Condition 


ftop-+2-72 


fbotlom—~20 


unsafe 


f,op=6.01 


unsafe>20 


fbotlom — 26.45 


* Calculations are not shown. 




8.3 Flexural Strength of Prestressed Beams 
8.3.1 Introduction 

The main objective of the prestressing procedure is to produce a member that is 
almost free of cracks at service loads. However, the satisfaction of concrete and 
steel stress limits at service loads does not necessarily ensure adequate strength 
and does not provide a reliable indication of either the actual strength or the 
safety of a structural member. It is important to consider the non-linear behavior 
of the member in the ultimate stage to ensure that it has an adequate structural 
capacity. 

If external dead and live loads are applied to the prestressed concrete member 
shown in Fig. 8.5, various loading stages are noted. A typical loading Jhistory 
along with stress distribution is given in Fig. 8.5 and Fig 8.6. The following is a 
summary of loading stages: 

1. The initial prestressing force P, is applied to the beam and is 
transmitted to the concrete together with the beam self-weight. 

This is usually called the transfer stage. 

2. At the service load stage, the full superimposed dead load is 
applied. In most cases, this will produce compression stresses all 
over the cross section as shown in Fig. 8.6. Most of the long-term 
losses including creep and shrinkage have occurred leading to net 
prestressing force of P e . 

3. If the load is further increased due to the introduction of the live 
loads, the upward deflection due prestressing is canceled (or 
balanced) by the applied external loads, and the resultant 
deflection is equal to zero. The stress over the cross section is 
uniform and equals P/A. This is called the balanced stage. 

4. A further increase in loading will produce tension at the bottom 
fibers and zero stress at the prestressing steel level. This is called 
the decompression stage. 

5. At this stage the beam probably is at the full service load stage. If 
the loads are furthered increased the developed tension stresses at 
the bottom fiber reach the concrete tensile strength f ctr . At this 
stage the beam stats to crack and the inertia of the beam drops 
dramatically. This called the cracking stage. 

6. Finally, overloading of the member occurs leading to the ultimate 
condition of the beam and the final collaps^ of the member. 
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- s? 


wkN/m' 



tension compression compression compression 



b compression compression tension 


At transfer Full dead loads At full Ultimate 

service load 

Fig. 8.6 Stress distributions at various stages 

During the loading of a prestressed concrete beam, the neutral axis starts to rise - 
at a relatively uniform rate as the external loads increase. This behavior 
continues until the beam cracks. After the cracking load has been exceeded, the 
neutral axis rate of movement decreases as additional loads are applied, and a 
significant increase in the stress in the prestressing tendon begins to take place. | 

This change in action continues until the applied loads are entirely resisted by 
proportional changes in the internal forces, just as the ordinary reinforced 
concrete. At the ultimate stage, additional moment capacity is created by an ; 

increase in the magnitude of the components of the internal couple rather than 
by increase in the arm of the internal couple as shown in Fig. 8.5. 

The fact that the load is carried at the ultimate by different actions that are 
significantly different than those in the elastic range makes the ultimate strength 
calculations essential for all prestressed members to ensure that adequate safety j ... 

exists. if 
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8.3.2 Calculations of the Ultimate Moment Capacity 

The ECP 203 requires that the moment due to all factored loads not to exceed 
the ultimate capacity of the section. The ultimate moment capacity M u is 
calculated in a manner similar to that adopted for ordinary non-prestressed 
beams. If a prestressed beam is loaded up to failure, the distribution of the 
stresses becomes nonlinear and the strain in the steekcontinues to increase with 
noticeable large deformations. 

The code assumes that the final failure occurs when the concrete strain reaches 
0.003. Since the stress-strain curve of the prestressing steel does not contain a 
well defined yield plateau, the stress in the tendons continues to increase 
beyond the yield point at a reduced slope. The final steel stress at ultimate^- 
must be predicted in order to compute the ultimate capacity of the beam. 
Referring to Fig. 8.7, equilibrium of the internal forces gives 

C c +Cs=T P +T .(8.10) 

0.67 f cu ba At x fy _ -'V x f ps | x f y .(8.11) 

1.5 1.15 1.15 1-15 

in which 

C c is the compression force in the concrete. 

C s is the compression force in the non-prestressing steel 
T p is the tension force in the prestressing cables 
T is the tension force in the non-prestressing steel 



Fig. 8.7 Analysis of a prestressed section at ultimate 
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The depth of the compression stress block (a) is determined from Eq. 8.11. For 
rectangular sections with prestressing steel in the tension side only, the ultimate 
moment is given by: 



where d p is the distance from the prestressed reinforcement to the compression 
fiber. 


For sections reinforced with both non-prestressing steel (tension and 
compression) and prestressing steel as the one shown in Fig. 8.7, the ultimate 
moment M u is given by: 



A ps x f P s ( J _a\ 

1.15 {” 2) 



a\ + 4s X /y 
2 J 1.15 



....(8.13) 


Total amount of prestressing steel and non-prestressing steel reinforcement 
shall be adequate to develop at least 1.2 the cracking moment M cr given by the 
ECP 203 (explained in details in Chapter 9). Exception is made for flexural 
members with shear and flexural strength that exceed twice the ultimate design 
moment and for unbonded post-tensioned slabs. 

In all of the above equations, prestressing steel stress at ultimate f ps is unknown 
because the stress-strain curve is non-linear as shown in Fig. 8.8a. 


4>v _ 

s f i 

fps 

1 

1 

1 

1 

_ /pu 

1 

3 fjpi 1 

3 / 1 

1 

1 

f fp e ! 

1 

1 

I 

1 

1 

1 

1 

1 


£py £ps £pu Strain, 8p S 

Fig. 8.8a Stress-Strain curve for prestressing reinforcement 
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8.3.3 Calculation of Prestressing Steel Stress at 
Ultimate fps 

The calculation of f ps depends on whether the tendons are bonded or unbonded. 

8.3.3.1 Calculation of f ps in Bonded Tendons 

The ECP 203 provides two different methods for calculating the steel stress at 
ultimate for bonded tendons. These two methods are: 

• The strain compatibility method. 

• The simplified method. 

A: Calculation of f ps Using the Strain Compatibility 

At transfer, tendon stress is equal to the initial prestressing stress f P i and the 
external moment equals the self weight moment. As creep and shrinkage occur, 
the concrete shortens and the stress in the tendon drops to a value less than f pi as 
shown in Fig. 8.8b. When service loads are applied, the beam deflects 
downward and the cable elongate. Since the developed bending strains are 
small compared to the strains in the prestressing steel, only a slight increase in 
the tendon force occurs. The increased internal moment (from M ow to M s ) 
required to resist the moment produced by the live loads, is created by an 
increase in the arm of the internal couple (the neutral axis moves upwards) 
without any significant increase in tendon stress. When the tensile stress in the 
concrete equals the tensile strength (occurs at M cr ), cracking occurs and the 
tendon stress increases by the amount equal to the tension formerly carried by 
the concrete. If the load is further increased, the strain in the prestressing steel 
increases at an accelerated rate and the beam undergoes large deflections and 
reaches^ at the ultimate condition (M u ). For under-reinforced beams, the final 
failure occurs when the maximum compressive strain in the concrete reaches a 
value of 0.003. 



M uw M s M cr M u 

Fig. 8.8b Tendon stress as a function of the applied load 
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The ECP 203 states that the strain in the prestressing steel at ultimate Sp S can be 
computed as the sum of three components as follows (refer to Fig. 8.9). 

°pi pe ce pc ' ' 

Where 

e ps = the strain in the prestressing steel due to prestressing after computing all 
losses. 

E ce = the strain in concrete at the level of the prestressing steel due to 
prestressing after computing all losses (decompression strain). 

£ pc = the strain in the prestressing steel determined using equilibrium of forces. 


Calculation of. 


The first component z pe is the strain due to prestressing, and can be computed 
simply by applying Hook’s law as follows: 


J pe _ 

8 pc c 


fpe P c IA ps 


, (8.15) 


where E p is the steel modulus of elasticity, P e is the effective prestressing 
forceand A ps is the cross sectional area of the prestressing steel. 


'i 

i 



3 


Fig. 8.9 Strain and stress distributions at ultimate for a prestressed beam 

1 
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Calculation of g.„ 

At transfer, the bottom fibers are subjected to compressive stresses due to the 
existence of the prestressing steel. After applying the service load, the stresses 
at the bottom fibers decrease gradually until reaching zero. The strain required 
for the concrete stress to reach zero at the level of prestressing steel is called the 
decompression strain £ ce as shown in Fig. 8.10. From compatibility of the 
strains, the strain in the concrete must be equal that of the prestressing steel. 

.(8-16) 

E c 

where 

E c is the concrete modulus of elasticity at full strength and f ce is the stress in the 
concrete due to prestressing force after considering all losses and is given by 
Eq. 8.17. 



P c xexe 

I 


(8.17) 


tension compression 



prestressing force only decompression stage 

Fig. 8.10 Stresses in concrete due to prestressing and at decompression stage 
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Calculation of, 


After the decompression stage the behavior of the prestressed beam becomes 
similar to that of an ordinary reinforced concrete beam as shown in Fig. 8.9. 
From the decompression stage to the ultimate stage, additional strain £p C starts to 
develop in the prestressed steel reinforcement. Since the maximum concrete 
strain at failure stated in the ECP 203 is 0.003, the corresponding strain in the 
steel above the decompression stage can be calculated from: 


E = 0.003 x———.(8.18) 

■ c 

where d p is the depth of the prestressing steel, c is the depth of the neutral axis 
obtained from the equilibrium of all forces acting on the section including non- 
prestressed steel using Eq. 8.11. 


The material strength reduction factor for the prestressing steel (Yps) is taken as 
1.15. The corresponding stress at ultimate f ps can be obtained from the idealized 
stress-strain curve suggested by the code as given by Eq. 8.20 and Fig. 8.11. 



f = f + j£ifz£sillA- X lf _ f ). e ut >e„ /1.15 (8.20a) 

Jps Jpy + ( £ _ e jy ) \ J P“ J P y > P* py 

If the strain z ps is less than the yielding stir m (e y /y vs ), then f ps equals: 



Fig. 8.11 Idealized stress-strain curve for prestressing steel 
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B: Calculation of f ps Using Empirical Equations 

The previous procedure for calculating the prestressing steel stress at failure is 
reasonably accurate but it is time consuming. The ECP 203 states that the stress 
in the bonded prestressing steel at failure can be predicted by the following 
empirical formula only if f pe > 0.5 f pu as follows: 


J DS dp, 


0-8 f cu d p y > 


( 8 . 21 ) 


where 

( f \ 
a> = p --- 

l0.80/ c J 

A PS .. A, 

LI =--- LL — - 

p bxd p bxd 



rj p is a factor for the type of the prestressing steel 
= 0.68 for fpy/fpu > 0.80 

= 0.5- for fpy/fpu S 0.85 

= 0.35 for fpy/fpu ^ 0.90 

d is the depth of the non-prestressed steel 
d p is the depth of the prestressed steel 

b is the width of the compression zone. If the beam has a flange, use the width 
of the flange (B). However, if the neutral axis falls in the web use the width of 
the web (b). 

For the influence of the compression steel to be considered, two limits imposed 
by the code must be satisfied: 


i {U -/=—!+— (<o-60')>0.\l .(8-22) 

r p o.8/J v \ 

2. d' <0.15 d p .( 8 - 23 > 


When the term j \p p f pu (0.8 f cu )+d /d p (©-<»')] in Eq. 8.21 is small, the 

compression reinforcement does not develop its yield strength and Eq. 8.21 
becomes un-conservative. This is the reason why the term 
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\{/ u p fpu /0.8/ cu ) + ^ ld p in E< 1- 8 - 21 may not be taken less than 

0.17, if the compression reinforcement is taken into account when computing 
fps- 

If the conditions given by Eq. 8.22 and Eq. 8.23 are not met, the compression 
reinforcement contribution is assumed to be zero (a>'=0) and in this case the 
term [(/r p f pu /0.8/ CB ) + d /d p (©-£>')] may be less than 0.17 and an 

increased value of f ps is obtained. However, the contribution of the compression 
steel in calculations of the ultimate moment (Eq. 8.13) should be considered. 

8.3.3.2 Calculation of f ps for Unbonded Tendons 

The grouting of the prestressing ducts is always a recommended practice. 
However, in some situations such as in two-way slab systems or in voided 
slabs, it is difficult to perform grouting operation in the ducts because the 
thickness of the concrete section is small. 

Members with unbonded strands lack the bond between the concrete and the 
prestressing steel and accordingly strain compatibility method cannot be used. 
Therefore, it is clear that the expressions presented for stress in prestressed 
bonded steel is not applicable for unbonded steel. However, Eq. 8.12 and Eq 
8.13 for the calculation of the ultimate moment M u are still valid since they are 
derived from the satisfaction of the equilibrium conditions. 

The ECP 203 presents the following set of expressions to estimate f ps in 
unbonded prestressing steel. 

• For members with unbonded tendons having a span-to-depth ratio of 35 
or less (applies to most beams): 

( f } 

f =f +70+ ——— (N/inm 2 ).(8.24a) 

Jps Jpe 1^125 n p J 

but not greater than f py and not greater than (/p e +420 N/mm 2 ) 

• Fbr members with unbonded tendons having a span-to-depth ratio 
greater than 35 or less (applies to most slabs): 

( f \ 

f =f +70+ ——— (N/mm 2 ).(8.24b) 

J ps J pe nnc v 

\ JIJ r-p J 

but not greater than f py and not greater than (f pe + 200 N/mm 2 ) 
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In order to ensure a good serviceability behavior for members with unbonded 
tendons, a reasonable amount of non-prestressing steel has to be used. This steel 
controls the flexural cracks and contributes to the ultimate moment capacity. 

The minimum area of non-prestressing steel A s for a prestressed beam with un¬ 
bonded steel equals. 

A, = 0.004 A ..(8.25) 

where A is the area of the part of the section between the tension face and the 
C.G. of the beam as shown in the figure below. 





























8.3.4 Maximum Limits for the Areas of Prestressing 
and non-prestressing Reinforcing Steel 

The amount of steel in prestressed members should be limited to ensure ductile 
failure (similar to c/d limitation for ordinary concrete members). The limitation 
rarely presents a problem for members with reasonable amount of prestressing 
steel. The reinforcement index for prestressing and non-prestressing steel shall 
be limited to: 


m = G) +——((Q—of) <0.28.....(0,26) 

' p d X ’ 
v p y 


Where <y = -^g- X = 

p bxd p 0.80 f cu bxd{0Mf c , 


A' ( f 
/ _ J y 

’ ~ bxd 1 0.80/ c , 


Equations 8.26 can be presented in form of c/d p , where c is the neutral axis 
depth obtained using the equilibrium of forces and d p is the depth of the 
prestressing steel. For example, for rectangular sections the substitution with 
the values of C 0 p, co and co' in Eq. 8.26 gives: 


fps . d ( A (f 




' 0.80 [bxd f cu d\bxd{f , 


A ’ (f Yfi 
-fh- ±Z- | .... (8.27) 

b * d [fcu JJJ 


(A ps xf ps +A s xf y -A'xf y 

( 0 , = —- - - 

OMxbxdxf^ 


. (8.28) 


The compression force in the web equals: 


0.67 f cu b a _ A,, x f ps i A, .x f y A' x f 
1.5 1.15 1.15 1.15 


. (8.29) 


Comparison of Eq. 8.28 with Eq. 8.29 gives. 


_ compression force in thewebx 1,15 ^ ^ 

0,8 xbxd p xf cu J. 


0.67x/„ xb x(0.8 c)/1.5xl,15 c 

CO = -—--- =U.Jl — 

' l 0Mxbxd p xf cu ) d p 


(8.31) 
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(8.32) 


Subsisting with code limit on a), of 0.28 gives: 

— <0.55 

d P 

For T- sections (refer to Fig. 8.12), if the neutral axis lies inside the flange, the 
flange width (B) is used instead of the web width b as follows: 



A ps fps A S f fy 

= - - -X—-— , co = — £ — --— 

B xd p 0.80 f cu B xd (0.80/ c „ 



B xd 



However, if the neutral axis lies in the web, the reinforcement is given by: 


a, = Up* _£y ”) - 0 - 28 ...< 8 - 33 ) 


in which the ordinary reinforcement indices ((0 W , C0 W ') should be based on the 
web width (b) as follows: 



Photo 8.4 Maysville cable stayed bridge, USA. 
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The prestressing reinforcement index (C0 pw ) is based on the compressed part of 
the web as follows: 



Fig. 8.12 Forces in T- prestressed beam 


If the reinforcement index is exceeded, strain compatibility computation must 
be carried out to determine the strength of the section. Similar to rectangular 
sections, the reinforcement index for T-sections (Eq. 8.33) can be simplified to: 


0.64 a 
d P 


<0.28 


(8.35) 


or — < 0.55 

d„ 


(8.36) 
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Example 8.6: M u using the approximate equation (I-section) 

Calculate the ultimate flexural capacity ( M u ) for the cross-section shown in the 
figure below. The beam is pretensioned with bonded tendons having an area of 
1780 mm 2 . 

7^=1020 N/mm 2 

/ py =1710 N/mm 2 

7>u=1900 N/mm 2 

/ cu =50 N/mm 2 



Beam cross-section 
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Solution 


Step 1: Check the applicability of the approximate equation 

To apply the approximate method the following equation must be satisfied 

f > b. 

J P e 2 

\T020 > , the approximate equation can be used to calculate^. 

Step 2: Calculate the ultimate moment 

Since the section does not contain any non-prestressed reinforcement, the 
effective stress f ps equals: 

fps = f P u 1 ~ r l P 0 80 y^ 

d p = i — cover = (150 + 600 +150) — 100 = 800 mm 


Assuming that the neutral axis is within the flange, the prestressing 
reinforcement ratio should be based on the flange width of 900 mm. 




A ps _ 1780 

Bxd p 900 x 800 


0.00247 


For 1 *l{™L\> 0.90 =0.350 

f pu \1900 J 

f = 1900 \l- 0.35 f 0 . 00247—^—1 =1821.91 Nlmm 1 
J p s ^ 0.80x50; 

Applying equilibrium equation, and assuming that the neutral axis within the 
flange 

0.67 xf cu xJ 3 xa _ A„ xf ps 0,67x50x900xa 1780x1821.91 

1.5 1.15 1-5 L15 

a =140.3 mm as assumed <150 mm 
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Example 8.7: M u using the approximate equation (T-section) 

Compute the ultimate moment capacity for the T-beam shown in the figure 
below. The beam is pre-tensioned with bonded normal stress relieved tendons. 

Data 

A pJ =1500 mm 2 
f m = 40 N/mm 2 
/ pu =1800 N/mm 2 
f pe = 980 N/mm 2 

Check that the area of the prestressing steel is less than the maximum allowed 
by the code. 


1000 mm 



Beam cross-section 
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Solution 

Step 1: Check the applicability of the approximate equation 

/ 

To apply the approximate method, f pe > must be satisfied. 

—> 980 > —, the approximate equation can be used to calculate^. 

Step 2: Compute fps 

Since no ordinary steel is provided, (0=a)'=0 

. . r. ( f du 


f PS f pu ^ tfp I Mp Q g y. 


For normal stress relieved strands, the ratio f py /f pu = 0.85, thus: 


For-^~ > 0.85 —»—> r] =0.50 

/ 

J pu 

Assuming that the neutral axis is within the flange, the prestressed 
reinforcement ratio shall be based on the flange width of 1000 mm. 

p = Aps =——— = 0.0025 
" Bxd p 1000 x 600 


f =f I-;? u —— =1800 

Jps Jpu lp r p 0.80 x/ c J 


f 

1-0.5 0.0025— 

L l 0 .: 


1800 

80x40 


/ = 1673.44 N / mm 7 


0.67x40 
a 1.5 


.. 3 ' 

% 

■ 

Ap,=1500 


J Tp—Ap S f p 
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Step 3: Check the neutral axis position 

Applying the equilibrium equation, the compressed area A c equals: 
0.67 x f m xA c _ A ip x / p; 


—> 


0.67 x 40 x A 1500x1694.5 


1.5 


1.15 


1.5 1.15 

A c =122169 mm 1 

Since the compressed area A c is greater than the flange area, the neutral axis is 
located outside the flange (a>f*). Hence, our assumption is not correct and f ps 
should be recalculated. 

Step 4: Recalculate f ps 

Since the neutral axis is outside the flange, the reinforcement index should be 


based on the web thickness of 250 mm. 
1500 


M P = -= 


b w xd p 250x600 


= 0.01 


f ps = 1800 


1-0.50 0.01 


1800 


0.8x40 


7J 


= 1293.75 N /mm‘ 


0.67x40 
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600- 40 


Step 5: Compute ultimate moment capacity M„ 

Application of the equilibrium equation gives: 

0.67 xf cu x A c _ A sp x f ps 0.67x40 xA c _ 1500x1293.75 


1.5 1.15 1.5 

A c = 94450 mm 2 

The area of the hatched flange A / equals: 

A, = (1000 - 250) x 80 = 60000 mm 2 

94450-60000 34450 ,„ 0 

a =-=-= 137.8 mm >t, 

250 250 

Summing the moments about the prestressing steel: 


1.15 


M „ = C, 


2) 


I +Cjrf,-| 




- 0-67x40x(1000-250)x.80 ( e00 80 ) + 0,67x40x250x137.8 f 6QQ 137.8 


1.5 

M „ =921.2 kN .m 


2) 


1.5 


Step 6: Check the maximum reinforcement ratio 

According to the code, the maximum reinforcement index co t should be less 
than 0.28. 


f 


co, = 




w-K) 

V a p J 


<0.28 


/, 


Where a>„„, =— x ps 


4 —A —A 

" -Kps A pf 


pw bxd p 0.80 f cu 
0.67x f cu (B -b)t, 0.67x40 (1000-250)x80 


A Pf x f P . 


1.5 


1.5 


= 1072xl0 3 A 


1.15 


= C, 


A pf x 1293.75 


1.15 


= 1072x10 


>A pf =952.89 mm 2 
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A pw =A ps -A pf =1500-952.89 = 547.11 mm 


^HL x I^Z! = 0.147 


bxd 0.80 f m 250x600 0.80x40 


fi>, = co pw +j-{o w -co:) = (0.147 + 0) = 0.147 < 0.28 ok. 


137.8 170 0^ 

—» c= -= 172.25 mm 

0.8 


a = 137.8 mm 


c 172.25 


= 0.287 <0.55 ....ok 


<0.55 


Note that the applications of the above two procedures lead to the conclusion 
that the girder contains reinforcement of 52% of the maximum area of steel. 


• The first procedure —>—* 0.147/0.28=52% 

• The second procedure —>—> 0.287/0.55=52% 


Photo 8.5 Trans-America building, USA 
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Example 8.8: M u using the approximate equation 

Determine the ultimate moment capacity for the bonded low-relaxation stress 
relieved strands for the rectangular cross-section shown in the figure below. 

The material properties are 

feu = 45 N/mm 2 

/ pu =1900 N/mm 2 

f y = 400 N/mm 2 

fp e = l 117 N/mm 2 . 



A /=640 mm 2 


4^=580 mm 2 
A s =1220 mm 2 


Beam cross-section 
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Solution 


Step 1: the applicability of the approximate equation 


To apply the approximate method f pe > must be satisfied 


.-11X7 > — — the approximate equation can be used to calculate f ps . 
2 


Step 2: Calculate section properties 

d = 750 - 50 = 700 mm 


d p = 750 -100 = 650 mm 


_ 

bxd 

250x700 

= 0. 

K _ 

640 

-0 

bxd 

250x700 


A P s 

580 

__ _ 


" bxd p 250x650 


Compute the reinforcement indices (0 and co' 

ffl ^x^ = „.007x^ = 0.077 

ffl '^'x^ = 0.0037x^ = 0.041 


d = = 0.0031 = 0.041 


Step 3: Determine prestressing steel stress at ultimate f ps 

To account the compression steel in f ps calculations, two conditions must be 
satisfied: 


l. R P = 


fflflluL + A. [co - co') ) > o. 17 
fa, d p 


( 0.0036x1900 

+ 700 

V 0.8x45 

650 


2. d'<0.15d p -> 50 <0.15x650 = 9.75 —,o.k 
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For low relaxation strands f py /f pu =0.9,the coefficient ri p - 0.35. 

f P s=fpA l ~ T i P xR p) 

f =1900 (1-0.35x0.228) = 17477/ /mm 2 


Step 4: Determine the ultimate moment capacity 



0.67 f cu b a ^ A s f y ~ A s f y ^ A ps f ps 
T5 1.15 “ 1.15 1.15 


0.67 x45x250a 640x400 1220x400 , 580x1747 

T5 + 1.15 ~ 1.15 1.15 

a=215.5 mm and c=269.36 mm 


Check yielding of the compression reinforcement 

f' = 600 C --— = 600 269 36 ~ 50 = 488 N /mm 2 > ^°- Compression steel yields 


M.= 


A f 

™ps J ps 


M = 


1.15 

580x1747 

1.15 


269.36 


1.15 


2) 1.15 


d -+ 


Kfy 


1.15 




--d' 

V 2 J 


650 -- 


215.5 1 . 1220 x 400 
1.15 


700 -- 


215.5'l 640x400/ 215.5 


1 


.15 l 2 


-50 


M u = 741.96 kN.m 


U U 








Step 5: Check the maximum reinforcement ratio 


According to the ECP 203 the maximum reinforcement index co t should be less 
than 0.28. 

co t = MpX f ps +-(a)-(o') ]<0.28 
f d 

\ J CU P ) 


0.0036X1747 TOO O 

0.8x45 650 v ’) 


<0.55 


c 269.36 


: 0.414 <0.55...a.k 


Example 8.9: M u using the strain compatibility method 

Use strain compatibility method to calculate f ps for the beam given in example 
8.8. The ultimate strain for the prestressing steel is equal to 0.04. 

Data 

feu =45 N/mm 2 
/ pu =1900N/mm 2 
f y =400 N/mm 2 
f pe =l 117 N/mm 2 
E p =193000 N/mm 2 



A *=640 mm 2 


A pJ =580 mm 
A* =1220 mm 2 
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Solution 


Step 1: Calculate the initial prestressing strain (e pe ) 

P e = a x f pe = 580x 1117 s 648000 N 
The initial strain due to prestressing equals: 

£ =lz-= 1117 - = 0.0058 
pe E p 193000 

Step 2: Calculate the decompression strain (ft*) 

The increase in prestressing steel strain as the concrete decompressed by 
external loads equals: 


The modulus of elasticity of concrete is given by: 

E c = 4400 = 4400 V45 = 29516 N / mm 1 

The stress in the concrete due to prestressing only equals: 

P Pxexe 

f =-*- + —- 

Jce A I 


The eccentricity of the cable is given by: 

e = —— cover — —- 100 = 275 mm 

2 2 

/= 250x750 - = 8.79 xlO 9 mm 4 

12 12 


Hence, one can get: 

f 648000 ^ 648000x 275 x 275 _ 903 pn mm 2 
Ja 250x750 8.79 xlO 9 


f 9 03 

£ = Iss. = = 0.000306 

E. 29516 
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d=700 mm 


This increase in the concrete strain (from compression to tension) is balanced 
by an increase in the steel strain of the same amount (0.000306). 



Strain and stress distributions for the beam 


Step 3: Calculate strain at ultimate {e pc ) 

In order to determine the depth of the neutral axis, f ps must be assumed and 
verified later. Assume f ps between f py and f pu 
For low relaxation steel ,f py lf pu = 0.9. 

f py = 0.9x f pu =0.9x1900 = 1710 N/mm 2 

Thus, assume f ps = 1750 N/mm 2 . 


0.61 f^b a | A\f y A s f y ^ A ps f ps 
1.5 1.15 1.15 1.15 

0.67 x 45 x 250 a 640x400 1220x400 580x1750 

T5 1.15 ~ 1.15 1.15 

a=215.8 mm 


c = ^ = 269.80 mm 

0.8 0.8 


The increase in’strain from overload to ultimate equals: 

s = 0.003 d -^~ = 0.003 650 ~ 269 - 80 = 0.0042 
c 269.80 
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Step 4: Calculate total strain at ultimate (e ps ) 

£ ps = £ pe + £ ce + £ pc 

s =0.0058 + 0.0003 + 0.0042 = 0.0103 

ps 

The stress corresponding to this strain can be obtained using the idealized 
stress-strain curve specified by the ECP 203. Referring to the figure below and 
recalling that the ultimate prestressing steel strain is given as 0.04, f ps can be 
obtained as follows: 



f = 0.9x f =0.9x1900 = 1710 NI mm 2 

J py J pu 


py 

r s 


fp 


1710 


1.1 5xE p 1.15x193000 


• = 0.0077 


f =f I PS- S py 1 ^ ylf ) 

Jps py ( £ pu - £ py /r ps ) { pu pyj 

f = 1710 + ^' Q1Q30 ' 0Q -—x (1900-1710) 

Jps (0.040-0.0077) v ; 

Since it has been assumed that^=1750 N/mm 2 , another trial is required. 


-» 


f ps =l 725.3 N/mm 2 


Step 5: Recalculate the total strain at ultimate 

Assume that f ps = 1725N/mm 2 

0.67x45x250a , 640x400 _ 1220x400 , 580x1725 
1.5 + 1.15 “ 1.15 + L15 

a = 213.3 mm 



213.3 

0.8 


= 266.6 mm 


The increase in strain from overload to ultimate equals: 


e = 0.003 ^ = 0.003 650 266-6 = 0.0043 

p c 266.6 


e ps =£ pe +£ ce +£ PC =0.0058 + 0.0003 + 0.0043 = 0.0104 


f ps =1710 + ^— 1 - - 4 --- Q - 0Q77) x(1900-1710) = 1725.8 N /mm : 
ps (0.040-0.0077) v ’ 


The calculated f ps is very close to the assumed value (usually from 1-2% is 
close enough), the prestressing steel stress at ultimate and equals=1725 N/mm 2 

Check yielding of the compression reinforcement 

fl - 600 -—— = 600 ^ —— - 437 77 / mm 2 > Compression steel yields 

c 266.6 1.15 


Note: Comparing the value of f ps obtained using the simplified method (1747 
N/mm 2 ) to that obtained using the strain compatibility method, one can notice 
that the simplified method overestimates f ps . 
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8.4 Combined Flexure and Axial Loads 


Prestressed members subjected to eccentric loading may be encountered in 
prestressed concrete construction. The analyses of such sections at the service 
load level and the ultimate stage are outlined in the next two sections. 

8.4.1 Stresses at Service Loads 

The stresses at service loads for sections subjected to combined flexure and 
axial loads can be determined according to the following equation: 


, ( p wV 

J [a A) 


Pxe _Mxy 

T^-T" 


. (8.37) 


Where N is the applied axial load (positive sign indicates a compression force) 


8.4.2 Capacity at Ultimate Loads 

Prestressed concrete members subjected to combined flexure and axial load are 
designed using the strain compatibility as outlined in the previous section. The 
strains in prestressing steel located at the compression and the tension zones are 
calculated. The stress-strain curve for the prestressing reinforcement is used to 
determine the stresses. A trial-and-adjustment procedure is earned out to 
compute the resulting forces and moments. The neutral axis distance c is 
assumed, and the corresponding forces are calculated. Adjusting c in Eq. 8.38 
is repeated until equilibrium is achieved. 
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Noting that the force T c is tension, the equilibrium of the forces gives: 

0-67 f cu b a A ps f ps A ps f ps 


. (8.38) 


“ 1.5 1.15 1.15 

Having determined c, £ pc and d pc are computed using compatibility of stains as 
follows: 


s nr = 0.003 

pc 


..(8.39a) 


e' = 0.003 

pc 


c-d' 


. (8.39b) 


To simplify the calculations of £ ce and £' ce , it will be assumed that the 
prestressing forces resulting from A ps and A' ps are such that the effective 
prestressing is at the C.G. of the section, producing uniform compressive strains 
as shown in Fig. 8.13. 


C — £ — -£- 

“ “ A c xE c 


..(8.39c) 


The total prestressing strains £ ps and £ ps are calculated as follows: 

< = £ l ~ £ cJ . 


£ps = £ P e +( £ pc +0 


..(8.40a) 
. (8.40b) 


The resulting bending moment is then determined by taking moments of all the 
forces about the centroid of the section (location of P u ) as follows: 

M m =C c (V^V 7 ; {^-d') + T p f~ _ cover!.(8.41) 


Example 8.10 illustrates the calculation procedure. 
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Example 8.10: Strain compatibility method for combined flexure 
and axial load 

If the cross-section shown in figure is subjected to P u =360 kN, compute the 
ultimate flexural capacity. The losses may be assumed as 12%, and the ultimate 
strain for low relaxation prestressing strands is 0.045. 

Data 

feu =45 N/mm 2 
f p =1860 N/mm 2 
E p = 196000 N/mm 2 



Beam cross-section 
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Solution 


The approximate code equation can not be used to calculate f ps when 
prestressing steel is located in the compression zone. In such a case, the strain 
compatibility procedure must be used. 

Step 1: Calculate the initial prestressing strain (e pe ) 

For low relaxation strands, f py = 0.9 f pu = 0.9 x 1860 =1674 N/mm 

[0.70 f pu =0.7x1860 = 1302 N / mm 2 
f pi - smaller of j Q g ^ _ 0 .8xl674 = 1339 N / mm 2 

f pi = 1302 N/mm 2 

f pe = (l- losses) f pi = (1-0.12) 1302 = 1145.76 N/mm 2 


p c = A ps x f p€ = (150+ 150)xl 145.76 s 343728 N 
The initial strain due to prestressing force equals: 


£ =£ ' = (lL = i^Zi = 0.0058 
pe pe E -~ 


196000 

Step 2: Calculate the decompression strain (e ce ) 


The decompression strain equals: 

, =- 5 _ 

“ A c xE c 

The modulus of elasticity of concrete is given by: 
E c = 4400 -yff^ = 4400 a/45 = 29516 N/mm 2 

The eccentricity at of the cable equals: 

e=i—cover = — -50 = 225 mm 
2 2 




343728 


29516 (300x550) 


= 0.00007 
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Strain and stress distributions for the beam subject to P u , M u 

Step 3: Calculate the neutral axis distance (c) 

The equilibrium equation is obtained by equating the internal forces to the 
external forces as follows: 

P u -C c -T c -T p Note: T p is tension 

p — f cu b a A ps f ps A ps f ps 

“ 1.5 1.15 1.15 

P 0-67x45x300x0.8 c 150x4 150 xf ps 

“ _ 1.5 1.15 1.15 

The previous equation is a non-linear equation with one unknown “c”. To solve 
the equation, a trial and adjustment procedure is followed through assuming c 
and calculating the corresponding strains and stresses in the prestressing steel in 
the tension and compression zones as follows: 
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A- Compression force in the concrete 

0,67 f cu bx (0.8c) 0,67x45x300x0.80c ; , 1 =4S24c kN 

c 1.5 1.5 1000 

B- Strain for the prestressing steel in the. tension zone 

s - 0.003 = 0.003 —— 


£ ps - £ pe + £ cc + £ pc 


£ py fp 


1674 


y s l.l5xE p 1.15x196000 


-> £ . =0.0058 + 0.00007 + 0.003 

ps 


■ = 0.00742 


500-c 


f ps fpy ^ 


i £ P u- £ pylYps) 


:(/ -/ ) 
\J pu J py / 


(+ -0.00742) . „ . 

f =1674 + —-^-—x(1860-1674) 

Jps (0.045 - 0.00742) ' ' 


C- Strain and stress for the prestressing steel in the 
compression zone 

£' = 0.003 = 0.003 ^ 

p c c 

Notirig that the strain in the compression zone is negative, the net prestressing 
steel strain equals: 

£ ps = K' ~ ( £ pc “ O = (K< + 4 ) - Kc 

£’ = 0.0058 + 0.00007 - f 0.003 ^ 

ps { c 

(£ -0.00742) . . , 

/' =1674 + — p - -x(i860-1674) . s >£ py /1.15 

Jps (0.045 - 0.00742) V ' P 

f P s = £ ' P s xE p . 


Ks^py! 145 
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Step 4: Calculate the flexural strength. 

From the previous table it can be determined that C c = 685 kN, Tc = 102.3 kN, 
and T p = 222.3 kN. The moment strength can be calculated by taking moments 
about Pu, located at the centroid of the section as follows: 



M u = 685 


0.55 0.8x0.142" 
2 2 




+ 222.3 



M u = 176.4 kN m 



Photo 8.6 Prestressed concrete beams in 15 th May bridge befor „ 
the construction of the concrete deck 


Step 5: Check the maximum reinforcement ratio 

Using Eq. 8.36 ->-> — < 0.68 

d 

p 

r 142 

— =-= 0.284 < 0.68 k 

d p 500 
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8.5 Proper Beam Shape Selection 

Some of the prestressed concrete beams are fabricated in precast plants that 
frequently publish tables containing the properties of the cross-section and the 
uniform load that can support. However, in most cases the designer may have to 
establish the shape of the cross-section to be used in a special project. This is 
typically the case in bridge construction. For a simply supported beam, the 
eccentricity is inversely proportional to the required prestressing force. The 
larger the eccentricity at mid-span, the smaller the required prestressing force. 

A rectangular section is the easiest in fabrication, alignment and the least in 
form cost. It is frequently used in buildings and parking garages. Bearing in 
mind that the dead loads may represent a large portion of the total loads on the 
structure, flanged sections are structurally more efficient because of their high 
moment of inertia with respect to their self weight. 



T-section Box section Box section with 

with bottom enlargement cantilever slabs 

Fig. 8.14 Different types of prestressed concrete sections 
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T-sections and wide flange I-sections are appropriate if large eccentricity is 
required as shown in Fig. 8.14. In such a case, the end section of the beam is 
usually solid to avoid large eccentricity, and to increase the shear capacity. 
Double T-sections are also used because of their stability and ease of handling. 
They are widely used in floor systems in buildings because they eliminate the 
need for slabs. Long-span parking garages may require I-sections with 
composite slab topping. 

If the self-weight is small compared to the superimposed dead and live loads, a 
larger lower flange is needed to carry the heavy compressive strength produced 
by the prestressing force. For long-span bridges, hollow box sections are often 
more economical. These sections have large torsional capacity. Also, their 
flexural strength to weight ratio is relatively high compared to other 
prestressing systems. 

8.6 Limiting Eccentricity Envelopes 

The tensile stress in the extreme fiber under service load conditions should not 
exceed the limit specified by the code. Thus, it is important to establish the 
limiting zone in the concrete section. For example, for a simply supported beam 
at transfer if no tension is allowed for the top fiber, then: 



P t xe 

Z,op 


Solving Eq. (8.42) for the eccentricity gives the lower kern point k b as: 


(8.42) 


k„ = — i (below C.G.) .— (8-43) 

•A 

If the eccentricity of the tendon exceeds this kern point it will cause tension at 
transfer. 


At the final stage, if no tension is allowed at the bottom fibers, then: 


_ 0 _ P e P e xe 
A Z hn , 



(above C.G.) 


(8.44) 

(8.45) 


If the eccentricity exceeds the upper kern k t , it will cause tension at the final 
stage. 

Similarly, kern point can be established for the right and left parts about the line 
of symmetry of the section. For rectangular sections, Zto P =Zbot=b t /6, giving the 
kern points as shown in Fig 8.15. 
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K 



(for rectangular sections only) 



(8.46) 


Fig. 8.15 Central kern area for a rectangular section 



Photo 8.7 Precast-prestressed concrete beam with coved sides 


As can be seen from the previous section, any force falling in the kem area will 
never cause tension at the section. However, many codes, including the ECP 
203, allow tension stress at bottom and top fibers (Cases B, C and D). Thus, it is 
important to establish the limiting envelope at the maximum allowable tension 
because it is desirable that the designed eccentricities of the tendon along the 
span fall within these limits. 

At transfer, the top fiber is subjected to tension while the bottom fibers are 
subjected to compression. Thus, the eccentricity ei at transfer (as shown in Fig. 
8.16) at which the top fibers are subjected to the maximum allowable tension is 


given by: 


I - Pi Pi X 61 M . 

= 0.22 = ~ + 


. (8.47) 


top 


upper envelop 



Fig. 8.16 Envelope permitting tension in concrete extreme fibers. 


At full service load, the bottom fibers are subjected to tension while top fibers 
are subjected to compression. The allowable concrete tensile stress should be 
obtained from Table 8.2. For example, for case B the eccentricity e v (as shown 
in Fig. 8.16) at which the bottom fibers are subjected to the maximum 
allowable tension is given by: 


fu 



P e M (Ofa; 

Z hot ^bot 


(8.48) 


It is usually sufficient to calculate three points for parabolic tendon (midspan, 
quarter span, and at support). It should be clear that an envelope that falls 
outside the section indicates non-economical section. A change in the 
eccentricity or in the prestressing force improves the design. 


ng i 












Example 8.11: Upper and lower envelopes 

The cross-section of a simply supported beam is shown in the figure. The beam 
is post-tensioned and the prestressing cable is parabolic. Determine the limiting 
envelopes such that the limiting concrete tensile stress is in accordance with the 
ECP 203 Case B. Consider the mid-span, the quarter span, and at the support as 
the controlling points. Assume that: 

Pi = 2400 kN 
P e = 2050 kN 
f cu = 40 N/mm 2 
f cu i = 30 N/mm 2 
wdl = 5 kN/m 
w LL = 18 kN/m' 
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Solution 


Step 1: Calculate section properties 

A = 400 x 200 +150 x 700 + 400 x300 = 305000 mm 2 

Since the section is not symmetrical, calculate the location of the center of 
gravity. 

400 x 200 x 100 +150 x 700 x 550 + 400 x 300 x 1050 „ „ „ 

y — ----= 628.7 mm 

305000 

I = — - + 400 x 200 x (628.7 -100) 2 + 150 *^ 0Q ~ +150x 700 x (628.7 - 550) 2 

+ 400 *? ■ - - - ■ - + 400x 300x (1050 - 628.7) 2 
I =4.98 x 10 10 mm 4 

yto P = y =628.7 mm 

y b0 , =t-y = (200 + 700 + 300)-628.7 = 571.3 mm 


„ I 4.98x10'° , n6 3 

Z, m =-= •-= 79.16x10 mm 3 

P y, 0P 628.7 


/ 4.98x10" 


571.3 


= 87.11x10* mm 3 


1 


200 


-400- 


150 


o 

o 

t> 


300 


—400—-j 


00 

VO 

II 


r- 

in 
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„ 305000 , 

vt> = v. xA = 25x-= 7.625 kN/m 

ow ' c 1000000 

w tot =w ow +w dl + w ll =7.625 + 5 + 18 = 30.625 kN/m' 

The allowable tensile stresses at transfer/„■ and at full service load/,,, for case B 
are given by: 

/„. = 0.22 ,Jf~ = 0.22 V30 = 1.205 N/mm 2 
f„ = 0.44 = 0.44^40 = 2.783 N/mm 2 

Step 2: Upper and lower envelops at midspan 


. w ow xL 7.625 x21 2 _ 

w 8 8 

w,„, xL 2 30.625x21 2 
“ ~ 8 8 


: 420.33 feV.m 


: 1688.2 kN.m 


The limiting condition at transfer is due to condition at top fibers subjected to 
self-weight only as follows: 

f P t , P t Xe L M o» 

J top A 7 7 

^ lop ^top 

, 2400x1000 2400x 1000xe, 420.33x10® 

305000 79.16x10® 79.16x10® 

e L = 474.7 mm 1 

The limiting condition at full service load is due to condition at bottom fibers 
subjected to full load as follows: 

f — P e*~ e U | ^ total 

J bottom a rjf 

A ^bot ^hot 

l 2 7C3 2050x1000 2050x1000x6^ ^ 1688.2x10® 

+ ' ~ 305000 87.11x10® 87.11x10® 


e u = 420 mm -l 


Step 3: Upper and lower envelops at quarter point 


The moment at the quarter point for a uniformly loaded beam is given by: 


wxL L w (L) 3 wx.L‘ 


-x-—x — 

4 2 14 


= —M 


at mid span 


w kN/m' 





0.75(wL78) 


w L 2 /8 


Thus, the self-weight moment at quarter point equals: 


M ow = 0.75x420.33= 315.25/UV.m 


= 0.75x1688.2 = 1266.2 kNm 


The limiting condition at transfer is due to condition at top fibers subjected to 
self-weight only as follows: 

f ... p t . p x e L , M ow 
^ ,op A 7 7 

“ ^top ^top 


+ 1.205: 


2400x1000 2400 x 1000 xe, 315.25x10® 


305000 


79.16x10® 


79.16x10® 


e L = 430.64 mm -l 


The limiting condition at full service load is due to condition at bottom fibers 
subjected to full load as follows: 

f — P e P e X e U . total 

J bottom A r-r * r-r 
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2050x1000 2050 x 1000 xe u 1266.2 xlO 6 

I ^ 783 —_— -j- 

305000 87.11xl0 6 87.11xl0 6 

e u = 213.8 mm i 

Step 4: Upper and lower envelops at support 

At support M mv —Mt 0 iai—0, thus the limiting condition at transfer is due to' 
condition at top fibers subjected to self-weight only as follows: 

f + 

J top a nr 

**• "top 


+ 1.205 = 


2400x1000 2400xl000xe, 


305000 


79.16x10 s 


e L = 299.3 mm 4- 


The limiting condition at full service load is due to condition at bottom fibers 
subjected to full load as follows: 

f _ P * P < x e u 

J bottom a ry 


+ 2.783 = - 


2050x1000 2050 x 1000 xe u 


305000 


87.11x10 s 


e u = -403.8 mm- 403.8 mm T 


upper envelop 



8.7 Determination of the Prestressing Force and 
the Eccentricity in Flexural Members 

The prestressing force that produces safe stresses at transfer may produce 
unsafe stresses at full service load. The aim of this section is to find the possible 
combinations of the prestressing force and the eccentricity that ensure the safety 
of the beam at the transfer as well as at full service load. The procedure 
developed by Magnel (1948) is very useful as an instructional aid. It illustrates 
that there are frequently several combinations of prestressing force and 
eccentricity that will result in compliance with the code requirements of 
allowable stresses. 

The required equations can be obtained by analyzing the stresses at the top and 
bottom fibers of the beam for the case of transfer and service loads. This will 
lead to four governing equations. Plotting these equations will produce the zone 
of the acceptable combinations of the prestressing force and eccentricity. The 
procedure is illustrated in the following steps. 


A- At Transfer (top fibers-tension controls) 

The stresses at the top fibers at transfer should be less than the allowable 
concrete tensile stress at transfer recommended by the code (fu) as follows: 


J top a ' ry ry - J ti . '• 

** ^top ^top 

Rearranging the previous equation gives: 

p Pxe M 

f > ' | 1 ow ( 

^ ti a y 7 ...^ 

^ top ^top 

The eccentricity that gives the acceptable stress at top should be less than: 


. (8.49) 


. (8.50) 




.(8.51) 


Noting that K b = Z / A 


e<j[z top f ti + M ow \+ K b 


,(8.52) 


This can be rewritten in terms of the prestressing force as: 











B- At Transfer (bottom fibers) (compression controls) 


The stresses at bottom fibers at transfer should be less than the allowable 
compressive stress at transfer recommended by the code (f c i) as follows: 

P P. X e M 

f bot - —— — L - -i -— > f a (because/„• is negative).(8.54) 

A Z bllt Z bot 


P P xe M 

< 11 ' | m 

A Z bot Z bat 


. (8.55) 


The eccentricity that gives the acceptable stress at bottom should be less than: 


.(8.56) 

Noting that K, = Z bot / A , the previous equation can be written in terms of the 
prestressing force P b . 

— > -. .(8.57) 

P i [~ Z bo, fd +M ow. 


. (8.57) 


C- At Full service load (bottom fibers-tension controls) 

The stresses at the bottom fibers at the full service load stage should be less 
than the allowable concrete tensile stress (f , e ). Denoting the losses as a, one can 
obtain: 

P e =(l-a) Pi =£ P t .(8.58) 


Rearranging the terms: 


P. P e xe , M ma < f 
A 7 7 

^bot ^bot 


jxP j xe | M uml 


■ (8.59) 


+ 1Z-HSL .(8.60) 

Z,.„, 


The acceptable eccentricity should be greater than: 


e>-^j[-Z b0 , f le +M t0 J-^- .(8.61) 


P, [-Z b o, + 


. (8.62) 
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D- At Full service load (top fibers) (compression controls) 


P P x p M 

f top = —- + — -— > f cc (because f ce is negative) .(8.63) 

A Z top Z lop 


f < _ + % x p j x e _ M ip.bL ' .(8.64) 

A Z, op Z, op 

/*+«-)+%.» 6; 

The eccentricity that gives the acceptable stress at top should be greater than: 


(8.65) 


^ +M .oJ+K b ...( 8 - 

The minimum prestressing force that stratify code requirements is given by 


. ( 8 . 66 ) 


p, lz MP f ce +M Mal n 


. (8.67) 



Photo 8.8 Cable placement in a box girder 

























The four governing equations can be summarized in the following table. 



All the terms appearing in the previous equations are known and can be 
determined except P, and e. there are a number of combinations of these terms 
satisfy all the equations. The right combination can be determined by plotting 
each equation as shown in Fig. 8.17. In this graph, the horizontal axis represents 
the eccentricity, while the vertical axis represents the inverse of the initial 
prestressing force. The hatched area in the figure indicates the acceptable 
combinations of (l/pj and e) that satisfy all code requirements of allowable 
stress in transfer and full service load stages. It should be noted that some of 
the possible eccentricities may not be attainable because they might lie outside 
the limits of the section. Therefore, these points should be excluded from the 
acceptable zone as shown in Fig. 8.17. 



Fig. 8.17 Graphical representation for the four governing equations 
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Example 8.12: Determination of P and e combinations 


The cross-section of a simply supported beam with unbonded tendons is shown 
in figure. It is required to: 

A. Determine the acceptable combinations of P,- and e at mid-span according to 
the ECP 203 allowable stresses for case B. 

B. Check the combinations of the following prestressing force and eccentricity: 


Case 

Pi(kN) 

e (mm) 

1 

2700 

400.00 

2 

2000 

250.00 

3 

3000 

250.00 

4 

3000 

450.00 


Data 


Losses 

=15% 

feu 

= 45 N/mm 2 

feui 

= 31.5 N/mm' 

WLL 

= 21 kN/m' 

span 

= 20.0 m 
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Solution 


Step 1: Calculate section properties 

A = 500 x 150 + 200 x 700 + 250 x 800 = 415000 mm 2 

Since the section is not symmetrical, calculate the location of the center of 
gravity. 

500x150x75 + 200x700x500 + 250x800x975 . 

v = --—— -__— -—-= 652.1 mm 

7 415000 

I =5.6 x 10 10 mm 4 
yto P =y =652.1 mm 

y bol = t — y — (150 + 700 + 250) - 652.1 = 447.9 mm 


7 = - 

"top 


5.6xl0 10 0 _, __ tA g 3 

-- = 85.83x10 mm 

652.1 


V _ Z‘°P 

k ‘-~a 


85.83x10* 

415000 


■ 206.81 mm 


Z bol ~ 


5.6X10 10 3 

—--= 125x10 mm 


y„o< 447.9 


K = h°L 


125xlO 4 
415000 


: 301.2 mm 


| |*—500—-J 



beam cross section 
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w„=vxA = 25x^^- = l0.315kN/m 
° c 1000000 

w l 0 t =w 0 „ + w LL =10.375 + 21 = 31.375 kN/m 

,, 10.375 x20 2 

M m , =-=-= 518.75 kN.m 

° w 8 


M ,o,al = 


31.375x20 2 


: 1568.8 kN.m 


Step 2: Governing equations 

Step 2.1: Equation at transfer (top fibers-tension controls) 

The allowable tension stress at transfer/„ is given by: 

/„. = 0.22 Jf~ = 0.22V3L5 = 1.235 NI mm 1 
e~K b 

P i i Z ,op fli +M ow } 

l_ > _ g-206.8 _ 

P. t ~ [85.8x10 s xl.235/1000 + 518.75x1000] 

— >1.6xl0' 6 (g-206.8) 


e 

206.8 

700 

i/pi 

0 

7.9 x 10' 4 


Step 2.2 At transfer (bottom fibers-compression controls) 

/. =-0.45 / . =-0.45x31.5 = -14.175 N/mm 2 

“ Cl " CUl 


P, i-Z bol f ci +Mj 


g+ 301.1 


P, [-125X10 6 x-14.175/1000 +518.75x1000j 
— >0.436 xlO -6 (g +301.1.) 
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e 

-301.1 

700 

l/pt 

0 

4.37 x 10‘ 4 


Step 2.3: Equation at full service load (bottom fibers-tension 
controls) 

Since the beam has un-bonded tendons, it is classified as case B (refer to Table 
8.2). Thus, the allowable tension is given by: 

f te = 0.44^4 = 0.44V45 = 2.95 N/mm 2 

£ = 1 -losses = 1-0.15 = 0.85 

J_ < _ e + K, _ 

P-, [~ f tt + M lola i\l% 

1 _ e + 301.1 _ 

~P. ~~ [-125xl0 6 x 2.95/1000 + 1568.8 x100o]/0.85 


— <0.708xl0- 6 (e +301.1) 

Pi _ _; 


e 

-301.1 

700 

1 /pi 

0 

7.09 x 10 4 


Step 2.4 Equation at full service load (top fibers-compression 
controls) 

f ci = -0.40 f cu = -0.40x45.0 = -18 N/mm 2 


1 . e~K b 

P, K fee + M ,0,0, U 

J_ < ^_ g - 206.8 _ 

^ “ [85.8 x 10 6 x -18 /1000 +1568.8 x 1000]/ 0.85 
— <34.8xl0" 6 (e- 206.8) 

P t 


e 

206.8 

225 

1 /pi 

0 

6.4 x 10- 4 
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Step 3: Acceptable P r e diagram 

& ~ 

From the points calculated iri-Step 2, the acceptable combinations diagram can 
be plotted as shown in figure. Assuming concrete cover of 70 mm, the 
maximum acceptable eccentricity e max equals: 

e trux —y bo , —cover = 414.3-70 = 344.3 mm 

Locating the points inside the diagram and realizing that any point falling inside 
the hatched area is considered safe and vice versa, the following table can be 
established. 


Case I P(kN) I e (mm) 1/P (xlO' 4 ) 


1 2700 400.0 3.70 


Unsafe 


Reason 

inside the acceptable 
area but outside the 


2 2000 250.0 


Unsafe 


outside the acceptable 


3 3000 250.0 3.33 


inside the acceptable 













1/Pi x 10' 4 (1/kN) 



-400 -300 -200 -100 0 100 200 300 400 500 600 700 800 

K, K„ 

e (mm) 


Acceptable combinations of Pj and e 
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Example 8.13: Determination of P and e combinations 

The cross-section of a simply supported beam is shown in the figure below. The 
beam is a part of the structural system of a chemical factory. It is required to: 

A. Determine the acceptable combinations of Pi and e at mid-span according to 
the ECP 203 allowable stresses for case B. Adjust the cross-section 
dimensions if necessary. 


Data 

Losses 

=20% 

feu 

= 50 N/mm 2 

feui 

= 35 N/mm 2 

w DL 

= 5 kN/nT 

WLL 

= 10 kN/nT 

span 

= 12 m 


1000 


o 

o 

o 


H 


Section A-A 




A 

A 
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Solution 

Step 1: Calculate section properties 

A = 1000x200+ 200x400 = 280000 mm 2 

Since the section is not symmetrical, calculate the location of the center of 
gravity. 

1000x200x100 + 200x400x400 

y = --—-----— = 185.7 mm 

7 280000 

I = 6.88 x 10 9 mm 4 

y lop - y =185.7 mm 

y bm = f — y = 600 — 185.7=414.3 mm 


Z = — = 6 - 88xlQ . = 37.03xlO 6 mm 3 
Vu, l g5 -7 

„ Z m 37.03 xlO 6 

K h = —— =-= 132.2 mm 

b A 280000 

„ I 6 . 88 xl 0 9 in6 3 

Z iot = =--= 16.6 x 10 mm 


y b „, 4143 


= 16.6X10- =5927 mm 
' A 280000 


w =y xA = 25x 280000 = 7.0 i W/m' 

0M 1000000 

W ,o, = W aw +W DL +W LL =7.0 + 5 + 10=22 kN / TU 


M, 




7.0x12 

8 

22xl2 2 

8 


=126 kN .m 


= 396 kN.m 



Step 2. Governing equations 

Step 2.1 Equation at transfer (top fibers-tension controls) 

The allowable tension stress at transfer f ti is given by: 

/„. = 0.22 Jf~ = 0.22V35 = 1.302 N/mm 2 

1 ^ e ~ K b 

P i ko P f,i +M ow] 

j_l__ e -132.2 _ 

P t ~ [37.02 x 10 6 x 1.302 /1000 +126 x lOOo] 

— >5.74xl0 ' 6 (g-132.2) 

P, 


e 

132.2 

600 

1 /pi 

0 



Step 2.2 At transfer (bottom fibers-compression controls) 

/. =-0.45 /. = -0.45x35 =-15.75 NI nun 

1 V. e + K t 

Pi ~ l-Zb. fci+Mj 
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Re- 


J__ e +59.27 _ 

P t ~ [- 16.6x 10 6 x-15.75/1000 + 126x 1000] 

1 ^ rt rn . . < rv—fi / rrt rtrr\ 


-> 2.58 xlO -6 (e + 59 . 27 ) 




- 59.27 


0 


Step 2.3: Equation at full service load (bottom fibers-tension 
controls) 

f ie =0A4jf^ = 0.44V50 =3 .UN I mm 2 

£ = 1 - losses = 1 - 0.20 = 0.80 

J_<_ e + Kj_ _ 

P i Z bo , f u + M, otal ]/ % 

1 „ e + 59.2 


P ( [-16.6X10 6 X 3.11 /1000 + 396xlOOOj/0.80 


— <2.32xl0‘ 6 (e + 59.2) 


e 

-59.2 

600 

1/pi 

0 




Step 2.4 Equation at full service load (top fibers-compression 
controls) 

f d = -0.40 f cu = -0.40x50.0 = -20 N ! mm 2 


P i L Z ,op fee +M ,a,all /c . 


J__ e-132.2 _ 

P “ 137.02x 10 6 x - 20/1000 + 396 x 100 o ]/ 0.80 
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i-< -2.322xl0~ 6 (e-132.2) 


e 

132.2 

1/pi 

0 
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fop 

fbot 


At Transfer 
-2.44 <-15.75 

-17.62 >-15.75 


Safe 

unsafe 


J_L 


At Final Stage 

fbot 

3.685 

>3.11 

Unsafe 

ftop 

-9.928 

<-20 

Safe 


Step 4: Adjusting section dimensions 

The reason for the unsatisfactory performance of this section is attributed to the 
fact that its size is not sufficient to resist the applied loads. One of the solutions 
is to increase the size of the section. Increasing the section dimension by 200 
mm gives the following section properties: 



A = 1000 x 200 + 200x600 = 320000 mm 2 

Since the section is not symmetrical, calculate the location of the center of 
gravity. 

1000x200x100 + 200x600x500 

y = ■ ——-————— = 250 mm 

320000 

1=1.63 x 10 10 mm 4 


ytop- y -250 mm 

y bot =t-y = 800 - 250 = 550 mm 


7 = - 

^top 


Y top 


1,63x10 

250 


■ = 65.06 x10 s mm 3 


Z,„„ 65.06 x10 s _ AQQ 

K, - - -= 203.3 mm 

b A 320000 

I 1.63x10'° 


y ba 


550 


29.57 x10 s mm 3 


K = = 29,57Xl ° - = 92.4 mm 


w =v xA = 25x 

' o. w • c 


w M =23 kNIm 


2320000 

320000 


1000000 


= 8.0 kNIm 


= 144 kN.m 


M lol =414 kN.m 


Step 4.1 Governing equations 

Step 4.1.1 Equation at transfer (top fibers-tension controls) 

The allowable tension stress at transfer/„• is given by: 

/„. = 0.22 Jf~ = 0.22-v/35 =1.302 NI mm 2 


1 e~K b 

1 _ e-203.3 

[65.06x10 s x 1.302/1000 +144x 1000] 

— >4.37xl0‘ s (e- 203.3) 

P> 


1/pi 



203,3 

0 


600 






















Step 4.1.2 At transfer (bottom fibers-compression controls) 

_ e + 92.42 _ 

P t ~ [- 29.57 x 10 6 x -15.75/1000 +144x lOOOj 

>1.64 X10 ' 6 (e +92.42) 


■■ 

-92.42 

600 

1 /pi 

0 

11.35 x 10 -4 


Step 4.1.3 Equation at full service load (bottom fibers-tension 
controls) 

1 _ e + 92.42 _ 

P t ~ [- 29.57 x 10 6 x3. 11/1000 + 414x 1000|/0.80 

— <2.48xl0~ 6 (e +92.42) 

Pi ’ 


mam 

-92.42 

600 

i/pi 

0 



Step 4.1.4 Equation at full service load (top fibers-compression 
controls) 

_1__ e- 203.3 _ 

P, ~ [65.07 x 10 6 x - 20/1000 + 414x 1000j/0.80 

— <-9.015xl0" 6 (e- 203.3) 

P< ’ 


e 

203.3 

600 

-200 

I/pi 

0 
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Step 4.2 Acceptable P,-e diagram 

From the points calculated in step 4.1,the following diagram can be plotted 



-200 -100 0 100 200 300 400 500 600 


e (min) 




















8.8 Reduction of Prestressing Force near Supports 

Sections with straight tendons at supports are subjected to zero moment and 
may suffer from high tensile stresses resulting from the prestressing force. 
There are two practical methods of reducing the high stresses near the supports: 

1. Reducing the eccentricity of some cables as the reach the support 
zone as shown in Fig. 8.18.a. 

2. Sheathing some of the cables by plastic tubing as shown in Fig. 
8.18.b. This eliminates the transfer of the prestressing force to the 

* ' concrete at this area. 



Fig. 8.18 Reduction of prestressing force near support (a) raising 
part of the tendons, (b) sheathing part of the tendons 





Camber 


Photo 8.9 Camber of a prestressed beam at transfer 


8.9 Deflection of Prestressed Beams 

8.9.1 Introduction 

Deflection of prestressed concrete beams is of a great importance because they 
are more slender than ordinary reinforced concrete beams. 

At transfer, prestressed concrete beams are subjected mainly to an eccentric 
compression force that produces reverse deflection (camber). The amount of 
camber should be controlled for proper drainage of roofs in buildings. 
Moreover, in projects involving prestressed beams and precast slabs, excessive 
camber may prohibit proper alignment of the precast members. 

At the final stage where all the working loads are applied, the upward 
deflection of the beam (camber) becomes downward deflection. Excessive 
deflections of beams may cause excessive vibrations, damage to the 
appearance of the structure, poor roof drainage, and uncomfortable feelings for 
the occupants. Also, such deflections may damage partitions and cause poor 
fitting of doors and windows. 

















8.9.2 Calculations of Deflections - ECP 203 

The procedures for calculating the deflections of prestressed concrete beams 
are summarized as follows: 

1- The calculation of the expected camber of prestressed beams at transfer 
should be carried out using the gross moment of inertia of the cross- 
section I g . Such a camber should be limited to the values that do not 
cause problems to the project under consideration. It is the task of the 
designer to judge the allowable value of the camber. 

2- When calculating the immediate (short-term) deflection, the gross 
moment of inertia of the cross-section I g is used for cases A, B, and C. 
For case D, the effective moment of inertia of the cross-section Ie is 
used. Limits of the short-term deflection for prestressed concrete beams 
are the same as those for reinforced concrete beams. 

3- Long-term deflection of prestressed concrete beams is calculated taking 
into account all the permanent loads, in addition to the effect of 
shrinkage, creep and relaxation of prestressing steel. Limits of the long¬ 
term deflection of prestressed concrete beams are the same as those for 
reinforced concrete beams. 

Young’s modulus of concrete E c is used in deflection computations. The value 
of E c can be computed using the ECP 203 equation as follows: 

= 4400 ^/ 7 ™ .( 8 - 68 ) 

The values of the deflections can be calculated using the theory of structures 
with the appropriate value of the moment of inertia according to the case under 
consideration. Examples of the deflection expressions are given in Eq. 8.69 
and the rest can be found in then Appendix. 


w L 4 
384 EJ 
5w L 4 
384 E C I 

a = -^L 

48 EJ 
w L 4 
8 EJ 
P L 3 
3 EJ 


for fixed end beam with uniform load 
for simple beam with uniform load 
for simple beam with point load at midspan 
for cantilever beam with uniform load 
for cantilever beam with point load at edg 


(8.69) 


i 
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Ap S 

Fig. 8.19 Calculation of the cracking moment 
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B-Calculation of the cracked moment of inertia (I cr ) 

If we assume that the neutral axis is located at a distance z from the 
compression face, the location of the neutral axis can be easily determined by 
taking the first moment of area about the center of gravity of the section 
(C.Gg.) as shown in Fig. 8.20 and as given by Eq. 8.73. It should be noted that 
the center of gravity coincides with neutral axis (no normal force). 



Cracked section Transformed section 

Fig. 8.20 Determination of the neutral axis 



Fig. 8.10 Deflection of a prestressed beam during testing 
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Having determined the neutral axis distance z, the cracked moment of inertia 
I cr can be computed as: 

hr = - + n A s ( d ~z) 2 +n A ps (d p - z) 2 .(8.74) 

In T-sections, the location of the neutral axis may lie inside or outside the 
flange as shown in Fig. 8.21. Therefore, hand calculations must be carried out 
as explained in the illustrative examples. 



Neutral axis inside the flange z<t s Neutral axis outside the flange z>t s 

Fig. 8.21 Determination of the neutral axis for T-sections 
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Solution 

Step 1: Calculation of immediate deflection 
Step 1.1: Deflection due to self weight 

E c = 4400 = 4400^40 = 27828 N / mm 2 = 27.828 kN / mm 2 

w =(250x550)x-—-= 3.44 kN/m' 

° w v ' 1000x1000 


M = W °-~ XL - = 3-44x9 - = 34.83 kN .m 
ow 8 8 

Since the beam is fully prestressed (case A), the gross moment of inertia is 

used in deflection calculations. 

r b f 3 2 50 x 550 3 . 4 

I = -=-= 3.47x10 mm 

s 12 12 

The deflection of simply supported beam subjected to uniform load equals: 

A - X L^ = 5x(3.44/1000) x_( 9000)1 = 3 Q43mm 

w 384x£ c x/ s 384x27.828x3.47xl0 9 

Step 1.2: Camber due to prestressing 

The immediate deflection at mid span due to initial prestressing only equals: 

The initial moment due to prestressing at the supports M; equals: 

M, = P. xe = 1200x100 = 120000 kN .mm 

= A^ = _120000x(9000^ = 12 . 6 mmt(camber) 

" 8 E c I g 8x27.828x3.47xl0 9 
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Step 1.3: Immediate camber/deflection 

The immediate camber equals: 

A ow +P = A„ - = 12.61 -3.043 1= 9.55 mm t 

Step 2: Long-term deflection 

Step 2.1 Long-term deflection due to self-weight 

Since no compression steel is present, the creep coefficient equals 2. 

A ow(long-term > = (l + a)xA im = (1 + 2)x3.04 = 9.13 mm i 


Step 2.2 Long-term camber due to prestressing 


The long-term deflection at mid span due to final prestressing only equals 
* ,, L 2 

A l>(long-tern) ~ (1 + Qt)~ 

For long term calculations, the effective prestressing force (P*)is used. Thus, 
the moment at the supports M e equals: 

M e =P e xe = 950x100 = 95000 kN .mm 


p (long -term ) 


= d + a) 


M e V 
8 E r 


:(l+2) 


95000x(9000) 2 

8x27.828x3.47xl0 9 


- = 29.88 mm T 


Step 2.3: Long-term camber/deflection 

The long-term camber equals: 

A rf+p =A p -A d = 29.88-9.13 = 20.75mm T (camber) 
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Solution 

Step 1: Calculate uncracked section properties 

Since the beam is categorized in zone B, the gross moment of inertia is used in 
the calculations. Since the section is not symmetrical, calculate the C.G. 



uncracked section 


A - 200X 700 = 140000 mm 2 yi=450 mm 

A: - 750x100 = 75000 mm 2 y 2=50 mm 


- _ 140000 x 450 + 75000 x 50 
140000 + 75000 


: 310.465 mm 


— 800 — 310.46 = 489.53 mm 


r 200x700 3 7S0vinn 3 

- Yl - + 140000x (450 ~ 310.46) 2 + - ^ — + 75000X (310.46 - 50) 2 

4=13.6 xlO 9 mm 4 

Step 2: Deflection due to self weight 

The concrete modulus of elasticity equals: 

E c = 4400 -yjf^ = 4400-\/45 = 29516N[mm 2 =29.516 kN/mm 2 
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w =(75000 +140000)x-= 5.375 kN/m' 

ow K ’ 1000x1000 

The deflection of simply supported beam subjected to uniform load equals: 

5 w xL 4 5x (5.375/1000) x (11000) 4 . 

A =- — -= —---—--=- = 2.55mm + 

384 xZ? xl 384x29.516xl3.6xl0 9 


ow= 5.375 kN/m' 



Step 3: Camber due to prestressing 

The camber due to prestressing is the sum of two components: 

• End moment (due to eccentricity of the two cables at support) 

• Due to the concentrated load developed from the tendon slope change 

\ =A pm +A pw 

Deflection due to end moments Apm 

The moment at the supports due to the broken cable Mu equals 
M n = p n xe, 
e, = 85 mm T 

M n =1500x85 = 127500 kN .mm (positive moment) 

The moment at the supports due to the straight cable Mi 2 equals: 

M i 2 — Pi 2 xe 2 

e 2 = y&x — cover = 489.53 — 100 = 389.53 mm ^ 

M n = 300x389.53 = 116859 kN .mm (negative moment) 

The resultant moment M/=Mu -Af, 2 =127500-116859= 10641 kN.mm (positive) 







The immediate deflection at mid span due to the positive end moments equals: 


A 

pm 8 E c 1 


A = 10641x(llxl000) - 0.401mm 1 (Downward deflection) 


8x29.516x13.6x10 


O _ 

S § 3 
S s 8 


2 2 



11.0 m 


Deflection due to concentrated load 

The camber due to the broken cable can be calculated using an equivalent 
concentrated load usually called the balanced load. The calculations of such 
load are as follows: 

V=237.3 kN 



The effective sage (e t )at midspan equals: 
e = 85 + 350 = 435 mm 


• = flxe, 


Vxll 


= 1500x0.435 


V = 237.3 kN 


M„=127500 


Alternatively, the equivalent force at midspan may be calculated as follows: 
V = P t (tan<9, + tan 0 2 ) = P t (^ + & 2 ) (true for small angles) 

Z, _ (85 + 350)71000 = 0 0791 


6 >, = & 2 


V =1500 x (0.0791 + 0.0791) = 237.3 kN 


e,=435 mm 


i- . ■ /_„_:i 





— 


5.5 m 


The immediate camber at midspan due to the equivalent concentrated load V 
equals: 

A =^iLt 
48 El 


. 237.3 x(11000) 3 ,, . ^ 

A =- 1 -——- = 16.4mm I 

pv 48x29.516xl3.6xl0 9 


A p =t A pv -1 A pm =16.4-0.401 = 16mm t 


Step 4: Immediate camber/deflection 

The immediate camber equals: 

A,** =t A, - i A ow = 16 - 2.55 = 13.45 mm T 
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Example 8.16 

The figure given below shows a simply supported partially prestressed beam 
(zone D). The beam is subjected to an initial prestressing force of 900 kN and 
an effective prestressing force of 740 kN. Calculate the im m ediate deflection, 
the long-term deflection and check code limits for deflection. The beam is 
located on a typical floor and support walls that are not likely to be damaged 
by deflection. wll= 10 kN/m', wso=3 kN/m' (superimposed load),/ cu =35 N/mm 2 
, and n=10. 



Beam cross-section 
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Step 2: Calculate immediate deflection /camber 
Step 2.1: Deflection due to self-weight 

Since at transfer only the self weight is applied, the gross moment of inertia 
may be used for deflection calculations 

E c = 4400 JJ2 = 4400V35 = 26030 NI mm 2 = 26.03 IcN / mm 2 
The self weight of the beam equals 


w = 213000 x- 


= 5.325 fcA/7m' 


ow 1000x1000 

The deflection of simply supported beam subjected to uniform load equals: 


384 xExI 


= — ( 15 QQ Q ) 4 = 8 . 55mm 4 , 


384x26.03x15.77x10 


w oh ,= 5.325 kN.m' 



15.0 m 


Step 2.2 Camber due to prestressing 

The camber due to prestressing is the sum of two components: 

• End moment (due to eccentricity of the cable at support) A pm 

• Due to the uniform load developed from change of curvature of the 
tendon A A = A + A 

pw p pm pw 

Camber due to eccentricity of the cable 

The immediate deflection at midspan due to the negative end moments equals: 
A = 

pm (due to end mment) SET 

c 1 8 

The moment at the supports M,- equals: 

M, =P,Xe = 900x35 = 31500 kN.m 
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A = - 31500x(15000f = 2 . 1W t (upward) 

pm SEI 8x26.03xl5.77xl0 9 


Camber due to curved tendon 


M i= 31500 kN.m 


A = A + A 

p pm pw Mi=31500 


w„.=11.04 kN/m' _ 


15.0 m 


The effective eccentricity of the curved tendon at midspan (e t ) equals: 
e, '= 380 - 35 = 345 mm 

The camber due to the curvature of the cable can be calculated using an 
equivalent uniform load usually called the balanced load. The calculations of 
such load are as follows: 

w x L 2 

_£?_ = Pxe 

8 ' ' 

w.. xl5 2 

-= 900x0.345 


qq e ( =34jimm 
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w =11.04 kN/m"t 

eq 


5w eg xL 4 5x(11.04/1000)x(15000) 4 _ ^ , r „ t 

pw 384 xE c xI g 384x26.03xl5.77xl0 9 


A = A + A = 2.15 T +17.721= 19.87 mm t 

*■* p pm pw 

Step 2.3: Immediate camber/deflection 

The immediate camber equals: 

A =A +A = 19.87 T -8.55 -1= 11.33mm T 

Step 3: Service load deflection 

Since the beam is partially prestressed, one should calculate the cracking 
moment and the effective moment of inertia. 

Step 3.1: Calculate cracking moment M cr 

According the ECP 203 the cracking moment of prestressed beams equals: 

M cr = —(o.45^+/,„-/„,) 

y t 

where f pce is the compressive at the extreme fibers(bottom in this case) due to 
effective prestressing force only. 

f P * P * xe 

I pee . y 

n ^hot 

The eccentricity at midspan equals 380 mm. 


a- x' 


O 

oo 

4 cG .. 


J 

—= 



tendon profile 


_ y4oxl000 7 - 5m X3 80^_'„ MWW ' 

pce 213000 29.53 x10 s 
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w dl ~ w ow +w so =5.325 + 3 = 8.325 kN/m' 


1# _w DL L 2 8.325xl5 2 

™ DL ~ 


8 


fed ~ 


8 

234.14x10 s 


Z bot 29.53 x10 s 


= 234.14 kN m 


M 


_ DL _ 


= 7.93 N I mm' 


Noting that Z bo f=l /y t , thus, 

M cr = 29.53x10 s (0.45-735+12.99-7.93)/10 s = 228.25 kN m 

w total =w dl +w ll = 8.325 +10 = 18.325 kN lm' 

.. w , L 2 18.325X15 2 
M _ —total -_-= 515.39 kN.m 

“ 8 8 
Since M a >Mc r then calculate Ie 


Step 3.2: Calculate cracked moment of inertia I c , 



I cr calculations 


It is customary to neglect the area of the non-prestressing steel in deflection 
calculations. The transformed area of prestressing steel equals: 

n A ps =10 x 450 = 4500 mm 2 

d p =y + e = 335.7 + 380 = 715.70 mm 

Assume that the c.g. is located inside the flange. Taking the first moment of 
area for the transformed section about the C.G. gives, 
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B ~2 =nAps (dp ~ Z) 


650x zx - = 4500 (715.70 - z) 

2 

325 z 2 + 4500 z - 3220650 = 0 

Solving for z z =92.87 mm < 120 mm (inside the flange as assumed) 

B z 3 2 

Cracked moment of inertia I cr = ■ - - + n A ps (d p - z) 

I = 650x92 87 - +4500x(715.7-92.87) 2 =1.92xl0 9 mm 4 


Step 3.3: Calculate effective moment of inertia 


I t =Icr+{l g ~Icr) 




M 


a J 


1 = 1.92x10 s +(l5.77xl0 9 -1.92 x10 s ) = 3.122xl0 9 mm 

e v ' ^515.39 


Step 3.4: Deflection clue to total load 

The deflection of simply supported beam subjected to dead loads only equals: 

5 w dl xL 4 5 x (8.325/1000) x (15x1000)“ , 

A n , =——■— -- = — -——----= 67.5mm 4 

DL 3S4xE c xI e 384x 26.03x3.122xl0 9 


A,, =^kxA„, = ———-x67.5 = 81.09 mm 4- 
“ w n , 8.325 


w DL = 8.325 kn/m' & Wu~ 10 kn/m' 



697 


Step 3.5: Camber due to effective prestressing 

The service load deflection at mid-span due to the negative end moments only 
equals: 


A 

Pm 8 E c I e 


The moment at the supports equals: 
M. = Pxe = 740x35 = 25900 JcN.m 


M t L 25900x (15x1000)“ 

pm ~ 8 E c I e ~~ 8x26.03x3.122xl0 9 


= 8.96mm T 


Me=25900 kN.m 


w e ,=9.08 kn/nT- - - - 


Me=25900 



The eccentricity (e t )at midspan equals, e, = 380 - 35 = 345 mm 


x L 

— - -P xe 

8 ‘ ' 

w x 15 2 

-2-= 740x0.345 

8 

w = 9.08 kN/m"l 

eq 


5w eq XL 4 5x(9.08/1000)x(15x1000)“ _ ?3 t 


384x£ x/ 384x26.03x3.122x10 


A p = A pm + A pw = 8.96 T +73.611= 82.57 mm t 
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Step 3.6: Immediate deflection 

The final deflection equals: 

K,d = CV + A u ) - A p = (67.507 + 81.09) I -82.57 T= 66.03 mm i 

Step 4: Long-term deflection 

The long term factor oc=2 

A long-term — (1 + #) (A oi t" ) + A^ 

= (1 + 2) (67.507 I -82.57 t) + 81.09 1- 35.905mm 1 

L 1500 

<-<- ...,o.k 

250 250 

The beam satisfies the limits of the total deflection. However, the live load 
deflection should be checked as follows 


• The beam is in a floor that supports walls that are not likely to be 
damaged by large deflections. Hence, the limiting live load deflection is 
given by: 

. . L 15x1000 .. „ 

A,, <-<-= 41.67 mm 

LL 360 360 


Since All (81.09 mm)< A a ii 0W abie (41.67 mm) the beam does not meet code 
requirements for deflections. 



SHEAR AND TORSION IN PRESTRESSED 
CONCRETE BEAMS 



Photo 9.1 Milwaukee art museum, USA 


9.1 Introduction 

This chapter presents procedures for the design of prestressed concrete sections 
to resist shear and torsion resulting from externally applied loads. Since the 
strength of concrete in tension is considerably lower than its strength in 
compression, design for shear and torsion becomes of major importance in all 
types of concrete structures. 

The behavior of prestressed concrete beams in shear or combined shear and 
torsion is different from their behavior in flexure: they may fail abruptly 
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without sufficient advance warning, and the diagonal cracks that develop are 
considerably wider than the flexural cracks. Both shear and torsion forces result 
in shear stress. Such a stress can result in principal tensile stresses at the critical 
section which can exceed the tensile strength of concrete. 

9.2 Shear in prestressed Beams 

9.2.1 Inclined Cracking 

Cracking in prestressed concrete beams depends on the magnitude of moment 
and shear as shown in Fig. 9.1. At locations where the moment is large and 
shear is small, vertical flexural cracks form when the normal tensile strength is 
exceeded. 

Two types of inclined cracking occur in prestressed concrete beams; web shear 
cracking and flexure-shear cracking. These two types of inclined cracking are 
illustrated in Fig. 9.1. 

Web-shear cracking begins at the centroidal axis of the cross section when the 
principal tensile stresses due to shear exceeds the tensile strength of concrete. 
Web shear cracking occurs in the regions where moment is small and shear is 
large. 

Flexure-shear cracking is essentially an extension of a vertical flexural 
cracking. The flexure-shear crack develops when the principal tensile stress due 
to combined shear and flexural tensile stresses exceed the tensile strength of 
concrete. It should be mentioned that web-shear cracks usually occur in thin- 
walled I-beams near the C.G. where the shear stresses in the web are high while 
the flexural stresses are low. 
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9.2.2 Effect of Prestressing 

The shear, web cracks in prestressed beams are attributed to the developing of 
diagonal tension stresses as shown in Fig 9.2. The maximum web shear q cw 
occurs at the C.G. of the section where the actual diagonal tension cracks 
develops. Referring to Mohr’s circle shown in Fig. 9.2, the principle tensile 
stress in concrete due to both compression stress f pcc and shear stress q cw equals: 



where f pcc is the concrete compressive stress due to effective prestressing at the 
C.G. level. However, if the neutral axis falls inside the flange for flanged 
sections, the Stress is calculated at the intersection of the flange and the web. 


It is clear from Mohr’s circle that the normal compressive stress f pcc reduces the 
maximum principle tension f and the angle Q. Therefore if cracking occurs, the 
inclined crack is flatter and the effectiveness of the stirrups increases. 



Fig. 9.2 Principle tensile stresses in prestressed beam 
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Solving Eq. 9.2 for the web shear strength q cw gives: 



9.2.3 Shear Strength According to ECP 203 
9.2.3.1 Upper Limit for Design Shear Stress q umax 

The critical section for shear in prestressed reinforced concrete beams is at t/2 
from the face of the support. 

The applied shear stress is given by: 



(9.4a) 


d p >0.80r 


(9.4b) 


where b is the width of the section and d p is the distance from the compression 
fiber, to the centroid of the cables but not less than 0.81. 

For prestressed concrete beams containing grouted ducts with diameter (<[>) 
more than b w /8 (where b w is the width of the web), as shown in Fig. 9.3, the 
effective width of the web (b) in Eq. 9.4a should be taken as: 

b = b w - 0.5V </> for <p > —■ .(9.4c) 

O 

b = b w for <j) < —.(9.4d) 

8 


B 



Fig. 9.3 Effective width for prestressed beams with grouted ducts 
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To ensure that shear failures occur in a ductile manner by yielding of the shear 
reinforcement, the ECP 203 specifies that the shear stress q u should not exceed 
the maximum shear stress q u ,mox given by: 




< 4.5 N / mm 


2 


(9.5) 


It is clear from Fig. 9.4 that the maximum shear strength q u , nwc for prestressed 
members is slightly higher than that for ordinary reinforced concrete members. 
However, the concrete shear strength q cu of prestressed members is much higher 
than that of ordinary reinforced concrete members. 


i 

! 

I 


i 

! 



Non-prestressed beams 


Prestressed beams 


Fig. 9.4 Shear reinforcement requirements in prestressed 
and non-prestressed beams 
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9.2.3.2 Shear Strength Provided by Concrete q C u 

The ECP 203 gives two procedures for calculating concrete shear strength q cu of 
prestressed beams as follows: 

• Simplified procedure 

• Detailed procedure 


A: Concrete Shear Strength Using the Simplified Procedure 

Several empirical expressions that predict shear strength of concrete have been 
developed from experimental studies of prestressed beams. For prestressed 
members in which the tendons are stressed to at least 40% of their ultimate 
tensile strength f pu , the nominal concrete shear strength can be conservatively 
estimated by the following ECP 203 expression: 


f 3.6x0 xT ,- 

q„ = 0.045 if- +- > OMjfJV, 

1 'C ***■ u 


<0375jf cu /r c 


with the following condition 



where Q u and M u are the values of shear and bending moment, respectively, 
produced by the ultimate loads at the section under consideration. d p is the 
distance from the prestressing reinforcement to the outermost compression 
fibers. 


The term d p used in the previous equation is the actual cable depth. The 
previous equation does not give a valid result when either Q u or M u is small. 


For simply supported beams subject to uniform loads, the term Q u dp/M u can be 
expressed as: 


Qu xd P _ dp (L-2x) 
M u x (L - x) 


(9.7) 


where L is the span length and x is the distance from the support to the critical 
section. 
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B: Concrete Shear Strength Using Detailed Procedure 

Although the use of the simplified method for calculating concrete shear 
strength is quite easy, it may produce very conservative results. This is 
especially true for I-sections. The shear strength calculated using the detailed 
procedure can be as high as 150% of that calculated using the simplified 
procedure. Therefore, when the tendon stress is below 0.4 f pu , or when the full 
concrete shear strength need to be utilized, the shear strength can be evaluated 
using the detailed procedure. 

For a thin-walled section (I-beam), with small shear spans, the shear stresses in 
the web are high while the flexural stresses are low. The principal stresses at the 
neutral axis may exceed those at the bottom flange causing cracking to start at 
the web. This is called web-cracking shear. On the other hand, for beams with 
relatively large shear span, vertical flexural cracks occur first and extend 
diagonally due stress redistribution. This is called the flexural-shear cracking. 

According to the ECP 203, the concrete shear strength q cu is the smaller value 
of the flexural shear strength q c i and the web-cracking shear strength q cw - 

Qa 

q cu = smaller of- 

flew 



Photo 9.2 Prestressed concrete bridge during construction 
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Flexural-Shear Strength q c i 

The flexural-shear strength is the shear strength of the beam at the time of 
developing the first flexure-shear crack. Flexure-shear cracking occurs when 
flexural cracks, which are initially vertical, become inclined under the influence 
of shear. Because the flexural-shear strength cannot be predicted by calculating 
the principal stresses in an uncracked beam, equations for estimating flexural 
shear strength are based on experimental tests. This is attributed to the 
redistribution of stresses that occur at the tip of the flexural crack. 

The code specifies the following formula to predict the concrete flexural shear 
strength q ci . 


q ci =0.045 ^ + 0.8 L +q t x-^]>0.: 

V • c V max ) 


Where 

Q,=Q U -Q d 


=M U -M d 


q d =-&- 
d bxd 

<ld is the unfactored shear stress due to dead load only at the critical 
section. 

<Z< is factored shear stress at the critical section due to externally applied 
loads occurring simultaneously with M ntax 
ax is the factored moment at the critical section due to the external applied 
loads (Refer to Fig. 9.5). 

M cr is the cracking moment. 

d is the depth of the cross section but not less than 0.8t 

In Eq. 9.8, the flexural shear strength is assumed to be the sum of three 
components: 

1. The shear stress required to transform a vertical flexural crack into 
inclined crack 0.045 ^jf cu Ty c 

2. The un-factored shear stress 0.8 qj, and 

3. The portion of the remaining factored shear stress that will cause a 
flexural crack to initially occur 0.8 Xq t xM cr /M^ 
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Ultimate l° ads 

(factored) 


Ultimate shear 
(factored) 


Ultimate moment 
( factored) 



Dead loads 
(unfactored) 


Shear force 
(unfactored) 


Moment 
( unfactored) 


Fig. 9.5 Shear and bending moments for calculating q a 
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Cracking Moment M cr 

Concrete beams are assumed to behave elastically as long as the maximum 
tensile strength of the concrete is not exceeded. A simply supported prestressed 
beam will crack at the bottom when the tensile strength is exceeded. Thus the 
tensile stress at the bottom fibers for simply supported beam equals: 

P Pxexy M rr y 

fc,r= ~ a~~ ./ ~ +— 7 ^™'-.( 9 . 9 ) 


where 

y t is the distance from the neutral axis to the tension surface 
M cr is the cracking moment 

P c is the effective prestressing force 

fctr is the maximum allowable tension 

The term f ar =0.45^7 is the tensile strength of concrete for web-shear 
cracking. Subsisting with this value in the previous equation gives: 


=-r r°- 45 v/^+v + ^~^]- 


.(9.10) 


The code specifies that the value of the unfactored dead load moment at the 
critical section should be subtracted from the cracking moment. Hence, 




(9.11) 


The code rewrites the previous equation in terms of stress as follows: 

M cr =7“( o .45 ^ +f pce -f cd ) .(9.12) 

y t 

where 

fpce is the compression stress in concrete due to prestressing force after 
considering all losses calculated at the extreme tension fibers as follows: 

f - p ‘ i p * xex y< 

pce A I 

fed is the concrete stress due to dead loads and any sustained live loads 
calculated at the extreme tension fibers. 


_M d y, 
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Because most of the prestressed beams are designed to remain uncracked during 
the lifetime of the structure, the cracking moment is normally higher than the 
applied moment at full service loads. Furthermore, the ECP 203 requires that 
prestressed should be designed to withstand at least 1.2 M cr . 

M cr 


yt 


Fig. 9.6 Cracking moment calculations 
Web Shear Strength q cw 

In the Egyptian code, the value of the web concrete shear strength is given by: 

x 

+ fpcc +9pv ..(9.13) 

j 

where 

f pcc is the concrete stress at the C.G. of the section due to effective prestressing 
after considering all losses. 



q pv is un-factored shear stress due to the vertical component of prestressing Q pv . 

.... Q PV 'r„ _ { p c xsin e)/y ps (f pe ly ps *A ps )xsinfl 
^ p " b xd p b xd p b xd p 

Where y ps =1.15. Referring to Fig. 9.7, the vertical component of the 
prestressing force Q pv at the critical section for straight tendons equals: 

Q pv = P e sin(P) s P e tm(0) ..(9.14) 

The approximation of using (tan) instead of (sin) is justified because the 
eccentricity is very small compared to the span. For beams with straight cables, 
the vertical prestressed component equals: 
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e — e 

m e 


(9.15) 


where e tn is the eccentricity inside the beam and e e is the eccentricity at the end. 

If the tendon eccentricity is located above the C.G., a negative value of e e 
should be used. 





Fig. 9.7 Vertical prestressing component Q py for case of straight tendons 


In case of using a parabolic tendon, the angle 0 may be obtained by 
differentiating the equation of the parabola as follows: 
y -ax 2 , taking the first derivative gives 
y' = tan 6 = sin 8 — 2ax 

Where a is the parabola constant and x is the location of the section measured 
from the center of the parabola as shown in Fig. 9.8. It can be easily shown for 
the parabola in Fig. 9.8 that the following expressions are valid: 



Fig. 9.8 Vertical prestressing component Q pv for case of parabolic tendons 
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An alternate method for determining the web shear strength q cW is to limit the 
principal tensile stresses at the C.G. of the rectangular sections or at the 
intersection of the web and the flange for flanged sections if the neutral axis 
falls inside the flange. The code states that this limit may be taken as 
0.25 yjf ^. Substituting with this value for the diagonal tension stress f given 
by Eq. 9.3, the web shear strength q cw can be obtained by solving the resulting 
equation as follows: 

q 

9.2.4 Shear Reinforcement Calculations 

If the applied shear stress q u exceeds concrete shear strength q cu , web 
reinforcement must be used according to the following equation: 



Shear reinforcement is obtained in a similar fashion like ordinary reinforced 
concrete beam. The required vertical stirrups spacing (s) is given by : 



s= A « x fy /L15 .(9.18) 

bxq su 

Where A st is the area of the stirrups according to the number of branches as 
shown in Fig. 9.9. The area of the provided stirrups should not be less than: 


a 04 u 

A »,mm = — b S 
J y 


(9.19) 



Fig. 9.9 Stirrups for shear 
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Summary of the Design for Shear 

Step 1: Calculate the ultimate shear stresses due to Q u 

bd p 

Where Q u is calculated at t/2 from the support as follows: 

, . ft column width' 

„ = Shear at column axis —w „ x — H- 

“ U 2 

Step 2: Check that section size is adequate 

The developed shear stresses due tot shear should stratify the following 
equation: 

a < 0 75 — 

max " ' \l 


<4.5 N I mm 2 

If q u <q utmx , the concrete dimensions of the section are adequate. 

If the above condition is not satisfied, one has to increase the dimensions. 

Step 3: Determine the shear stress carried by concrete 

Calculate the concrete contribution to the shear resistance, q cu using: 

• The simplified procedure (in case of / > 0.40/ ) 


=°- 045 {f + 


FT , 3 - 6x <2« Xd r 


: 0.375 


where Q u and M u are calculated at the critical section. 

• ■ The detailed procedure, q cu is taken as the smaller of the two values: 

f ( M \ 

+ 0-8 q d +q t X-f- > 0.24 Jf cu ly c 

v max / 


2. q cw =0.24 P L +/ pcc +q pv 
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Where 



Step 4: Design the web reinforcement 

If q u < q cu , then provide minimum stirrups. 

If q u > q i:u , then design shear reinforcement to resists q su given by: 

7su ~ 7u — 0-5 q C u 

The spacing of stirrups needed for shear is obtained from: 

_A st xf y ! 1.15 

b xq su 


Check minimum shear reinforcement 



si ,min 




Photo 9.3 Multi-span prestressed box-girder bridge 


714 










Example 9.1: Shear design using the simplified procedure 

The cross-section of a simply supported beam is shown in Figure Ex 9.1. Using 
the code-simplified method, determine the required shear reinforcement at the 
critical section knowing that the stirrups diameter is 10 mm (f ysl =360 N/mm 2 ). 
Assume that the column width is 500 mm. The material properties are f pu =2000 
N/mm 2 for normal stress relieved strands, f pe = 1080 N/mm 2 and f cu =35 N/mm 2 . 
Assume that the applied live load and superimposed dead load are 22 kN/m', 2 
kN/m', respectively. 


150 

I t 180 


■500- 


o 

o 

VO 


150 


beam c.g v 


A ps =1280 mm 


7 


z 


|~"— 500 —*j 



Fig. Ex. 9.1 Tendon profile for Example 9.1 


Solution 

Step 1: Verify the use of the simplified method 

Since the effective prestressing stress f pe is greater than 40% of the ultimate 
tendon strength f pu (1080 > 0.40 x 2000=800 N/mm 2 ), the code simplified 
expression can be used. 

Step 2: Calculate section properties 

A = 2x500x150 + 180x600 = 258000 mm 2 

w = y xA = 25x-— = 6.45UV bn 

ow l C 10° 

Step 3: Calculate forces at the critical section 

w, =1.4 w DL +1-6 w LL 

w u = 1.4 (6.45 + 2) +1.6 x 22 = 47.0MN / m 

The critical section is at f/2 from the face of the support. Since the column 
width (c) is 500 mm, the critical section is at distance x c from the centerline of 
the support. x c equals: 

t c 900 500 .. 

x = — + — =- 4 -= 700 mm = 0.70 m 

c 2 2 2 2 

The reaction at the support equals: 

r = ZZil = 47 -°l^ = 423.27 kN 
“ 2 2 

The shear at the critical section equals: 

Q =R -w -x= 423.27-47.03(0.70) = 390.35 kN 

*-U U U X 

The moment at the critical section for shear equals: 


*.-*.■*.-*‘f- 


47 03x0 70 2 

M = 423.27 x 0.7 - - = 284.8 kN m 

“ 2 
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The depth of the prestressing steel at the critical section equals: 
d = 750 + (400 -300) = 757.8 mm 


d p = 757.8 mm > 0.8 t ...o.k 

& .3 90.35X1000 
b d. 180x757.8 


Step 4: Check the maximum shear stress <Jumax 

The maximum shear strength is given by: 

„ =0 75 p 22 - = 0.75 J— =3.62 N Imm 2 <4.5 N Imm 2 

Vu max ■ 4 V i 5 * 

V /C " 

q u ,™ =3.62iV Imm 2 

Since q u is less than q„,„ m the concrete dimensions of the section are acceptable. 

Step 5: Calculate concrete shear strength q cu 

If 3.6x0, xd„ j - 

q cu = 0.045, p- +--- P ~ > 02^f c j Y c 

y y m „ 

I / c u 

< 0.375 ^/ cu ly c 

Q u xd p 390.35x(757.8/1000) _ t Q? ^ 1 n 
M„ 284.77 

<2„ xd p d p {L—2x) _ (757-8/1000)(1 8.0-2x0.70) AQ 

° r . x(L-x) " 0.70 (18-0.7) 

Qxd n 

Use —-— = 1.0 

M u 

q cuM „ = 0.24^35/1.5 = 1.16 IV /mm 2 
q = 0.375^35/1.5 = 1.81 N Imm 2 

rt cu .max x 


q cu =0.045^— +3.6x1.0 = 3.82 IV Imm 2 >q cu , n 


SinCC Qcu ^ Qcu,max USC Qcu Qcu,max 

q cu = 1.81 N/mm 2 
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Step 6: Calculate shear reinforcement 

Since q u (2.86) > q cu (1.81), shear reinforcement is required. 

The shear stress that needs to be carried by web reinforcement equals: 


=c lu — 


■ 1.955 N I mm 2 


For 10 mm stirrups, the total shear reinforcement area for two branches equals: 


A sl =2x78.5 = 157 mm 1 


The required spacing is given by: 

K x fy /L15 157x360/1.15 

bx <lsu ~ 180x1.955 

Take s =125mm 


= 139.7 mm 


A**. ~~~ bxs = ^xl80xl25 -25 mm 2 <A sl (157 )...v.k 
Jy 360 

Use <F10 @125 mm (8010/m') 



Shear reinforcement details 
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Example 9.2: Shear design using the detailed procedure 

The cross-section of a simply supported beam is shown in Figure Ex 9.2 Using 
the code-detailed method, determine the required stirrup spacing (far-360 
N/mm 2 ) at the critical section. Assume column width of 500 num Given that 
f =2000 N/mm 2 for normal stress relived strands ,f pe = 1080 N/mm and/ cu =35 
N/mm 2 . Assume that the applied live load is 22 kN/m' and the superimposed 

dead load is 2 kN/m'. 




Fig. EX.9.2 
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Solution 

In the detailed procedure, the concrete shear strength is taken as the smaller of 
two vales q C i (flexural-shear strength) and q cw (web-cracking shear strength). 

Step 1: Calculate q C i 

[f — ( M ") 

q ci = 0.045 p- + 0.8 q A + 9i X-f- > 0.24 Jf cu /y c ' 

V Yc V M max 

Step 1.1: Calculate M cr 

/ = 2 r500|50l + 5 00xl5 o x (45o_ 75 ) ! l + 180^00l 

I =2.46 x 10 10 mm 4 

Since the section is symmetrical, y, op = ybot- 450 mm 
I 2.46x10 s 3 


y» 450 


■ = 54.7x10 mm s 


J |*—500—*j 


Beam G.G. 


A pj =1280 mm 


""f” [*—500—| 


M cr=y(V A ^+ f P c'- f a) 

where f pce is the compressive stresses at the extreme fibers (bottom in this case) 
due to the prestressing steel only. 


fpce =- 


P e P e xe 
A Z„„. 


The eccentricity at the critical section equals: 


e = 300 + (400 - 300) x —--= 307.8 mm 

(18/2) 


d p =750 + -y-x(400-300) = 757.8mm 
P e =f pe xA ps =1080x1280/1000 = 1382.4 kN 



1382.4x1000 1382.4x1000x307.8 _ miA , 2 

* pce 258000 54.7x10 s 

It should be clear that the absolute value of f pce is used. Hence, it is given by: 
f pce -13.14 N/mm 

fd is the unfactored concrete stress under dead load moment only. 
w d =6.45 + 2 = 8.45 kN/m 
R d =.w d U2= 76.05 kN 

The dead load moment at the critical section equals: 


M d =R d -x c 


■■ 76.05X 0.70 - 8 - 45x0 - 7 ° 2 . = 51.2 kN .m 
2 


. M d 51.2x10 s 2 

f , =—— =-- = 0.93 Nfmm 

Jcd Z bot 54.7 x10 s 

Noting that Z bot =l /y t , thus 


= 54.7x10 s (0.45 a/ 35 +13.14-0.93j/10 s = 813.22 kN m 
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Step 1.2: Calculate q<* and q f 

The unfactored shear due to dead loads at the critical section equals: 
Q d =R d ~w d -x c = 76.05-8.45(0.70) = 70.135 kN 

Q d 70.135x1000 2 

q d =- -— =-= 0.514 N/mm 

d bxd p 180x757.8 

w u =1.4xw d +1.6xw ll = 1.4x8.45+ 1.6x22 = 47.03 £/V / m' 

The factored reaction at the support equals: 

4 70 3X18 
2 2 

The factored shear Q u at the critical section equals: 
Q u =R u -w u -x x = 423.27-47.03(0.70) = 390.35 kN 
The factored moment M u at the critical section equals: 

M u =R u -x c - W “ ~ Xc = 423.7 X 0.7 - - - 03 X ° J ° 2 = 284.8 kN.m 
2 2 


The factored shear <2, at the critical section equals: 

Q, =Q U -Q d = 390.35 - 70.135 = 320.21 kN 

Q, 320.21x1000 2 

q = - . = -= 2.35 N /mm 2 

‘ bxd p 180x757.8 

The factored moment M max at the critical section equals: 

M max = M u~ M d = 284.8-51.2 = 233.6 kN.m 
Hence, 

q ci =0.045,/—+ 0.8 f0.514 + 2.35x— - —l = 7.17 N/mm 2 
V 1.5 l 233.64 J 


?o,min =0.5 


1.5=1.16 N/mm 2 


Since q ci > q cmin , q c ;=l.ll N/mm 2 
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Step 2: Calculate q c 


^ =0.24^+f pcc j+q pv 

f pcc represents the stress at the C.G. of the section after losses. At the C.G. only 
normal stress exists as shown the in figure. 




fpc^PJA 


f PCC A 


P, 1382.4x1000 


pcc A 258000 


= 5.36 N / mm 2 


q pv represents the stress due to the vertical component of the section. The 
vertical component was determined previously as: 

Qpv !r P s _ {P e xsin d)ly ps _ (f pe /y ps xA„ )xsin0 


Since 0 is small we can assume that sin 0= tan 0. 

s — a 400 — 300 

q = p x tan(0) = P -*- = 1382.4X — = 15.36 kN 

pv ' L/2 18/2x1000 


Qpv /y ps _ 15.36/1.15x1000 
bxd„ ~ 180x757.8 


= 0.098 N / mm 2 


q„ = 0.24 y— + 5.36 + 0.098 = 2.54 N/mm 2 


724 






















Alternatively 

q cw may be taken as the shear stress that produces a principle tension stress of 
f t = 0.25 735 = 1.481V /mm 2 at the centroid of the web. 


^- 25 ^{o.25^ J + 1 

Since f pcc =5.36 N/mm 2 and 0.25 yjf^ = 1.48, the previous equation gives: 


, f 5.36^1 , 

a =1.48 ——• +1 
Hcw A 1 1-48 J 


g civ =3.18 N/mm 2 


There is about 25% difference in the value of the web-cracking shear strength 
determined from both methods. We shall take the conservative value of q cw = 
2.54 N/mm 2 . 

Step 3: Calculate q cu 

The concrete shear strength is the smaller of the flexural-shear strength 
(, 9 c,=7.17 N/mm 2 ) and the web-cracking shear strength q cw =2.54 N/mm 2 . 
Hence, it is given by: 

q =2.54 N/mm 2 

■leu 

Step 4: Check the maximum shear stress qumax 
The applied ultimate shear stress at the critical section equals: 

q =-Q'—= 39035 - = 2.86 N / mm 2 

b d p 180x757.8 

The maximum shear strength is given by: 

a < 0.75 = 0.75.1— = 3.62 N /mm 2 <4.5 N /mm 2 

y “ raax Vy V1-5 


= 3.62 N /mm 2 


Since q u is less than q u ,„wx the concrete dimensions of the section are adequate. 
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9.3 Torsion in Prestressed Concrete 
9.3.1 General 

When subjected to torsion, a cracked prestressed concrete beam as the one 
shown in Fig. (9.10a) can be idealized as shown in Fig. (9.10b). The cracked 
beam resists the applied torsional moment through acting as a space-truss as 
shown in Fig. 9.10. The space truss consists of: 

• Longitudinal reinforcement concentrated at the comers. 

• Closed stirrups 

• Diagonal concrete compression members between the cracks which 
spiral around the beam. 

The angle of the inclination of the compression diagonals with respect to the 
beam axis, 0, depends on the ratio of the force carried by the longitudinal 
reinforcement to that carried by the stirrups and also on the value of the 
prestressing force. 




a) Section of the actual beam 


b) Idealized section of the truss 


9.3.2 The Design for Torsion in the Egyptian Code 
9.3.2.1 Introduction 

The ECP 203 torsion design procedure for prestres'sed beams is based on the 
space truss model with some simplifications. The assumptions are the same as 
those for ordinary reinforced concrete with minor modifications and can be 
summarized in the following: 

• The angle of inclination of the compression diagonals (which is the 
angle of inclination of the cracks) is set equal to: 

45° for cases in which f pe < 40% of f pu 
37.5° for cases in which f pc > 40% of f pu 

• The thickness of the walls of the truss model, t e , and the area 
enclosed by the shear flow, A 0 , are calculated using the expressions 
given in the ECP 203. 

• A limiting value for the allowed shear stresses developed due to 
torsion is given to ensure prevention of crushing failure of concrete 
in the stmts. 

In the ECP 203 torsion design procedure, the following three strength criteria 
are considered: 

• First, a limitation on the shear stress developed due torsion is 
established such that the stirrups and the longitudinal 
reinforcement will yield before the crushing of the concrete 
stmts. 

• Second, closed stirrups are provided to resist the applied 
torsional moment. 

• Third, the longitudinal steel distributed around the perimeter of 
the stirrups should be adequate to resist the longitudinal force 
due to torsion. 


Fig. 9.10 Idealized cross-section for torsion 
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9.3.2.2 Calculation of the Shear Stress due to Torsion 


The ECP 203 adopts a thin-walled section analysis, to predict the shear stress 
due to torsion in hollow as well as in solid sections. 

The ultimate shear stress developed due to the ultimate torque M tu is given by: 


2A,t, 


. (9.20) 


For simplicity, the following expressions are suggested by the code to compute 
the area enclosed by the shear flow path, A 0 , and the equivalent thickness of the 

shear flow zone, t„: 


A, =0.85 A* 


(9.21) 


*e = A oh/ p h . (9.22) 

where 

A a f j is the gross area bounded by the centerline of the outer closed stirrups. 

P h is the perimeter of the stirrups. 


The area A oh is shown in Fig. 9.11 for cross-sections of various shapes. 

For hollow sections, the actual thickness of the walls of the section should be 
used if it is less than t e . 



Fig. 9.11 Definition of A 0 h 
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9.S.2.3 Consideration of Torsion 

According to the Egyptian code ECP 203, torsional moments should be 
considered in design if the factored torsional stresses calculated from Eq. 9.20 

exceed q mnin , given by: 



Wher ef P cc is the average normal stress at the C.G. of the section 


.(9.23) 

(fpcc = 


The previous equation is similar to that of ordinary reinforced concrete except 
for the magnification factor ^1 +f pcc / 0.25 that presents the added 

concrete strength due to prestressing as shown in Fig. 9.12. 



f pcc (N/mm 2 ) 

Fig. 9.12 Magnification factor according to the applied 
prestressing stress and concrete strength 
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9.3.2.4 Check the Adequacy of the Concrete Section 

The concrete compression diagonals carry the diagonal forces necessary for the 
equilibrium of the space-truss model. Preventing crushing failure of the 
compression diagonals can be achieved either by limiting the compressive 
stresses in the concrete struts or by limiting the maximum shear stress. The ECP 
203 limits the shear stress calculated by Eq. 9.20 to the value given by: 


°- 75 |“ ^4.5 N/mm 2 .. (9.24) 

If q u > qtu,max, the concrete dimensions of the cross-section must be increased. 


9.3.2.5 Design of Torsional Reinforcement 
A-Closed Stirrups 

The ECP 203 uses the expression that was derived from the space-truss model 
with the angle 6 set equal to either 37.5° or 45° depending on the amount of 
prestressing. Hence, the area of one branch of closed stirrups A str is given by: 


■4«r 


M lu .s 


(9.25) 


In case of rectangular sections, Eq. 9.25 takes the form: 


^slr 


M , u ■ s 


■ (9.26) 


1.7 (jc,.y,) 


where xi and yi are the shorter and the longer center-to-center dimensions of 
closed stirrups. The angle 0 is taken as 


• 45° 


for cases in which / < 40% of f 


• 37.5° 


for cases in which / > 40% of f 
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B-Longitudinal Reinforcement 

] The area of longitudinal reinforcement required for torsion A s i is given by: 

i 

j ■ 

! A M „, Pk-_ cot 2 q .,..(9.27) 

1 f 

\ 2 V— 

j r, 

j Substituting the value of M tu from Eq. 9.25, the area of the longitudinal 
i reinforcement can be expressed in terms of A slr as follows: 

A a = ^JsJjl-LsL cot 2 e ....(9.28) 

s fy 

) where f y and f ys , are the yield strength of the longitudinal reinforcement and 
the yield strength of the stirrups, respectively. 

j 

The area of the longitudinal reinforcement should not be less than: 


0.40 P*- A, 


A = • 

sl min 


fy'Y, 


. (9.29) 


where A cp is the area enclosed by outside perimeter of the section including 
area of openings. 

A b 

In the previous equation —^ should not be less than- 

^ 6x/^, 

9.3.2.6 Related Code Provisions 

The Egyptian Code sets the following requirements with respect to the 
arrangements and the detailing of reinforcement for torsion as follows: 

1- Stirrups must be closely spaced with maximum spacing (s) such 
that: 


200 mm 


s = smaller of 
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' 2- Only the outer two legs are utilized for torsion plus shear, and 
the interior legs are utilized for vertical shear only. 

3- For box sections, transversal and longitudinal reinforcement 
arranged along the outside and the inside perimeter of the section 
may be considered effective in resisting torsion provided that the 
wall thickness t w is less or equal to b/6 where b is the shorter 
side length of the section. If the wall thickness is thicker, torsion 
shall be resisted by reinforcement arranged along the outside 
perimeter only. 

4- Stirrups proportioned for torsion must be closed as shown in Fig. 
9.13. 


16 bar diameter embedded 
leg with 105 bend 



Fig. 9.13 Torsion stirrup details 

5- It is permitted to neglect the effective part of the slab in T- and 
L- sections when calculating the nominal shear stresses due to 
torsion. 

6- In case of considering the effective part of the slab in T- and L- 
sections when calculating the nominal shear stresses due to 
torsion, the following measures are taken refer to Fig. 9.14. 

• The effective part of the slab in T and L sections measured from the 
outer face of the beam should not be more than 3 times the slab 
thickness. 

• The effective part of the slab should be provided with web 
reinforcement. 
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Fig. 9.14 Effective flange width for torsion 

1 

7- The spacing of the longitudinal bars should not exceed 300 mm 
and they should be uniformly distributed along the perimeter as 
shown in Fig. 9.13. At least one bar must be placed in each 
comer of the section (i.e. in each comer of stirrup). The 
minimum bar diameter shall be 12 mm or 1/15 of the spacing 

| between stirrups whichever is larger. 

8- Enough anchorage of longitudinal torsional reinforcement 

3 should be provided at the face of the supporting columns, where 

| torsional moments are often the maximum. 

Summary of Torsion Design 

.1 

Step 1: Determine cross-sectional parameters 

i 

A 0 j z = area enclosed by the centerline of the closed stirrups. 



Pfj = Perimeter of the centerline of the closed stirrups. 

Step 2: Calculate the shear stress due to the ultimate torsion 


Q,u 


_ 

244 


4=0.85 4* 



Note: If the actual thickness of the wall of the hollow section is less than 
Aoh/Pfi > then the actual wall thickness should be used. 




734 






Step 3: Check the need for considering torsion 

a, = 0.06 

“ lu mm 

If q tu q lumin , one has to consider the shear stresses due to torsion. 

Step 4: Check that section size is adequate 



= 0.75.^-<4.5 N /mm 2 


^ Qtu ( Qtu max > concrete dimensions of the section are adequate. 

If Qtu ) Qtu max > one ^ as to increase concrete dimensions. 


Step 5: Design the closed stirrups 

The amount of closed stirrups required to resist the torsion is: 


A 


sir 


M ,W S 

(f \ 

2 A . cot 8 

\ r. 


Check that the provided area is more than A slrmin = —— bxs 

J yst . 

Check that the provided spacing is less than the code requirement. 


Step 6: Design longitudinal reinforcement 


(p \( f \ 

A sl =A slr J f- cot 2 8 

V S J\J yst y 

Check that the provided longitudinal reinforcement is not less than A slmin 



In the previous equation —^ should not be less than- 

■s' 6 x fyst 
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9.4 Combined Shear and Torsion 
9.4.1 Introduction 

When a hollow section is subjected to a direct shear force and a torsional 
moment, the shear stresses on one side of the cross section are additive and on 
the other side are subtractive as shown in Figs. 9.15a. 

When a solid section is subjected to combined shear and torsion, the shear 
stresses due to shear are resisted by the entire section, while the shear stresses 
due torsion are resisted by the idealized hollow section as shown in Fig. 9.15b. 



a) Hollow section 


b) Solid section 


Fig. 9.15 Addition of torsional and shear stresses 


9.4.2 Design for Shear and Torsion in ECP 203 
9.4.2.1 Consideration of Torsion 

In prestressed members, the Egyptian code ECP 203 requires considering the 
torsional moments in design if the factored torsional stresses calculated from 
Eq. 9.20 exceed q lunin , given by: 
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9.4.2.2 Adequacy of the Concrete Cross-Section 

The shear stresses q u due to direct shear and shear stress due to torsional 
moment are given by: 


The Egyptian Code concentrates on the side of the hollow section where the 
shear and torsional stresses are additive. On that side: 


<?„ + Qm 


< 



< 4.5 N /mm 2 


(9.31) 


In a solid section, the shear stresses due to direct shear are assumed to be 
uniformly distributed across the width of the section, while the torsional shears 
only exist in the walls of the assumed thin-walled tube, as shown in Fig. 
(9.15b). The direct summation of the two terms tends to be conservative and a 
root-square summation is used 



Photo 9.5 Beam failure due to combined shear and torsion 


| 9.4.2.S Design of Transverse Reinforcement 

For prestressed members under combined shear and torsion, the Egyptian Code 
| requires adding the transverse steel due to torsion to that due to shear. Concrete 
| is assumed to contribute to the shear strength of the beam. It does not, however, 
contribute to the torsional strength of the beam. The transverse reinforcement 
?! f or combined shear and torsion is obtained according to Table 9.1. 

! 

Table 9.1: Transverse reinforcement requirements according to ECP 203 


Case 


q m > 0.06 fp,c r- 

ir c \j .. 0.25 4fZ 

— (7cu 

Provide minimum reinforcement 

given by Eq. 9.33 

Provide reinforcement to resist 

q tu , given by Eq. 9.25 

(7k ) Qcu 

Provide reinforcement to resist 

Qu ~~ Qcu 

Provide reinforcement to resist 

Qu ~ Qcu! 2 and Qtu 


| j n Table (9.1), q C u is the concrete contribution to the shear strength and is 
| obtained from either 

Jo 

| • The simplified procedure 



8 


i 


= 0.045,p- + 3 ' 6XQ “ X d ^~ > 0.24 Jf cu / Yc 


<0.375 ^/ m I Y c 

The detailed procedure, where q cu is taken as the smaller of: 


1. q ci =0.045^+0.8^+q, X 

2. q m =0.24(^+f pcc )+q pv 




M 


> 0.24«Jf cu Ty c 


max J 


The total amount of stirrups needed for shear and torsion should satisfy the 
following equation: 


* 
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(9.33) 



0.40 b s 



9.4.2.4 Design of Longitudinal Reinforcement. 

The longitudinal steel is not required for shear. However, longitudinal steel for 
torsion should be obtained using Eq. 9.34. 



Photo 9.6 Curved prestressed box-girder bridge 
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Design Summary for Combined Shear and Torsion 

Step 1: Determine cross-sectional parameters 

The cross-sectional parameters for combined shear and torsion design are b, d p , 
A a h and, T/j. 

Step 2: Calculate the ultimate shear stresses due to Q u and M t 


A„ =0.85 A„ 


d p > 0.80f 


Note: If the actual thickness of the wall of the hollow section is less than 
A a h/Ph 7 th en the actual wall thickness should be used. d p is should not be less 

0.81. 

Step 3: Check the need for considering torsion 

Calculate the minimum shear stress below which torsion can be neglected. 

a . = 0.06 p 1 + - fpa r -= 

V n V °- 25 ^ 

If# ) a ■ , one has to consider the shear stresses due to torsion 

“tu / ™tu min 5 


Step 4: Check that section size is adequate 

The developed shear stresses due to shear and torsions should stratify the 
following equations 

For Hollow sections 


q u + q,u £ 0.75 J^< 4.5 N /mm 2 
V Yc 


For solid sections 


/(«.)’+(?.)’ S 0.75 4.5 Nlmm‘ 
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Itu ( <3tu max and <lu ( <Ju max > the concrete dimensions of the section are 
adequate. 

If the above condition is not satisfied, one has to increase the dimensions. 


Step 5: Calculate the concrete shear strength q cu 

Calculate the concrete contribution to the shear resistance, q cu using one of the 
following two procedures: 

• The simplified procedure (use only if f pe >0.4f pu ) 

[f— 3.6x0, xd n , - 

q cu = 0.045 0.24^7^ 


The detailed procedure, where q cu is taken as the smaller of the flexural 
shear strength and the web shear strength. 


1 . qd =0.045 J&L +0 .8 L +q, X ^-)> 0 .24^J^ 

\ lc V ™ max 1 


2. q m =0.24 l^ +fpcc + q pv 

< ) • C J 


Step 6: Design the closed stirrups 

If q u ) q cu , calculate the stirrups needed for shear 

=<1« ~ 0-5 q cu 

A — ‘LuJLJl 

The area of one branch of stirrups needed for torsion is obtained from: 


A... = - 


M, u s 


1-74, if y J Ys ) cot 9 

The area of one branch of stirrups needed for resisting shear and torsion = 

A, 


4r+ — 
n 


where n is the number of branches determined from shear calculations as shown 
in Fig. 9.16. 
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Check that the chosen area of stirrups satisfies the minimum requirements. 



Fig. 9.16 Stirrups for shear and torsion 
Step 7: Design longitudinal reinforcement 

A sl =A slr ZiC cot 2 0 

\ S )\J yst J 

Check that the provided longitudinal torsional reinforcement is more than the 
minimum requirement where: 



In the previous equation —- 1 — should not be less than ——-— 

5 6 xfy St 
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Example 9.3: Combined shear and torsion design (1) 

The cross section of a simply supported prestressed beam is shown in Fig. Ex 
9.3. The beam is subjected to a factored shear force of 510 kN, a factored 
bending moment of 80 kN.m, and a factored torsional moment of 34 kN.m at 
the critical section. Design the required reinforcement to resist the applied shear 
and torsion. The material properties are f pu =1860 N/mm 2 for normal stress 
relieved strands, f pe = 960 N/mm 2 , f y =360 N/mm 2 , f yst =360 N/mm 2 and f cu =40 
N/mm 2 . 



Beam cross section 


Critical 

section 



<2„=510kN 
M„=80 kN.m 
M,„=34 kN.m 


Straining actions at the critical section 


Fig. Ex. 9.3 


Solution 

Step 1: Calculate section properties 

To design a T-section for torsion, one has two options: 

1- Consider the slab in the calculations and reinforce both the slab and the 

beam for torsion. 

2- Do not consider the slab contribution in torsion design, and provide stirrups 

and longitudinal reinforcement in the web only (easier and more practical 
for thin slabs). 

In this example, the contribution of the slab is considered in the calculations. 
Note that the flanges must be less than 3 t s as shown in the figure below. 


4=250 mm J | 


<34 / 

1 “ 



1 350 


350 


Assume concrete cover of 40 mm to the centerline of the stirrup. 



p h = 2x (720 + 920) = 3280 mm 


A t =220x550+170x920 = 277400 mm 2 

On 

A 0 = 0.854, = 0.85 x 277400 = 235790 mm 2 


A. 277400 . . , 

t — —— = -— 84.6 mm 

e p h 3280 

A = 1000x250 + 300x550 = 415000 mm 2 
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Step 2: Calculate the ultimate shear stresses due to Q u and M t 
1. Shear stress: 

The depth of the prestressing steel at the critical section equals 


d p = 800 -100 = 700 mm 
d p = 700 mm > 0.8 t.. .o.k 


Only the web width is effective in resisting shear force, thus b is taken as 300 
mm. 

<2„ 510x1000 ....... 2 

q =—— =-= 2.429 N I mm 

" b d 300x700 


2. Torsional stresses 

M tu 34xl0 6 no , OAr , j 

q, —■——--=-= 0.852 IV I mm 

2 xAxt. 2x235700x84.6 


Step 3: Check the need for considering torsion 

The value of q tu min equals 


“"Virrssx 

The prestressing force P e is obtained by multiplying the effective prestressing 
stress after considering all losses f pe by the area of prestressing steel A ps 

P e -f pe xA fS = 960x850/1000 = 816 kN 

, P 816000 , 2 

/ = -*- =-= 1.971V /mm 2 

pcc A 415000 

q . = 0.061+ L97 r — =0.424 IV /mm 2 

y '“ iran Vl.5\ 0.25 a/40 

Since q tu > q lu min , we have to consider the shear stresses due to torsion. 

Step 4: Check that section size is adequate 

For solid sections, the developed shear stresses due to combined shear and 
torsion should stratify the following equation: 
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^ ifltu ) — max 

The maximum shear strength is given by: 

„ < 0 75 — =0 75.1— = 3.87 N I mm 2 <4.5 N /mm 2 

y " max “ ' \ K V1-5 

q =3.87 N I mm 1 

*2 u .max 


J(q u ) 2+ M 2 = "\/(^-429) 2 + (0.852) 2 = 2.57 IV I mm 2 

Since ) 2 + (V !u )' ^ V„ raM > the concrete dimensions of the section are 

adequate as shown in the graphical representation below. 


qui.ni:ix~ -3.87 


0.75 V 40/1.5 = 3.87 


(N/mni 2 ) 


\7u.max = 0-75 V40/L5 = 3.87 


Step 5: Calculate concrete shear strength q cu 

To simplify the calculation of q- cu , the simplified method is used. However, 
verification needs to be made as shown in step 5.1. 

Step 5.1: Verify the use of the simplified method 

Since the effective prestressing stress f pe is greater than 40% of the ultimate 
tendon strength f pu (960 > 0.40 x 1860=744 N/mm 2 ), the code simplified 
expression can be used. To use the simplified equation for evaluating concrete 
shear strength, the term Q u dp/M u equals: 


746 








Q u xd P _510x(700/1000) 


M„ 


80 


= 4.46 >1.0 


use 


Q.xd„ 




= 1.0 


/, 


40 


1- <lcuMn = 0.24 pL. = 0.24J— = 1.24 IV /mm 


11.5 


2- q a 


■■ 0.375. 


40 

1.5 


= 0.375 J— = 1.94 A/ /mm ! 


/T“ ( xd N 

*«, = 0.045^+3.6xp^ 

V n l ^ 


J 


40 

q cu = 0.045J—+3.6x1.0 = 3.83 IV /mm 2 > q cu , min (1.24) ....o.k 

However, since > q C u,max use = qcu,max 

g CI< =1.94N/mm 2 


Step 6: Design of stirrups for shear and torsion 


Step 6.1: Area of stirrups for shear 

Since the applied shear q u is greater than q cu , shear reinforcement is needed. 
a 1 94 

q s » =q u -^ = 2.429-^ = 1.459 N/mm 2 

The spacing of the stirrups should be smaller of 
ph/8 (410) mm or 200 mm, try a spacing of 100 mm 


A,= 


q su xb xs 1.459x300x100 


A/1.15 


360/1.15 


= 139.8 mm" 


Area for one branch of the stirrup equals A st /2=69.91 mm 2 


Step 6.2: Area of stirrups for torsion 

Since j/pe (960 N/mm 2 ) is greater than 0.40 f pu , use 0=45 

Using the same stirrup spacing of 100 mm, the area of one branch A str 


M lu xs 


34xl0 6 xlOO 


2xA o x/ / y s cot 0 2 x 235790 x 360 /1.15 cot 45° 


= 23.03 mm 
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Step 6.3: Stirrups for combined shear and torsion 
A: Web 

Area of one branch for combined shear and torsion 

= A str + A lt /2= 23.03 + 69.97 = 93 mm 2 
Choose <|> 12 mm (113 mm 2 ) 

A ■ = — bxs = — 300x100 = 33.3 mm 2 
: f 360 

J y 

Total area chosen = 2 x 113 > A s/ mia . o.k 

Final design use d> 12/100 mm 
B: Flanges 

The flanges only resists torsion thus the area of one branch=vT, r 

A str = 23.03 mm 2 

use C> 8/100 mm 


Step 7 Design of longitudinal reinforcement for torsion 


A„ = 


A s ir X Ph 


'fyS 

vA j 


cot 2 6 = 


23.03x3280 


100 


360 "l 


360 J 


cot 45 = 755 mm" 


Calculate the minimum area for longitudinal reinforcement A s i, m i n 



A s,r X P>, 

s 


f 


yst 


yf. 




There is a condition on this equation that —— >- 

S ^ X f yst 

23.03 300 

->- ...o.k 

100 6x360 
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, 40 

0.40. — x 415000 „ . 

a - V 1.5 23.03X3280 f 360) 

360/1.15 156—U^r 1983 ™ 


Since A s i < A s i jIT1 j n .. .use A s i jm j n 

Choose 14 <j>14 (2155.1 mm 2 ). Note that the maximum spacing between 
longitudinal bars is 300 mm 



Torsional reinforcement details 


<J> 8/100 mm 



Torsion only stirrup 


® 12/100 mm 


Shear + torsion stirrup 


Stirrup detail 
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Example 9.4: Combined shear and torsion design (Box- 
section) 

Figure Ex. 9.4 shows a box section that constitutes the cross-secti Qn Q f t jie 
girder of a road-way bridge. Structural analysis of the bridge revealed that the 
critical section of the girder near the support is subject to the following 
straining actions: 

Q u = 13000 kN 

M, u = 32000 kN.m 

M u =60200 kN.m 

At this section the girder has been post-tensioned with 32 tendons arranged in 8 
ducts 60 mm diameter. The total prestressing steel A ps = 17120 mm 2 . The low- 
relaxation strands have f pu = 1860 N/mm 2 and fj,,. =1080 N/mm . It is required to 
carry out a design for the combined shear and torsion for that section. The 
material properties are as follows: 
f cu - 40 N/mm 2 and f y = 400 N/mm 2 





























Solution 

Step 1: Calculate section properties 

Assume a clear concrete cover of 40 mm and the diameter of the bars used is 22 
mm as illustrated in the figure shown below 

A oh = [4250 - 2 x (40 +11) ]x [7000 - 2x (40 +11) ] 

=4148x6898= 28612904 mm 2 

p h =2x(4148+ 6898) = 22092 mm 


28612904 

22092 


= 1295.1mm 


Since the effective thickness (4 ) is less than both the web thickness (700 mm) 
and the flange thickness (350 mm), use the actual thickness. 

Use te=t ac tuai=350 mm for flanges 

Use t e =t ac tuai=700 mm for webs 



2. Torsional Stresses 

The torsional stresses in the webs equal: 



The top flange is more critical because its thickness is smaller than the bottom 
one. Thus the torsion stress in the slab (flange) equals: 



Step 3: Check the need for considering torsion 

The value of q n equals: 



The prestressing force P e is obtained by multiplying the effective prestressing 
stress after considering all losses f pe by the area of prestressing steel A ps . 

p =f xA„. =1080x17120/1000 = 18489.6 kN 

e J pe ps 

2 

It can be computed that the total concrete cross sectional area A c =13.4 m 




Since q lu > q lu nin , we have to consider the shear stresses due to torsion. 
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Step 4: Check that section size is adequate 

The maximum shear strength qumax is given by: 

< 0 75 IZsZ = 0.75. = 3.87 N / mm 2 < 4.5 iV / mm 2 


Fop the flanges (top or bottom flanges) 

Since q, u(f]wgc) = 2.23 N /mm 2 < q u ,max, the flange thickness is adequate. 

For the webs 

For hollow sections, the developed shear stresses due to combined shear and 
torsion should stratify the following equation: 

q u d" 7/u — ‘Ju max 

n + a < a q +q, =0.94 + 2.23 = 3.17 N /mm 1 

Qu ^ tu ~ max Hu ™tu 

Since , the concrete dimensions of the section are adequate as shown in the 
graphical representation below. 


qtu, max- 


0.75 V40/1.5 =3.87 


q u (N/mm 2 ) 

=0.75 V40/1.5 =3.87 

\i u .max * 
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Step 5: Calculate concrete shear strength q cu 

To simplify the calculation of q cu , the simplified method is used. However, 
verification needs to be made as shown in step 5.1. 

Step 5.1: Verify the use of the simplified method 

Since the effective prestressing stress f pe is greater than 40% of the ultimate 
tendon strength f pu (1080 > 0.40 x 1860=744 N/mm ), the code simplified 
expression can be used. To use the simplified equation for evaluating concrete 
shear strength, the term Q u d/M u equals: 


Q u *d p 13000 x (3600/1000) 

M ~ 60200 


= 0.77 < 1.0....oA: 


a . =0 24 — = 0.24. — =1.24 N /mm 2 
Hcu ' ma \y v 1.5 


4( A 

= 0.375 4 .— = 1.94 N /mm 2 
V1-5 


q =0.045 S- + 3.6xf^-^ 

in l 


- o 045. — +3.6x0.77 = 3.51 N /mm 2 > q cu ,min(1.24) .o.k 

Hcu V 1.5 


SinCC Qcu ^ Qcu,max USe Qcu Qcu,n 


q cu - 1.94 N/mm 2 


Step 6: Design of stirrups for shear and torsion 
Step 6.1: Area of stirrups for shear 

Since the applied shear q u is greater than q cu , shear reinforcement is needed. 
a -^- = 2.58-—= 1.61/V/mm 2 

rl su “ u 2 ^ 

The spacing of the stirrups should be smaller of 
P h /8 (2716) mm or 200 mm, try a spacing of 100 mm 


_</..xi,x, 1.61x(2x700)xl00 mm i 

* f /1.15 400/1.15 

J y , 2 

For one web = 648/2=324 mm 2 and area of one branch=324/2=162 mm 
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Step 6.2: Area of stirrups for torsion 

Since f pe (1080 N/mm 2 ) is greater than 0.40 f pu , use 0=45. 

Using s of 100 mm, the area of one branch A str , one gets: 


Mxs 


32000xl0 6 xlOO 


2xA o xf /y s cot 6 2x(0.85 x 28612904)x400/1.15 cot 45" 


= 189.1 mm 7 


For box sections, the code permits the use of reinforcement along the interior 

and exterior sides of each web if the wall thickness t w is less or equal to the 

section width/6. 

b 7000 
•4( <-£< 6 

The area of the stirrups for torsion can be divided on the two sides 
Area of one branch A i/r =189.1/2 =94.55 mm 2 

Step 6.3: Stirrups for combined shear and torsion 
A: Web 

Area of one branch for combined shear and torsion 

= A str + A st /2= 94.55 + 162 = 256.6 mm 2 
Choose 20 mm (314 mm 2 ) 

A,. min = ——bxs - 700x100 = 70 mm 2 (for one web) 

s, ' m,n f y 400 

Total area chosen = 2x314 > A iI inin . ok 

Final design use $ 18/100 mm 
B: Flanges 

The flanges only resists torsion thus the area of one branch=A 1(r 

A str = 94.55 mm 2 

use <l> 12/100 mm 

2A... +A_.) . = — bxs = — (350)xl00 = 35mm 2 

sir si /mm y 400 

A stP hosm ~ 2x113 = 226 mm 2 > 35.2 . ok 

Final design two stirrups <(>20/100 mm (two branches) in the webs and two 
stirrups <(>12/100 mm (two branches) in the flanges 
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Step 7 Design of longitudinal reinforcement for torsion 


A.i 


A slr *P h 


{Jt \ 

yst 


f 


\.fy ) 


cot 2 6 = 


189. lx 22092 T 400 ^ 


100 V400J 


cot 45 = 41784 mm 


Calculate the minimum area for longitudinal reinforcement A s i jm i n 


0.40 


A — - 

•**■$/ ,min 


fy 'Ys 


—lx Pa 

(f \ 

J yst 

l s ) 

yfy ') 


A b 

There is a condition on this equation that —— > ——- 

s 6 x/, 


yst 


189 7000 . b 

-<-thus use 

100 6x400 


6 x/ 


yst 


A cp =7x4.25 = 29.75 m 1 



A 

,min 


°'ll5 X2!> ' 75><10 ‘ / - 11 ™ ' 


400/1.15 


7000 
6x400 j 


x22092x 


400 

1.400 


= 112237 mm 2 


Since A;.! C Asl,min • • .use As| ( min 

Choose 184 <3> 28 such that the maximum spacing between longitudinal steel is 
less than 300 mm 
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Fig. EX.9.4 Reinforcement details. 




CONTINUOUS PRESTRESSED BEAMS 



Photo 10.1 Sohag bridge over the River Nile 

10.1 Introduction 

Continuity is frequently used because of the several benefits that can be 
achieved. Continuity reduces the bending moments resulting in more 
economic designs. It also permits tensioning of the tendons over several 
supports with a great reduction in the number of anchorage and labor cost in 
the prestressing operation. Finally, the deflection of continuous members is 
greatly reduced when compared to that of the simple span. 
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Continuous prestressed concrete beams are widely used in Egypt in the 
construction of bridges particularly those constructed using post-tensioning 
technique. 

The disadvantages of continuity can be summarized in the following: 

• Higher frictional losses due to the larger number of bends and longer 
path. 

• The sections over the interior supports are subjected to combined effect 
of high bending moments and high shear forces whereas the section at 
mid-span of a simple beam is subjected to zero shear. 

• Development of horizontal forces and moments in the supporting 
columns. These forces are produced by elastic shortening of the beams. 

• Formation of secondary stresses due to shrinkage, creep and 
temperature. 

• Moment reversal may occur due to alternate loading of spans. 

• Formation of secondary moment due to induced reactions at the middle 
supports caused by prestressing force (to be discussed later). 

Despite of all these disadvantages, the use of continuous prestressed concrete 
beams is an attractive solution when compared to other structural systems 
especially in bridge construction. Most of these factors can be eliminated by 
following the appropriate design considerations. 

10.2 Tendon Profile for Continuous Beams 

Tendon profiles for continuous beams vary according to the span length, 
structural integrity, and the construction method. Figure 10.1a shows how 
continuity is achieved in a post-tensioned beam. This profile is used extensively 
in slabs and short span beams. The tendon is located below the C.G. at mid¬ 
span while it is located above the C.G. at the supports. The major advantage of 
such a system is the simplicity of formwork. However, high frictional losses 
due to the length of the cable and the large number of bends are considered as 
major disadvantage. 

To overcome this disadvantage, a non-prismatic section is used through 
varying the depth over the support as shown in Fig. 10.1b. The added cost of 
formwork is justified by the use of almost a straight cable that reduces the 
frictional losses. The system shown in Fig. 10.1c has the advantage of small 
frictional losses due to shorter cable length in addition to the simplicity of the 
formwork. Additional cost may be incurred due to the use of several 
anchorages. 
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(c) Beam with overlapping tendons 

Fig. 10.1 Tendon profile in continuous post-tensioned beams 


£ 

Continuity may also be achieved by pre-tensioning some cables in the beam and 
post-tensioning other cables. In Fig. 10.2, the pre-tensioned precast elements 
are arranged over the support as simple beams. Then post-tensioning is applied 
longitudinally to provide continuity over the supports. Concrete is poured over 
the support between the beams. Example of continuous prestressed box section 
j with various cable profiles is shown in Fig. 10.3. 



Fig. 10.2 Continuity through pre-tensioning and post-tensioning 
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GROUP A 



Fig. 10.3 Tendon profile for a continuous box-section. 


10.3 Elastic Analysis of Continuous Beams 

10.3.1 Effects of the Prestress 

The deformation caused by prestressing in a statically determinate member is 
free to take place without any restraint from supports. In statically 
indeterminate members, however, this is not the' case. The intermediate 
supports impose additional geometric constraint which is zero deflection at the 
intermediate supports. During the stressing operation, the geometric constrains 
of zero deflection at the intermediate supports cause additional reactive forces 
to develop at the locations of the intermediate supports, which in turn change 
the distribution and magnitude of the moments and shears in the members. 

In continuous prestressed concrete beams, the moment induced by prestressing 
on a particular cross-section in a statically indeterminate structure may be 
considered to be made of two components: 

a- The first component is the product of the prestressing force (P) and its 
eccentricity from the centroidal axis (e). This is the moment that acts on 
the cross-section when the geometric constraints imposed by the 
intermediate supports are removed. The moment (P.e) is called the 
primary moment. 

b- The second component is the moment caused by the reactions 
developed at the intermediate supports. As mentioned before, such 
reactions are required in order to achieve zero deflection at the 
intermediate supports due to prestressing. This moment is called 
secondary moment. 

Elastic analysis of continuous beams can be carried out using one of two 
methods: 

• Support displacement method. 

• Equivalent load method. 

10.3.2 Support Displacement Method 
10.3.2.1 Background 

Let us consider a cantilevered beam with a roller support at the end as shown in 
Fig. 10.4. If this support is removed, the beam becomes determinate and it will 
deflect downward. To maintain its previous position, a force R is required. This 
force causes the secondary moment. The original (primary) moment due to 
prestressing equals Mjo=P-e (negative in this case). The final moment any point 
equals: 

34/i/ia/ — Mprimary "t" 3 ^secondary ...(10.1) 

* 
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To determine the unknown reaction R, the method of consistent deformation is 
used. The unknown reaction is replaced by a unit load and the structure 
becomes determinate. The deflection Su due to this unit load (P =1) can be 
obtained by integrating the moment Mu over the span as follows: 

S u =-^\M n xM n d x .(10.2) 


Furthermore, for simple structures, the deflection 8n can be obtained using the 
expressions given in Appendix A. For example, the deflection of a cantilever 
beam with concentrated load at the end equals: 


PL 3 _ L 3 
3 El~ 3El 


(10.3) 


The deflection <5/o due to the primary moment M/o can be computed by as 
follows: 



\m i\M w d x 


(10.4) 


Since, the deflection at the actual support should equal to zero, the unit load 
deflection Su should be equal and opposite to the deflection caused by the 
primary moment Sw■ Hence, compatibility of deformations gives: 


RS n =-S lQ ..(10.5) 


R is a factor required for consistency of deformations and is given by: 



( 10 . 6 ) 


The secondary moment has the same shape as the unit force moment, but with a 
modified value given by: 

M„=RxM u ....(10.7) 

It should be clear that the secondary moment is added to the primary moment to 
produce the final moment. Also, the value of the secondary moment is 
dependent on the prestressing force and the tendon profile. 
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Fig. 10.4 Application of support displacement method to 
continuous prestressed beam 
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Applying of the method of consistent deformation to the beam shown in Fig. 
10.5, results in the following expressions: 



1 LxL 2 L L 3 a 

-x-=-T 

El 2 3 3 El 


\ M n M n d ' = ^7 ( - P ' e) - Lx f : 


-P -e -L 


To facilitate the calculations of the above integrals, the integrations of some 
typical shapes are given in Table 10.1. Thus, R equals: 


-P e-l}HEl 
8 n ~ 1J/3EI 



The secondary moment at the fixed support equals: 

3 Pe 3 Pe 

M xc =RxM u =- -xL =- 

“ c 11 2 L 2 


The final moment at the fixed support = M pr imary + Msecondary 

„ 3 Pe Pe 

= -P-e + -= +- 

2 2 

The effective eccentricity at the fixed end = +e/2 (above C.G.) 


The Moment at the free end = M pr imary + M secon dary 

- -P ■ e + 0 = —P ■ e 

The effective eccentricity at the free end = -e (below C.G.) 


Figure 10.5 shows the primary, the secondary and the final moments for the 
beam. The final moment can be represented by an effective cable profile or line 
of pressure or C-line. The profile is obtained by dividing the final moment by 
the prestressing force. 
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» Fig. 10.5 C-line, or pressure line, or effective cable profile 
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The stress distribution in a statically determinate beam is given by considering the 
actual cable profile, whereas in a continuous beam, the stress distribution is obtained 
by using the effective cable profile which gives the effective eccentricity e or the final 
moment due to prestressing (P e*). Hence, the stresses at the top and bottom fibers of a 
section in a continuous beam can be obtained using the following equation: 

f.-Z*™ .(10.8) 

A Z Z 

where M is the applied moment at the critical section. 

Table 10.1 Values of product integral Jm„ M to dx 

.Mi .. __ i m 2 M, M, 


ivii _i 

M, ^-- 


M, 

i _ L _i 


-|M 

to 

•rp* 

l l 1 


\ Mi M s 


— M. M, 
3 


-M. M, 
6 


— M. Mi 

2 1 3 

— M, M. 
3 1 

l 

L 

-M. M, 

— M. Mi 

4 1 3 

3 

~T Mi 

T Mi Mi 


rAf,(2W 3 +M 4 ) + 


-M,(M 3 +2M 4 ) L 


-M,(M 3 +iW 4 ) 3 


At, (M 3 + M 4 ) 


M 2 (M 3 +2M 4 ) 


=rM l M i ^M 3 (At,+M 2 ) — Jlf, M 3 


Example 10.1 

The figure given below shows a post-tensioned continuous beam. The tendon 
profile is shown in figure. The effective prestressing force after losses is 1500 
kN. Compute the primary, the secondary and the final moments using the 
support displacement method. Calculate the stresses at section F due to 
prestressing and self-weight knowing that the cross-section of the beam is 
rectangular with dimensions 300 mm xl200 mm. 
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Solution 

Step 1: Calculate the secondary moment at support b 

The primary moment due to prestressing causes camber at the middle support. 
By removing the middle support and assuming a unit downward force of 1 kN, 
the bending moment equals: 

PxL lx (24 + 24) ..... 

M,, =-= — 1 -- = 12 kN .m 

11 4 4 

The displacement at the middle support 8u due to the unit force equals (refer to 
Table 10.1): 


S u =— f M u M n dx =—— xMmXM,, 

11 p , J 11 11 -ipr 11 11 


12x12 x 48 2304 



Mu—VI 


Moment due 
to unit force 


8n can also be determined using the deflection equation as follows: 

P 1} lx(24 + 24) 3 _ 2304 | 

1I_ 48x£'/ _ 48 xEI El 

The displacement due to the original prestressing force can be obtained by 
applying the method of consistent deformation. Referring to Table 10.1, the 
deflection at intermediate support equals: 




2 ( 24x240x12 750x24x12 

3 3 


97920 

El 


The condition at the support is given by RS U +<J 10 =0 
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--r i i i 

a- Cable profile 

630 kN.m 630 


» -^+>^ 


b- Primary moment 

630+240/2=750. 750 


c- Simplified primary moment 


Mi i=12 

Moment due to 1 kN 


R=42.5 



d- Secondary moment 375 






/irmr^ 


W4& 


e- Final moment 
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s= _i = _i“ = 42.51 
S n 2304/ El 

Thus, the secondary moment at the intermediate support equals: 

M scc = RxM n =42.5x12 = 510 kN.m 

Step 2: Calculate final moment and effective eccentricity 

The final moment (due to prestressing) at the intermediate support is given by: 
M b +M sec =240+510 = 150kN.m 

The effective eccentricity at the intermediate support equals: 

750x1000 CAA * 

e h — - --= 500 mm I 

1500 

The midspan final moment = primary moment - ^ 


The effective eccentricity at mid-span equals: 



-375x1000 AC . A , 

e n . =-= 250 mm 4 

^ 1500 


Step 3: Concrete stress due to prestressing and self-weight at 
section F 

The effective eccentricity e* at section F equals: 
e* = = 250 mm 

A = 300 x 1200 = 360000 mm 2 


Ar 360000 n .... , 

w =25x- --— = 9 kN/m 

ow 10 6 

The maximum positive bending for a continuous beam with two equal spans 
and equal loading can be obtained as follows: 


M„,„ = 


w xL 2 9x24 2 


= 471 kN.m 


z - 2 300x120 —=:72xl0 6 mm 3 

bo ' ,op 6 6 

The stresses at bottom and top fibers due to prestressing and self-weight equal: 


fbo: A 


p P Xe* M 


•4 Z fco( Z to( 


1500x1000 1500x1000 x 250 , 471.27X10 6 _ A ^ / mm 2 

f b0 ‘ ~ ~ 360000 . 72xl0 6 72xl0 6 


f, = -+ 

J tOD A 


P Pxe* M , 


A Z, 


1500x1000 1500x1000x 250 471.27xl0 6 _ 

f ~ = —ST + 72X10*-“ 5 5 N,mm 


fop- -5.5 N/mm 2 


fbottom= -2.83 N/mm 
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Example 10.2 

A continuous pretensioned beam'with two equal spans of 16.0m each is shown 
in the figure below. It is required to compute the primary, the secondary and 
the final moments using the support displacement method. The effective 
prestressing force after losses can be estimated as 1800 kN. Calculate the 
stresses at the section F due to additional live loads of 32 kN/m'. 



--600-- 


Beam cross section 


Solution 


Step 1: Calculate section properties 

A = 2x600x150 + 600x200 = 300000 mm 2 


Since the section is symmetrical; y top = ybottom= 450 mm 

^ ' 200x600 3 


/ =2x 


^ 600x150 + goo x !50x (450 - 75) 2 ^ 


V 


12 


+ - 


12 


= 2.925 xlO 10 mm 4 


7 _ 2.925 xlO 10 

y b nuom 450 


= 65xl0 6 mm 3 


Z top = Z bot - 65x10 6 mm 3 


w„ 


= y c xA = 25x 


300000 

1000000 


7.5 kN/m 


Step 2: Calculate the secondary moment at support b 

The primary moment due to prestressing causes camber at the middle support b. 
By removing the middle support and applying a unit force of 1 kN, the bending 
moment equals: 



PxL 

4 


lx (16+ 16) 
4 


= 8 kN .m 


The displacement at the middle support 8n due to the unit force equals: 


^ii — \ M n M u d * ~M U XM U 


32 0 0 682.667 , 

-x8x8 =-4 

3 El El 


1 kN 



Mu =8 kN.m 


Bending Moment due to a unit force 



















200 Cable profile 



DU4 


a- Cable profile 


288 kN.m 


360 

b- Primary moment 


c- Simplified primary moment 



Mi,=8 

Moment due to 1 kN 



d- Secondary moment 


^KIK 


432 

e- Final moment 
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The displacement due to the primary moment (prestressing force) equals: 


S l0 =— \m u M d =— 
10 El J 11 ° x El 


1 (32x8x360 16x684x8 16x468x8) 6144 


The condition at the support is given by R S n + £ 10 = 0 


R = -^ = - 


-6144/£7 
682.667 1 El 


Thus, the secondary moment at the intermediate support equals: 


M sec —RxM n =9x8 = 72 kN.m 

Step 3: Calculate final moment and effective eccentricity 

The final moment (due to prestressing) at the intermediate support is given by: 

M b + M ,ec = 360+72 = 432 kN m 

The effective eccentricity at intermediate support equals: 

432x1000 * 

e,, =-= 240 mm 1 

b 1800 

M 

The midspan final moment (span a-b) = primary moment - — 


= —504 H-= —468 kN .m 

2 


The effective eccentricity at left midspan equals: 


-468x1000 


= 260 mm 1 


The midspan final moment (span b-c) = primary moment - —7 s 


= -288 -i -= -252 kN m 

2 

The effective eccentricity at the midspan of the right span equals: 


•252x1000 


= 140 mm -i 
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10.3.3 Equivalent Load Method 

The equivalent load method is another approach for computing the secondary 
and the final moments. In this method, the prestressing force is replaced by an 
equivalent load produced by the primary moments. Solving the continuous 
beam under the effect of the equivalent loads gives the final moments directly. 
The secondary moments are obtained by subtracting the final moment from the 
primary moments as follows: 

M Secondary ~ ^ find ~^?rimaiy . (10.9) 

The method of moment distribution is usually used to calculate the 
indeterminate moments at the supports. The equivalent loads can be computed 
for both linear and curved tendons. The equivalent loads for straight tendon 
profiles are concentrated forces while those for parabolic tendon profile are 
uniform loads. 

A-Straight Tendon Profile 

The horizontal and the vertical components of the tendon forces shown in Fig. 
10.6 can be expressed as functions of the cable slope angle as follows. 

H =P cos# V =P sin# 

For small angles, it can be assumed that cos 0=1 and sin 0 =0. Thus, 

H =P V =P # 

At points D and D' where the tendon changes direction, a summation of forces 
indicates the existence of an upward force in the vertical direction. The changes 
in tendon slope at points D and D'equal: 

A g =#, +# 2 a ;=#;+#; 

where 

0 -£ l±£a and # 2 =^A.(10.10a) 

1 x, L-x t 

Q[ = fdJ*. and # 2 = .(10.10b) 

x 2 L -x 2 
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Fig. 10.6 Calculation of the equivalent loads for straight cable profile 
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The equivalent concentrated loads V P j and V P2 are given by: 


Vp^P- A, 


p e ] + e 2 t S 2 + e 3 


( 10 . 11 ) 


v p 2 =p-K=p 


e 3 + e 4 e 4 -e 5 

x^ L Xj 


.( 10 . 12 ) 


The equivalent concentrated loads can also be obtained by equating the moment 
due to prestressing force to the moment caused by the equivalent concentrated 
loads as follows: 

*i(L-x,) _ p e ..(10.13a) 

pl L c ' 


v„ . 

Jj 


where e cJ and e C 2 are the eccentricities at point of change in slop at spans ab and 
be, respectively. 

The eccentricities of the cable cause concentrated positive moment equals (P.e/) at 
support A and a concentrated negative moment equals (P.eO at support C. 



Photo 10.2 Prestressed concrete box section 
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B-Curved Tendon Profile 

The equivalent load caused by a curved tendon configuration can be established 
by considering a simple beam with parabolic tendon profile. The bending 
moment at any point due to this prestressing force is given by (M/=P.e). If we 
assume an equivalent uniform upward load w eq acting on the beam as shown in 
Fig. 10.7, the maximum moment at mid-span equals: 

w x L 2 

.(10.14) 

O 

Since the equation of the bending moment for uniformly loaded simply 
supported beam is also parabolic, the moments must be equal in the two beams 
at any point. Thus, 

M, = M 2 .(10.15) 

Application of this equation at the mid-span gives: 

vv x L 2 

P-e m =-^— . (10.16) 


w = - 
«r 


8 P e„, 


where e m is the mid-span deflection. 


(10.17) 



| It should be noted that for eccentric cables, the eccentricity e m is measured at 

mid-span from the cable to the line connecting the two ends as shown in Fig. 

1 10 . 8 . 



Fig. 10.8 Determination of e m for cable with eccentricity ej and e 2 



Photo 10.3 Continuous prestressed box-girder bridge 
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268.46 363.72 



592.56 

d- Final moment 



352.56 

e-Secondary moment 


Primary, secondary and final moments 


The beam is once statically indeterminate. We shall use the three-moment 
equation to calculate the moment at.the middle support. 

M a L 1 +2M b (L l +L 2 ) + M c L 2 = -6{R ab + R bc ) 

In the previous equation, M a =-144 (negative bending) and M c = 0 

The elastic reaction Rb c due to uniform load is given by: 

w xL 3 -13 2x20 3 

R bc =— -=- : ——— = -4400 kN.m 2 

bc 24 24 

The elastic reaction R ab due to concentrated load not in the middle is given by 

R Pxaxb (L + a) -118x8xl2x(20 + 12) _ . 3Q2 n » Wm 2 

06 6 L 6x20 

The reader should be aware that the negative sign is due to upward force 
direction. 

P = -118 kN 



-144 x 20 + 2 M b (20 + 20) + 0 = -6 (-4400 - 3020.8) 

Mb- +592.56 kN.m (positive bending) 

Step 2: Calculate the C-line 

The secondary moment at the support (b) equals: 

M[secondary — final '^primary—592.56-240 = 352.56 kbl.ftl 

Thus, the eccentricity of C-line at the support (b) equals: 

M b 592.56 t 

e h - —- =-= 0.494 m T 

P 1200 

The negative bending at the cable broken point of beam a-b equals: 
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M a b,fmal — M a b,primary + Mab,secondary — 480 + 352.56X 268.46 kN .171 

Thus, the eccentricity of C-line at the cable broken point of beam a-b equals: 

e - = 0.224 m i 

ab P 1200 

The bending moment at mid-span of span b-c equals: 

M, =-= -363.72 kN.m 

bc 2 8 


Thus, the eccentricity of C-line at mid-span of span b-c equals: 

M b -363.72 I 

e. =—*£- = —-- = 0.303m 4 

bc P 1200 

e*=494 C-Line - 

120 1 r 

11 ..... - j .4 




- a actual cablq/ 

1-Z 

'r)r b 

i - Z: 

303 /hT 

12m 

1 8m 

1 10 m 

| 10 m i 

T T 1 1 


Effective cable.profile or C-line 
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10.4 Linear Transformation and Concordant Profiles 


If the original cable profile was selected as the effective cable profile, the 
secondary moment will be equal to zero and the final moment will be equal to 
the primary moment. This is called a concordant profile. 

The concordant profile induces no reactions due to the prestressing at the 
intermediate supports (secondary moment = 0). The choice of a concordant 
profile or a non-concordant profile is governed by the concrete cover. In 
addition, any tendon profile can be linearly transformed without affecting the 
C-line position. 

When the position of a cable is moved over the interior supports without 
changing the curvature and the shape of the cable within each individual span, 
the line is said to be linearly transformed. It is possible to linearly transform any 
pressure line by rising or lowering the eccentricity at the interior support 
without altering the exterior eccentricity. The resulting effective cable profile is 
the same in both cases. However, the amount of the secondary moment and the 
induced reactions at the middle support is different for each profile, but the sum 
of the primary and the secondary moment is the same. For example the beam 
shown in Fig. 10.9 has two tendon profiles, each produce different primary 
moment. However, the equivalent loads and hence the final moments in both 
cases are the same. 


For the cable profile 1 

e ml = (400 -120) + (120 + 200) x 12/ 20 = 472 mm 


e m2 = 0.45 +~ = 0.55 m 

For the cable profile 2 

e' ml = (280-120) + (120 + 400)X12/20 = 472 mm 
e' =0.35 + — = 0.55 m 

m2 2 

For both profiles 



8x12 
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= 1200 x 


472 

1000 


V p =118 Wt 
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Area of Steel Bars in cm 2 (used in Egypt) 


0 

Weight 

Cross sectional area (cm 2 ) j 

mm 

kg/m' 
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11.34 
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Area of Other Steel Bars in cm 2 


0 

Weight 

Cross sectional area (cm 2 ) j 

mm 
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Area of Steel Bars in mm 2 (used in Egypt) 
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Cross sectional area (mm 2 ) 
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Area of Other Steel Bars in mm 2 
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6.313 

804 

1608 

2413 

3217 

4021 

4825 

5630 

6434 

7238 

8042 

8847 

9651 
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Ghoneim & El-Mihilmy Design of Reinforced Concrete Structures 

w k factor for sections subjected to bending only 
f cu =25 N/mm 2 , t/d=1.15, smooth bars, n=10 
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w k factor for sections subjected to bending only 
f cu =25 N/mm 2 , t/d=1.05, smooth bars, n=10 
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w k factor for sections subjected to bending only 
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w k factor for sections subjected to bending only 
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w k factor for sections subjected to bending only 
f cu =30 M/mm 2 , t/d=1.15, ribbed bars, n=10 
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w k factor for sections subjected to bending only 
f cu = 50 M/mm 2 , t/d=1.15, ribbed bars, n=10 
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APPENDIX C 


Deflections and 
Slopes of Beams 


A-DEFLECTION AND SLOPES OF CANTILEVER BEAMS 



El =constant 


y= deflection at any point 
A=deflection at certain point 
0= slope at certain point 
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B-DEFLECTION AND SLOPES OF SIMPLE BEAMS 
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DESIGN OF REINFORCED 
CONCRETE STRUCTURES 


Prof. Mashhour Ghoneim Dr. Mahmoud El-Mihilmy 


Features 

■ Reflects the very latest Egyptian Code provisions (ECP 203- 2007) 
and includes all major changes and additions. 

■ Numerous illustrations and figures for each topic. 

■ Good theoretical background for each topic with code provisions. 

■ Extensive examples in each chapter utilizing SI units. 

■ All examples are worked out step-by-step ranging from 
simple to advanced. 

■ Full reinforcement details for every example. 

■ Numerous design charts. 

Volume 3 covers the following topics: 

• Reinforced Concrete Frames, Arches and Arched Slabs 

• Design of Deep Beams and Corbels 

• Deflections of Reinforced Concrete Members 

• Crack Control of Reinforced Concrete Members 

• Design of Shallow Foundations and Pile Caps 

• Design of Raft Foundations 

• Strut-and-Tie Model for Reinforced Concrete Members 

• Fundamentals of Prestressed Concrete 

• Flexural Design of Prestressed Concrete Members 

• Shear and Torsion in Prestressed Concrete 

• Analysis of Continuous Prestressed Beams 
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